HAGLUND-HAIMAN-LOEHR TYPE FORMULAS FOR
HALL-LITTLEWOOD POLYNOMIALS OF TYPE B AND C

CRISTIAN LENART

ABSTRACT. In previous work we showed that two apparently unrelated formu-
las for the Hall-Littlewood polynomials of type A are, in fact, closely related.
The first is the tableau formula obtained by specializing ¢ = 0 in the Haglund-
Haiman-Loehr formula for Macdonald polynomials. The second is the type
A instance of Schwer’s formula (rephrased and rederived by Ram) for Hall-
Littlewood polynomials of arbitrary finite type; Schwer’s formula is in terms
of so-called alcove walks, which originate in the work of Gaussent-Littelmann
and of the author with Postnikov on discrete counterparts to the Littelmann
path model. We showed that the tableau formula follows by “compressing”
Ram’s version of Schwer’s formula. In this paper, we derive tableau formu-
las for the Hall-Littlewood polynomials of type B and C' by compressing the
corresponding instances of Schwer’s formula.

1. INTRODUCTION

Hall-Littlewood polynomials are at the center of many recent developments in
representation theory and algebraic combinatorics. They were originally defined in
type A, as a basis for the algebra of symmetric functions depending on a parameter
t; this basis interpolates between two fundamental bases: the one of Schur functions,
at t = 0, and the one of monomial functions, at ¢ = 1. Beside the original motivation
for defining Hall-Littlewood polynomials which comes from the Hall algebra [18],
there are many other applications (see e.g. [12] and the references therein).

Macdonald [20] showed that there is a formula for the spherical functions corre-
sponding to a Chevalley group over a p-adic field which generalizes the formula for
the Hall-Littlewood polynomials. Thus, the Macdonald spherical functions general-
ize the Hall-Littlewood polynomials to all root systems, and the two names are used
interchangeably in the literature. There are two families of Hall-Littlewood polyno-
mials of arbitrary type, called P-polynomials and @-polynomials, which form dual
bases for the Weyl group invariants. The P-polynomials specialize to the Weyl char-
acters at ¢ = 0. The transition matrix between Weyl characters and P-polynomials
is given by Lusztig’s t-analog of weight multiplicities (Kostka-Foulkes polynomials
of arbitrary type), which are certain affine Kazhdan-Lusztig polynomials [9, 19].
On the combinatorial side, we have the Lascoux-Schiitzenberger formula for the
Kostka-Foulkes polynomials in type A [10], but no generalization of this formula to
other types is known. Other applications of the type A Hall-Littlewood polynomials
that extend to arbitrary type are those related to fermionic multiplicity formulas
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[2] and affine crystals [11]. We refer to [23, 27] for surveys on Hall-Littlewood
polynomials of arbitrary type.

Macdonald [21, 22] defined a remarkable family of orthogonal polynomials de-
pending on parameters ¢, t, which bear his name. These polynomials generalize the
spherical functions for a p-adic group, the Jack polynomials, and the zonal poly-
nomials. At ¢ = 0, the Macdonald polynomials specialize to the Hall-Littlewood
polynomials, and thus they further specialize to the Weyl characters (upon setting
t = 0 as well). There has been considerable interest recently in the combinatorics
of Macdonald polynomials. This stems in part from a combinatorial formula for
the ones corresponding to type A, which is due to Haglund, Haiman, and Loehr [6].
This formula is in terms of fillings of Young diagrams, and uses two statistics, called
inv and maj, on such fillings. The Haglund-Haiman-Loehr formula already found
important applications, such as new proofs of the positivity theorem for Macdonald
polynomials, which states that the two-parameter Kostka-Foulkes polynomials have
nonnegative integer coefficients. One of the mentioned proofs, due to Grojnowski
and Haiman [5], is based on Hecke algebras, while the other, due to Assaf [3], is
purely combinatorial and leads to a positive formula for the two-parameter Kostka-
Foulkes polynomials. Moreover, in the one-parameter case (i.e., when ¢ = 0),
the Haglund-Haiman-Loehr formula was used to give a concise derivation of the
Lascoux-Schiitzenberger formula for the Kostka-Foulkes polynomials of type A [6,
Section 7).

An apparently unrelated development, at the level of arbitrary finite root sys-
tems, led to Schwer’s formula [26], rephrased and rederived by Ram [24], for the
Hall-Littlewood polynomials of arbitrary type. The latter formulas are in terms of
so-called alcove walks, which originate in the work of Gaussent-Littelmann [4] and
of the author with Postnikov [14, 15] on discrete counterparts to the Littelmann
path model [16, 17]. Schwer’s formula was recently generalized by Ram and Yip to
a similar formula for the Macdonald polynomials [25]. The generalization consists
in the fact that the latter formula is in terms of alcove walks with both “positive”
and “negative” foldings, whereas in the former only “positive” foldings appear.

In [12], we related Schwer’s formula to the Haglund-Haiman-Loehr formula.
More precisely, we showed that we can group the terms in the type A instance
of Schwer’s formula (in fact, we used Ram’s version of it) for Py(x;t) into equiva-
lence classes, such that the sum in each equivalence class is a term in the Haglund-
Haiman-Loehr formula for ¢ = 0. An equivalence class consists of all the terms
corresponding to alcove walks that produce the same filling of a Young diagram A
(indexing the Hall-Littlewood polynomial) via a simple construction. In fact, we
required that the partition A has no two parts identical (i.e., it is a regular weight);
the general case, which displays additional complexity, will be considered in a future
publication. This work was extended in [13], by showing that the type A instance
of the Ram-Yip formula for Macdonald polynomials compresses, in a similar way,
to a formula which is analogous to the Haglund-Haiman-Loehr one, but has fewer
terms.

In this paper we extend the results in [12] to types B and C. More precisely,
we derive formulas for the Hall-Littlewood polynomials of type B and C' indexed
by regular weights in terms of fillings of Young diagrams; we do this by compress-
ing the corresponding instances of Schwer’s formula (in fact, we again use Ram’s
version of it). Note that no tableau formula for the Hall-Littlewood or Macdonald
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polynomials exists beyond type A so far. Our approach provides a natural way
to obtain such formulas, and suggests that this method could be further extended
to type D (this case is slightly more complex than types B and C, see below), as
well as to Macdonald polynomials; these problems are currently explored, as is the
compression in the case of a Hall-Littlewood polynomial indexed by a non-regular
weight. Our formula is more complex than the corresponding one in type A (i.e.,
the Haglund-Haiman-Loehr formula at ¢ = 0); however, the statistic we use is, in
the case of some special fillings, completely similar to the Haglund-Haiman-Loehr
inversion statistic (which is the more intricate of their two statistics). The natu-
rality of our formula is also supported by the fact that the Kashiwara-Nakashima
tableaux of type B and C [8] are, essentially, the surviving fillings in this formula
when we set t = 0. We also note that that the passage from (Ram’s version of)
Schwer’s formula to ours results in a considerably larger reduction in the number
of terms in type B and C compared to type A. In terms of applications, it would
be very interesting to see whether our formula could be used to derive, in the spirit
of [6, Section 7], a positive combinatorial formula for Lusztig’s t-analog of weight
multiplicities in type B and C', which has been long sought.

2. THE TABLEAU FORMULA IN TYPE C

Let us start by recalling the Weyl group of type B/C, viewed as the group of
signed permutations B,,. Such permutations are bijections w from 7] := {1 <2 <
.<n<m<n—1<... <1} to[a] satisfying w(i) = w(i). Here 7 is viewed as
—1, 80 7 = 1. We use the window notation w = w(1)...w(n). Given 1 <i < j <mn,
we denote by (4,7) the reflection which transposes the entries in positions i and
j (upon right multiplication). Similarly, we denote by (i,7), again for i < j, the
transposition of entries in positions ¢ and j followed by the sign change of those
entries. Finally, we denote by (¢,7) the sign change in position i. Given w in B,
we define

(2.1) lp(w) == [{(k,0]) : 1<k<l<n,wk)>wl)},
0_(w) = [{(k,1) + 1<k <1<n, wk)>wl}.

Then the length of w is given by ¢(w) := {1 (w) + £ (w).

Let A be a partition corresponding to a regular weight in type C, for n > 2
that is A = (A1 > Aa > ... > A, > 0). Consider the shape \ obtained from A\ by
replacing each column of height k with k or 2k —1 (adjacent) copies of it, depending
on the given column being the first one or not. We are representing a filling o of A
as a concatenation of columns C;; and C,, where ¢ = 1,..., A1, while for a given
iwehave j=1,..., M ifi>1 j=1ifi=1,and k =2,...,)}; the columns Cj;
and C, have height \;. More precisely, we let

(2.2) o=CM...Ct,
where
o C{QCZI’A;CHC%)\; ife>1
T CZ{Q...C{’MC’H ifi=1.
Note that the leftmost column is C}, 1, and the rightmost column is C1;.

Essentially, the above description says that the column to the right of Cj; is
Ci,j+1, whereas the column to the right of Cj; is C] ;| ;. Here we are assuming that
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the mentioned columns exist, up to the following conventions:

[ Cl_y, ifi>1and N_;>1 , B
(23) Cixe1 = { Cioyy ifi>1and X, =1, ix+1 = G

We consider the set F(A) of fillings of \ with entries in [7] which satisfy the following
conditions:

(1) the rows are weakly decreasing from left to right;
(2) no column contains two entries a, b with a = +b;
(3) each column (with the exception of the leftmost one) is related to its left
neighbor as indicated below; essentially, it differs from this neighbor by
a “signed cycle”, that is, a composition (r1,7)...(rp,7), where 1 < r; <
. < 1p < j; furthermore, j varies from 1 to the length of the corresponding
column, as we consider the columns from left to right.

Here we let reflections in B,, act on columns C' like they do on signed permuta-
tions; for instance, C(a, b) is the column obtained from C by transposing the entries
in positions a, b and by changing their signs. Let us first explain the passage from
some column Cj; to C; jy1. There exist positions 1 <7 < ... <1, < j (possibly
p = 0) such that C; ;1 differs from D = Cj;(r1,7) ... (rp,7) only in position j,
while C; j11(j) € {£D(r) : r € [A]\ {j}} and C; ;11(j) < D(j). To include the
case j = A, in this description, just replace C; j;1 everywhere by C; j41[1, \}] and
use the conventions (2.3). Let us now explain the passage from some column CJ,
to C} j41- There exist positions 1 <7y <... <1, <k (possibly p = 0) such that

i1 = Cip(r, k)...(rp, k). This description includes the case k = A}, based on
the conventions (2.3).

Let us now define the content of a filling. For this purpose, we first associate
with a filling ¢ a “compressed” version of it, namely the filling & of the partition
2. This is defined as follows:

(2.4) 7=C"...C", where C := ClCi,

where the conventions (2.3) are used again. Now define ct(o) = (cy, ..., ¢p), where
¢; is half the difference between the number of occurences of the entries ¢ and 7 in
7. Sometimes, this vector is written in terms of the coordinate vectors ¢;, as

1
(2.5) ct(o) =crer + ...+ cpen = 3 ng(b) ;
beo
here the last sum is over all boxes b of 7, and we set 7 := —¢;.

We now define two statistics on fillings that will be used in our compressed
formula for Hall-Littlewood polynomials. Intervals refer to the discrete set [71]. Let

1 ifa,b>n
(2.6) Tab == { 0 otherwise.

Given a sequence of integers w, we write w[i, j| for the subsequence w(i)w(i +
1)...w(j). We use the notation Ng(w) for the number of entries w(i) with a <
w(i) < b.

Given two columns D,C of the same height d such that D > C component-
wise, we will define two statistics N(D, C) and des(D, C) in some special cases, as
specified below.

Case 0. If D = C, then N(D,C) :=0 and des(D,C) :=0



HALL-LITTLEWOOD POLYNOMIALS OF TYPE B AND C 5

Case 1. Assume that C = D(r,7) with r < j. Let a := D(r) and b := D(j). In
this case, we set

N(D,C):= Ny, (Dlr+1,j — 1))+ |(b,a) \ {£D(@) : i=1,....5} + oas,

and des(D,C) :=1.
Case 2. Assume that C = D(r1,7)...(rp,7) where 1 <1y < ... <1, < j. Let
D; :=D(r1,3)...(r;,7) for i =0,...,p, so that Dy = D and D, = C. We define

p
N(D,C):=> N(Di_1,D;), des(D,C):=p.
i=1

Case 3. Assume that C differs from D’ := D(r1,7)...(rp,7) with 1 <r; < ... <
rp < j (possibly p = 0) only in position j, while C(j) & {£D’'(r) : r € [d]\ {j}}
and C(j) < D'(j). We define

N(D,C):=N(D,D")+ Nc(jy,p';)(Dlj +1,d]), des(D,C):=p+1.

If the height of C is larger than the height d of D (necessarily by 1), and
N(D,C[1,d]) can be computed as above, we let N(D,C) := N(D,C[1,d]) and
des(D, C) := des(D, C[1,d]). Given a filling ¢ in F(A) with columns C,,,...,C1,

we set
m—1

N(o):= > N(Cit1,Ci) + £ (Ch);
i=1
here ¢, (C) is defined like in (2.1). Furthermore, we also set

m—1
des(o) := Z des(Ciy1,Cy).
i=1

Note that des(o) essentially counts the descents in the rows of o.

We can now state our new formula for the Hall-Littlewood polynomials of type
C, which follows as a corollary of our main result, i.e., Theorem 4.6. A completely
similar formula in type B is discussed in Section 5. We refer to Proposition 2.3
and Remarks 4.7 for more insight into our formula. In particular, note that the
Kashiwara-Nakashima tableaux of type C' are, essentially, the surviving fillings in
this formula when we set ¢ = 0, and that, in some special cases, the statistic N (o)
is completely similar to the Haglund-Haiman-Loehr inversion statistic (the more
intricate of their two statistics).

Theorem 2.1. Given a regular weight \, we have

(2.7) P\(X;t) = Z V(o) (1-— t)des(a) 2¢E@) :
oc€F(N)

where 1'(01""70") - xil 1Cn

Example 2.2. Consider the simplest case, namely n = 2 and A = (2,1). This
leads to considering fillings of the shape (3,2) with elements in [2], namely

le]c]a
dlb]
The fillings need to satisfy the following conditions:
(1) a<e<e b<d;
(2) a# £b;




6 CRISTIAN LENART

(3) either c=a and d =b, or c=b and d = a.
For i € {1,2}, let n; be half the difference between the number of i’s and 7’s in the
multiset {a,b,c,d,e,e}. Given a proposition A, we let x(A) be 1 or 0, depending
on the logical value of A being true or false. Then

Pony(enant) = 3 (X@0babs2iare) (1 gl ix(ero pm g
(a,b,c,d,e)

It turns out that there are 27 terms in this sum, versus 70 terms in (Ram’s version
of) Schwer’s formula. For instance, the terms contributing to the coefficient of z
correspond to the fillings

1

1[1 1]2]2 [2]2
1

2|2) 1[1)
the associated polynomials in t are
1—t, tl—t), 1—¢t,

respectively. Note that these polynomials are obtained by compressing 3, 2, and
2 terms in Schwer’s formula, respectively. By symmetry, the coefficients of x1, x2,
7!, and 27t in Pra,1y (w1, 22;t) are all (£ 4 2)(1 —t). Other fillings have an even
larger number of terms in Schwer’s formula corresponding to them, such as

1

1.
57

)

| N}
[Nl

which has 7; in other words, the associated polynomial in ¢, namely 1 — ¢, which
contributes to the coefficient of z7?z5 ', is the sum of 7 polynomials of the form
t"(1 —t)® in Schwer’s formula. In conclusion, we have

Py (1, 20;5t) = 2220 + 2123 + m%xgl + xle + xflmg + xf2x2+
tarte e tes b+ 4+ 2)(1 —t) (o F o a4 ant).

In order to relate our statistic N(o) to the Haglund-Haiman-Loehr inversion
statistic and to compare our formula to its type A counterpart (see [6][Proposition
8.1] or [12][Theorem 2.10]), let us recall some definitions from [6, 12]. We start
by considering fillings 7 of the shape A with entries in [72], which are displayed in
“Japanese style”, as a sequence of columns 7 = C, ...C1; here C; is a sequence
(Ci(1),...,Ci(N))), so the entry in cell ©w = (¢, 7) is 7(u) = C;(¢). Two cells u,v € A
are said to attack each other if they are in one of the following two relative positions:

An inversion of T is a pair of attacking cells (u,v) which have one of the following
two relative positions, where a := 7(u) < b := 7(v):

a b

bl |’ a

The Haglund-Haiman-Loehr statistic inv(7) is defined as the number of inversions
of 7. The descent statistic, denoted des(7) (which is similar to des for fillings of

X defined above, see below), is the number of cells v = (¢,7) with j # 1 and
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7(u) > 7(v), where v = (i, j—1). Now let, as usual, n(A) := >, (i—1)\;, and assume
that 7 has the following two properties: (i) 7(u) # 7(v) whenever u and v attack
each other; (ii) 7 is weakly decreasing in rows. Then it was shown in [12][Proposition
2.12] that the so-called complementary inversion statistic cinv(r) := n(\) — inv(7)
counts the triples of cells filled with a < b < ¢ which have the following relative
position (here the third cell might be outside the shape A, in which case we only
require a < b):

b

clal’

Proposition 2.3. Let o in F(X) be a filling satisfying the following properties: (1)
Cijp1 =0, foralliandj=1,...,\;(2) Cijs1 only differs from Cyj in position
j. Let o be the filling of A given by

E = C)\th)q,Ll e CH .
Then N (o) = cinv(d) and des(c) = des(a).

Proof. The equality des(c) = des(d) is clear, so we concentrate on the first one.
Let m := A\{ be the number of columns of A, and let C,, = Cy,1,...,C1 = C1y
be the columns of 7, of lengths ¢,,, :== A.,,...,c1 := Aj; let C} := Ci[1, cxya], for
kE=1,...,m—1. We refer to a pair (i, j) w1th 1< <j <k and Cy (i) > Cx(j)
as a (type A) inversion in Cy. It is easy to see that o satisfies the properties
considered above: (i) (u) # &(v) whenever v and v attack each other; (ii) 7 is
weakly decreasing in rows. We start by evaluating N(CK¥Cy_11) (see (2.2)). By
definition, we have

cp—1

N(C*"Ck-11) Z Ney,_(i),cx () (Crli + 1, c]) -

This is the number of inversions ( j) in Cy, for which Cr—1(2) < Cr(j). If (4,7)
is an inversion in C} not satisfying the previous condition, then Cy_1 (i) > Ck(j)
(by property (i) of &), and thus (¢, j) is an inversion in C},_, (by property (ii) of
7). Moreover, the only inversions of C}._; which do not arise in this way are those
counted by the statistic cinv(CyC}._,), so
N(C*Cr-11) = £4(Ck) = (£+(Ch_y) — cinv(CrCi_y)) -
We conclude that

N(o) = £4(Ch) Zh (Cr) = £+(Chy) + cinv(CiCy_4) -

Now recall that A has no two parts identical. We clearly have ¢,,, = 1 s0 £4(Cy,) = 0.
Therefore, we have

NE

N(o) =) £4(Ch-1) = £4(Chy) + cinv(CiCy ) =

bl
||
N

I
NE

cinv(CxCr—1) = cinv(a) .

b
[|
M)
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3. BACKGROUND ON RAM’S VERSION OF SCHWER’S FORMULA

We recall some background information on finite root systems and affine Weyl
groups.

3.1. Root systems. Let g be a complex semisimple Lie algebra, and h a Cartan
subalgebra, whose rank is 7. Let ® C bh* be the corresponding irreducible root
system, b C h* the real span of the roots, and ®* C ® the set of positive roots.
Let aq,...,a, € T be the corresponding simple roots. We denote by (-, -) the
nondegenerate scalar product on hy induced by the Killing form. Given a root a,
we comnsider the corresponding coroot " := 2a/{c, &) and reflection s,.

Let W be the corresponding Weyl group, whose Coxeter generators are denoted,
as usual, by s; := s4,. The length function on W is denoted by #(-). The Bruhat
graph on W is the directed graph with edges © — w where w = usg for some

B € @1, and ¢(w) > £(u); we usually label such an edge by  and write u E
The reverse Bruhat graph is obtained by reversing the directed edges above. The
Bruhat order on W is the transitive closure of the relation corresponding to the
Bruhat graph.

The weight lattice A is given by

(3.1) A:={)eb : (\aY)€Zfor any a € ®}.

The weight lattice A is generated by the fundamental weights wy,...,w,, which
form the dual basis to the basis of simple coroots, i.e., {w;, aJV> = 8;j. The set AT
of dominant weights is given by

AT :={\ €A : ()\aY)>0forany a € dT}.

The subgroup of W stabilizing a weight X is denoted by Wy, and the set of minimum
coset representatives in W/Wy by W*. Let Z[A] be the group algebra of the weight

lattice A, which has a Z-basis of formal exponents {z* : A € A} with multiplication
adxh = g,

Given a € ® and k € Z, we denote by s, i the reflection in the affine hyperplane
(3.2) Hor={A€bg : (\,a¥) =k}

These reflections generate the affine Weyl group Weag for the dual root system
oY := {a¥ : a € ®}. The hyperplanes H, j divide the real vector space hj into
open regions, called alcoves. The fundamental alcove A, is given by

Ao ={rebs : 0< (N aY)<1forallaec®"}.

3.2. Alcove walks. We say that two alcoves A and B are adjacent if they are
distinct and have a common wall. Given a pair of adjacent alcoves A # B (i.e.,

having a common wall), we write A 2, B if the common wall is of the form H 8.k
and the root # € ® points in the direction from A to B.

Definition 3.1. An alcove path is a sequence of alcoves such that any two consec-
utive ones are adjacent. We say that an alcove path (Ao, A1, ..., An) is reduced if
m 1s the minimal length of all alcove paths from Ag to A,.

We need the following generalization of alcove paths.
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Definition 3.2. An alcove walk is a sequence Q = (Ao, F1, A1, Fo, ..., Fo, A, Foo)
such that Ag, ..., Am are alcoves; F; is a codimension one common face of the al-
coves A;_q1 and A;, fori=1,...,m; and F, is a vertex of the last alcove A,,. The
weight Fuo is called the weight of the alcove walk, and is denoted by p(£2).

The folding operator ¢; is the operator which acts on an alcove walk by leaving
its initial segment from Ay to A;_; intact and by reflecting the remaining tail in
the affine hyperplane containing the face F;. In other words, we define

d)z(Q) = (AOaFlaAla"'aAi—lvFi/ = FiaA;7Fi/+17A;+1a"'aAlynaFéo);

here A} := p;(4;) for j € {i,...,m}, F} := p;(F}) for j € {i,...,m}U{oc}, and p;
is the affine reflection in the hyperplane containing F;. Note that any two folding
operators commute. An index j such that A;_; = A; is called a folding position
of Q. Let fp(Q) := {j1 < ... < js} be the set of folding positions of Q. If this set
is empty,  is called unfolded. Given this data, we define the operator “unfold”,
producing an unfolded alcove walk, by

unfold(Q) = ¢j, ... $;. ().

Definition 3.3. An alcove walk Q@ = (Ao, F1,A1,Fs, ..., Fp, Am, Foo) is called
positively folded if, for any folding position j, the alcove A;_1 = A; lies on the
positive side of the affine hyperplane containing the face F.

We now fix a dominant weight A and a reduced alcove path IT := (A4g, A1,..., An)
from A, = Ay to its translate A, + A = A,,,. Assume that we have

Ag 2oay 225 oA

where I' := (1, ..., Bm) is a sequence of positive roots. This sequence, which de-
termines the alcove path, is called a A-chain (of roots). Two equivalent definitions
of A-chains (in terms of reduced words in affine Weyl groups, and an interlacing
condition) can be found in [14][Definition 5.4] and [15][Definition 4.1 and Proposi-
tion 4.4]; note that the A-chains considered in the mentioned papers are obtained

by reversing the ones in the present paper. We also let r; := sg,, and let 7; be
the affine reflection in the common wall of A;_; and A;, for ¢ = 1,...,m; in other

words, 7; := sg, 1,, where l; := |{j <14 : 3; = (8;}| is the cardinality of the corre-
sponding set. Given J = {j1 < ... < js} C [m] := {1,...,m}, we define the Weyl
group element ¢(J) and the weight u(J) by

(3.3) o(J)i=ry .ory,, pw(J) =750 75,(A).
Given w € W, we define the alcove path w(Il) := (w(Ao),w(A1),...,w(4nm)).
Consider the set of alcove paths

PT) == {w() : we W},

We identify any w(II) with the obvious unfolded alcove walk of weight p(w(II)) :=
w(A). Let us now consider the set of alcove walks

F(T) := { positively folded alcove walks Q : unfold(Q2) € P(T')}.
We can encode an alcove walk  in ., (I') by the pair (w,J) in W* x 2[™] where
fp(2)=J and unfold(Q) = w(I).
Clearly, we can recover ) from (w,J) with J = {j1 < ... < js} by
Q= by, .. by (w(ID) .
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Let A(T") be the image of F (I") under the map Q — (w, J). We call a pair (w, J)
in A(T') an admissible pair, and the subset J C [m] in this pair a w-admissible
subset. The following straightforward result is taken from [12].

Proposition 3.4. [12] (1) We have
(3.4) AD) = {(w,J) e WA x 2™+ J={j; <... <4},
w>wrj, > ... > wry, ..ry, =wo(J)}

here the decreasing chain is in the Bruhat order on the Weyl group, its steps not
being covers necessarily.

(2) If @ — (w,J), then
p(€) = wlp(J)).
The formula for the Hall-Littlewood P-polynomials in [26] was rederived in [24]

in a slightly different version, based on positively folded alcove walks. Based on
Proposition 3.4, we now restate the latter formula in terms of admissible pairs.

Theorem 3.5. [24, 26] Given a dominant weight X, we have

(3.5) P(Xit) = 3 a1 (1 )] )
(w,J)eA(T)

4. SPECIALIZING RAM’S VERSION OF SCHWER’S FORMULA TO TYPE C

We now restrict ourselves to the root system of type C,,. We can identify the

space b with V := R", the coordinate vectors being €1, ...,e,. The root system
® can be represented as ® = {+e;+¢; : 1 <i<j<n}U{*2 : 1 <i<n}. The
simple roots are o; = €; —€;41, fori =1,...,n—1 and o, = 2¢,,. The fundamental

weights are w; = €1 + ... +¢&;, for i = 1,...,n. The weight lattice is A = Z™. A
dominant weight A = Aje1 + ...+ A\p—16n—1 + A\ney is identified with the partition
(M >X>...>2 X -1 > Ay, > 0) of length at most n. A dominant weight is
regular if all the previous inequalities are strict (i.e., the corresponding partition
has all parts distinct and nonzero). We fix such a partition A for the remainder of
this paper.

The corresponding Weyl group W is the group of signed permutations B,,. For
simplicity, we use the same notation for roots and the corresponding reflections, cf.
Section 2. For instance, given 1 <14 < j < n, we denote by (4, j) the positive root
€; — €5, by (4,7) the positive root €; + €, and by (4,7) the positive root 2e;.

Let

L(k):=T5...T0T1(k)...Tr(k),
where

D= (1,7, (2,2) -, (G = 1,7),

Fj<k) = ((177)7 (273)’ IR (] - 173)3
(J,k+1), (G, k+2), ..., (4,m),
(4,7),
(j,n), (jym—1), ..., (G, k+1)).

Lemma 4.1. T'(k) is an wg-chain.

Proof. We use the criterion for A-chains in [15][Definition 4.1, Proposition 4.4], cf.
[15][Proposition 10.2]. This criterion says that a chain of roots I' is a A-chain if and
only if it satisfies the following conditions:
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(R1) The number of occurrences of any positive root « in I' is (A, V).

(R2) For each triple of positive roots (o, 3, v) with vV = a¥ + 3V, the subse-
quence of I" consisting of «, 3,  is a concatenation of pairs (v, ) and (v, §)
(in any order).

Letting A = wy = €1 + ... + &, condition (R1) is easily checked; for instance, a
root (a,b) appears twice in I'(k) if a < b < k, once if a < k < b, and zero times
otherwise. For condition (R2), we use a case by case analysis, as follows, where
a<b<ec

(1) a=(a,b), B=(bc), v=(a,c);
( ) a (avb)a B = (baé)v Y= (a7§)§
(3) a = (a7c)v g = (b,E), Y= (U‘?é);
(4) Q= (bv C)v B = (a7§)7 Y= (avb)3
(5) a=(a,b), B= (0, 9)7 v = (‘%@)?
(6) a=(a,a), 8= (b,b),y=(ab)

Case (1) is the same as in type A. Each of the cases (2)-(4) has the following three
subcases: k> ¢, b <k < ¢, and a < k < b, while each of the cases (5)-(6) has the
following two subcases: k > b, and a < k < b. For instance, if b < k < ¢ in Case (3),
then the subsequence of I'(k) consisting of o, 3, v is ((a, b), (a,c), (a,b), (b,¢)). O

Hence, we can construct a A-chain as a concatenation I := T'*t .. . T'!, where
(4].) Fi = F()\{L) = 1—‘;2 N F;’)\;F“ N Fi,)\; 5 and Fij = F](A;) 5 ].—‘2] = F; .
This A-chain is fixed for the remainder of this paper. Thus, we can replace the
notation A(T") with A(X).

Example 4.2. Consider n = 3 and A = (3,2,1), for which we have the A-chain
below. The factorization of I' into subchains is indicated with vertical bars, while
the double vertical bars separate the subchains corresponding to different columns.
The underlined pairs are only relevant in Example 4.3 below.

(4.2) [ =g || ThoT'21Tag || Thol s T1iThals =
=((1,2),(1,3),(1,1),(1,3),(1,2) ||
1,2) [(1,3),(1,1),(1,3) | (1,2),(2,3),(2,2), (2,3) |
(1,2)[(1,3),(2,3) | (1,1) [(1,2),(2,2) [ (1,3),(2,3),(3,3)) -

We represent the Young diagram of A inside a broken 3 x 2 rectangle, as below. In
this way, a reflection in I" can be viewed as swapping entries and/or changing signs
in the two parts of each column, or only the top part.

[1]1]1
2

2
3]
(2]
3[3]

Given the A-chain I" above, in Section 3.2 we considered subsets J = {j; < ... <
Js}t of [m], where m is the length of I'. Instead of J, it is now convenient to use
the subsequence T of the roots in I" whose positions are in J. This is viewed as a
concatenation with distinguished factors T;; and T}, induced by the factorization
(4.1) of T.
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All the notions defined in terms of J are now redefined in terms of 7. As
such, from now on we will write ¢(T), u(T), and |T|, the latter being the size
of T, cf. (3.3). If J is a w-admissible subset for some w in B,, we will also
call the corresponding T' a w-admissible sequence, and (w,T) an admissible pair.
We will use the notation A(T') and A(\) accordingly. We denote by wTy, 1...T;;
and wT), ;1 ...T}, the permutations obtained from w via right multiplication by
the transpositions in T, 1,...,T;; and Ty, 1,..., T}, considered from left to right.

This agrees with the above convention of using pairs to denote both roots and the
corresponding reflections. As such, ¢(T) can now be written simply 7.

Example 4.3. We continue Example 4.2, by picking the admissible pair (w, J)
with w =123 € Bz and J = {2,6,12,13} (see the underlined positions in (4.2)).
Thus, we have

T = T || Ty Tt Too || T3, Ty 3T ThaTus = ((1,3)(1(L,2)] 1(2,2),2.3)1 [ | | ] )-
The corresponding decreasing chain in Bruhat order is the following, where the
swapped entries are shown in bold (we represent permutations as broken columns

starting with w, as discussed in Example 4.2, and we display the splitting of the
chain into subchains induced by the above sphttlng of T):

RN
||

iven a (not necessarily admissible) pair (w,T'), wi split into factors T;; an
G t 1 d bl T thT lit into factors T;; and
T}, as above, we consider the permutations

o o L / .
Tij = 7Tij(’LU,T) = wTAhl .. .T‘,;J'_l 3 ﬂ'ik’ = Wik(w,T) = wT,\hl .. 'Ti,k—l 3

when undefined, 7T} ;_; and Tl’ x_1 are given by conventions similar to (2.3), based
on the corresponding factorization (4.1) of the A-chain I'. In particular, 7y, 1 = w.
Definition 4.4. The filling map is the map f from pairs (w,T), not necessarily
admissible, to fillings o = f(w,T) of the shape X, defined (based on the notation
(2.2)) by

(4.3) Cij = mij 1, A” ) zlk = ng[lv )‘;] .
Example 4.5. Given (w,T) as in Example 4.3, we have
T[3]2]2][2]2]2
flw,T)="[2][3[3[1]1]1].
31313

The following theorem describes the way in which our tableau formula (2.7) is
obtained by compressing Ram'’s version of Schwer’s formula (3.5). Recall that A is
a regular weight, so B, = B,,, and thus the pairs (w, J) in A()\) are only subject
to the decreasing chain condition in (3.4); this fact is implicitly used in the proof
of the theorem.

Theorem 4.6. (1) We have f(A(N)) = F(N).
(2) Given any o € F(A\) and (w,T) € f~1(o), we have ct(f(w,T)) = w(u(T)).
(3) The following compression formula holds:
(4.4) S DT (1 g)IT] 2 N@) (1 gydesto)
(w,T)ef~1(0)
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Proof. We start with part (1). The fact that f(A(N\)) C F()) is clear from the
definition of the set of fillings F(\) in Section 2 and the construction (4.1) of the
fixed A-chain I". Viceversa, given a filling o in F(}), it is not hard to construct
an admissible pair (w,T) in f~'(c). We will assign to the columns Cy; and Cj;
signed permutations p;; and p;j in B, recursively, starting with p;; := Ci1; in
parallel, we construct the reverse rev(T') of the mentioned chain of roots T', and
conclude by letting w := py, 1. Each time we pass to the left neighbor C” e of
a column C] ;. = Cj,(r1,k)...(rp, k), we append to the part of rev(T) already
constructed the roots (rp, k), ..., (r1, k) and let pjy == pf 1 (rp, k) ... (r1, k). We
proceed similarly when passing to the left neighbor Cj; of a column C; ;11, where
C; j+1 differs from D = C;j(r1,7) ... (rp,7) only in position j; the only difference
is that, in this case, we start by applying to p; j+1 and appending to rev(T") the
reﬂectlon which exchanges the entry C; j41(j) with D(j), and then we proceed as
above.

Parts (2) and (3) of the theorem are proved in Section 6 and Section 7, respec-
tively. ([l

Remarks 4.7. (1) The Kashiwara-Nakashima tableaux [8] of shape A index the basis
elements of the irreducible representation of sp,,, of highest weight A. It is shown
in Proposition 4.8 below that these tableaux correspond precisely to the surviving
fillings in our formula (2.7) when we set ¢ = 0.

(2) In (4.4), in general, we cannot replace the filling map f with the map f,
sending (w,T’) to the compressed version f(w,T) of f(w,T). Indeed, consider
n =2, A =(3,2), and the following filling of 2XA = (6,4), which happens to be the
“doubled” version of a Kashiwara-Nakashima tableau:

_ _[2Iz]2]2[1]1
1/1]2]2)

If (w,T) € f ( ), we must have w = 21 and
T CTala = ((1,1)](1,2),(2,2)),
where the full A-chain factors as follows:

I =Tg || 902100 || T5T 1112

There are two elements (w,T") and (w,T?) in f7 (), namely
T'=((1,2)), and T?=((1,1),(1,2),(2,2)).
But we have
ST DT T = (1 — )+ (1 - 8)° = (1 - t)(1 — t +13).

(w,1)ef ' (@)
In general, the above sum has several factors not of the form ¢ or 1 — ¢, which are
hard to control.

(3) In order to measure the compression phenomenon, we define the compression
factor ¢(\) like in [12], as the ratio of the number of terms in Ram’s version of
Schwer’s formula for A and the number of terms in the tableau formula. The

compression factor is considerably larger in type C. For instance, for A = (3,2, 1,0)
in Cy we have 23,495 terms in the compressed formula, while ¢(\) = 44.9.
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Proposition 4.8. The map o — T (see (2.4)) is a bijection between the fillings
o in F(X) with N(o) = 0 and the “doubled” versions of the type C Kashiwara-
Nakashima tableauz of shape .

Proof. Tt was proved in [1] that for each type C Kashiwara-Nakashima tableau of
shape A there is a unique admissible pair (w,T") whose associated chain in Bruhat
order is saturated and ends at the identity, such that the compressed version & of
o= f(w,T) is the “doubled” version of the given tableau. It follows that the term
associated to (w,T) in (3.5) is t°(1 — ¢)IT1zw (™) and therefore N(o) = 0, by
(4.4). On the other hand, since Py(z;0) is the irreducible character indexed by A,
which is expressed in terms of Kashiwara-Nakashima tableaux, we conclude that
all o in F(X\) with N (o) = 0 arise in this way. O

5. THE TABLEAU FORMULA IN TYPE B

We now restrict ourselves to the root system of type B,,. This can be represented
as @ = {£e; £¢; : 1 <i<j<n}U{xe : 1<i<n}. The simple roots are
a; =€ — €41, for i =1,...,n—1 and «,, = €,. The fundamental weights are
wi=¢€1+...+¢g,fori=1,....n—1 and w, = %(61 + -+ +¢€,). A dominant
weight A = ajwi + ... + apwy, where oy € Zxg, is identified with the partition
po=(n, ..., 190); we let £(u) := a1 + ... + ay, and write g = (p1,. .., pey). A
dominant weight is regular if a; > 0 for all 4. Let us now fix such a weight A.

The corresponding Weyl group W is the same group of signed permutations B,
considered above. For simplicity, we again use the same notation for roots and the
corresponding reflections, cf. Section 2. The pairs (4,5) and (i,7) have the same
meaning as in type C, whereas (i) denotes the positive root €;. Note that, as a
reflection in By, (7) is the same as (4,7) in type C.

The canonical wg-chains and A-chains are very similar to those in type C. If
k <n, let

[(k):=T%...T%T1(k) ... Tr(k),

where

F;‘ = ((Lj), (277)7" ) (] - 177)’ (J))>

L (k) == ((1,7), (2,7), o (- 17),
U k+1), (G,k+2), ..., (7)),
(4);
(jvn)7 (jvn_1)7 ) (]vk+1))

On the other hand, we let
I'(n):=T7...,, =T1(n)...Ty(n).

Like in the type C case, we can prove that I'(k) is an wg-chain for any k. Hence,
we can construct a A-chain as a concatenation T':= T*(®) .| T where T = I'(u;).
The filling map is defined like in Definition 4.4. This gives rise to fillings

o=Cw ¢t
where each C? is a concatenation of columns of height s, as follows:

' C{l...C;MCﬂ...CiM if,ui <n
C':=¢ Cin...Cyp, ifi£1land u; =n
Ci1 ifi=1.



HALL-LITTLEWOOD POLYNOMIALS OF TYPE B AND C 15

The fillings are subject to the same conditions (1)-(3) as in type C, where condition
(3) is made more precise below. In fact, the above A-chain I' specifies the way in
which each column is related to its left neighbor. Essentially, everything is similar to
type C, except for a small difference in the passage from some column C; to C’Z{, kil
Namely, there exist positions 1 < ry < ... < 1, < k (possibly p = 0) such that
Cl i1 = Cl(ri, k) ... (rp, k), like in type C, or Cf . = Cl(r1, k) ... (rp, k) (k), in
which case we also require C; ; (k) < n.

The weight of a filling, and the statistics N (o) and des(o) are defined completely
similarly to type C. The only minor addition is the definition of N(D,C) and

des(D,C) when C = D(rq,k)...(rp, k)(k). With the notation in Case 2 of the
definition of N (D, C) in Section 2, we set

N(D,C) = N(D,D,) + N(D,,C), des(D,C):=p+1.

Here N(D, D,,) is defined in Case 2 above, whereas N (D), C) is given by the second
formula in (7.1); more precisely,

N(D,,0) 1= S|@ @)\ {£Dy() i =1,..., K},

where a := D,(k).
Given the above constructions, the proof of the following theorem is completely
similar to its counterparts in type C, since no new situations arise.

Theorem 5.1. Theorems 2.1 and 4.6 hold in type B, with the appropriate con-
structions explained above.

Remark 5.2. The situation in type D is slightly more complex. In this case, applying
the above ideas leads to an analog of the compression formula (4.4) which contains
factors of the form 1 —¢* with k& > 1 in the right-hand side. However, these factors
are not hard to control, while no extra factors appear.

6. PROOF OF THEOREM 4.6 (2)

Recall the A-chain T in Section 4. Let us write ' = (51, . .., Bm), as in Section 3.2.
As such, we recall the hyperplanes Hg, ;, and the corresponding affine reflections
Th = Spyl, = S T Uk Bk-

Now fix a signed permutation w in B,, and a subset J = {j; < ... < js} of [m]
(not necessarily w-admissible). Let II be the alcove path corresponding to T', and
define the alcove walk 2 as in Section 3.2, by

Q = ¢j1 e ¢js (’LU(H)) .
Given k in [m], let ¢ = i(k) be the largest index in [s] for which j; < k, and
let v, := wrj, ...7;,(Br). Then the hyperplane containing the face Fj of Q (cf.
Definition 3.2) is of the form H,, ,,,; in other words

H

e = WGy . Ty, (Hg 1) -
Our ﬁrit goal is to describe my, purely in terms of the filling associated to (w, J).
Let t;, be the affine reflection in the hyperplane H., ,,,. Note that
th = WP, . T}k, o Tjw ™!
Thus, we can see that

~

'LU’)"jl...’)"ji :tji...tjlw.
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Let T = ((a1,b1),. .., (as,bs)) be the subsequence of " indexed by the positions
in J, cf. Section 4. Let T? be the initial segment of T' with length i, let w; := wT?,
and o; := f(w,T?), see (2.4). In particular, oq is the filling with all entries in row ¢
equal to w(i), and 0 := o5 = f(w,T). The columns of a filling of 2\ are numbered
left to right by 2\; to 1. We split each segment I'* of " into two parts: the head
which is a concatenation of I', , and the tail which is a concatenation of T'., see
(4.1). We say that the head corresponds to column 2k of the Young diagram 2\,
whereas the tail corresponds to column 2k — 1 (cf. the construction of f(w,T)
in Section 4 and (2.4)). If 8;,., = (@it1,biy1) = (a,b) falls in the segment of I'
corresponding to column p of 2A; then 0,41 is obtained from o; by replacing the
entry w;(a) with w;(b) in the columns p — 1,...,1 of 0;, as well as, possibly, the
entry w;(b) with w;(a@) in the same columns.

Now fix a position k, and consider i = i(k) and the roots O, v := v, as above,
where 7y, might be negative. Assume that 0 falls in the segment of I' corresponding
to column ¢ of 2A. Given a filling ¢, we denote by ¢[p] and ¢(p, ¢] the parts of ¢
consisting of the columns 2A1,2\; —1,...,pand p—1,p—2,...,q, respectively. We
also recall the definition (2.5) and conventions related to the content of a filling;
this definition now applies to any filling of some Young diagram.

Proposition 6.1. With the above notation, we have
my = (ct(olq]), ")

Proof. We apply induction on ¢, which starts at ¢ = 0, when the verification is

straightforward. We will now proceed from j; < ... < j; < k, where ¢ = s or

k< jiv1, 1071 < ... < jir1 < k, and we will freely use the notation above. Assume

that 3;,,, falls in the segment of I" corresponding to column p of 2X, where p > q.
We need to compute

~

w?h s ?ji+1 (Hﬁkylk) =ljp0 - tjlw(Hﬂk,lk) =tlj, (H’Y,m) ’

where m = (ct(a;[q]),7"), by induction. Let v’ :=~;,,,, and t;,,, = 8,/ s, Where
m’ = {(ct(oi[p]), (7)V), by induction. We will use the following formula:

vt (o) = Hy )t 1
Thus, the proof is reduced to showing that
m—m'(y,7") = (ct(oi+1(d]), sy (v7)) -

An easy calculation, based on the above information, shows that the latter equality
is non-trivial only if p > ¢, in which case it is equivalent to

(ct(oi+1(p, a]) — ctoi(p, a]),7") = (v, 7") (et(oir1(p, a)), (7)) -
This equality is a consequence of the fact that
Ct(gi+1(pa q]) = S'Y/(Ct(o—i(pa Q])) )
which follows from the construction of g;11 from o; explained above. O
Proof of Theorem 4.6 (2). We apply induction on the size of T, using freely the

notation above. We prove the statement for T' = (8;,, ..., 5;,,,), assuming it holds
for T° = (B;,,...,05;,). We have

w(u(T) = w?jl s ?js+1 ()‘) = %}54—1 e 'tjlw(/\) = %\js+1 (Ct(gs)) ’
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by induction. We need to show that

(6.1) b (ct(0)) = ct(os41).-

Let v := v,,,, and assume that 3; ., falls in the segment of I' corresponding to
column p of 2\. Based on Proposition 6.1, (6.1) is rewritten as

(6.2) 5(0t(0)) + (et(o,[p]), ")y = ct(era)

Decomposing ct(os) as ct(os[p]) +ct(os(p, 1]) (cf. the notation above), and ct(os41)
in a similar way, (6.2) would follow from

sy(ct(os[p])) + {ct(os[p]), v )y = ct(owrap]) ,
sy(ct(os(p, 1)) = ct(osa(p, 1)) -

The first equality is clear since os[p] = os41[p], while the second one follows from
the construction of o541 from o, explained above. O

7. PROOF OF THEOREM 4.6 (3)

We start by recalling some basic facts about the group B, and some notation
from Section 2. We will use the following notation related to a word w = wy ... wy;
with integer letters, which is sometimes identified with its set of letters:

wli, j] == w;...w;, Nap(w):=|(a,b) Nw|, Ngp(tw) := Ngp(w) + Ngp(—w),
where —w := w7 ...w;. Given words w', ..., wP, we let
Nap(w', ... wP) := Nap(w') + ... + Ny (w?) .
We also let

_J 1 ifa,b<n
Tab *= 1 0 otherwise.

With this notation, given a signed permutation w in B, and 1 < 7 < j < n,
a:=w(i), b:=w(j), we have the following facts:

Hw(i, j)) — t(w) =1

: = Nap(wli, 7).,
oy DI (i),
((wl(i,3)) ;Z(w) — L Np(wli,g — 12wl + 1) 4+ 7

assuming that the left-hand side is nonnegative (i.e., that we go up in Bruhat order
upon applying the indicated reflection); these facts are used implicitly throughout.

Given a chain of roots A, we define A" (A) like in (3.4) except that we impose an
increasing chain condition and w € W. The following simple lemma will be useful
throughout, for splitting chains into subchains.

Lemma 7.1. Consider (w,T) with T written as a concatenation Sy ...Sp. Let
w; ;= wS7...8;, sowyg=w. Then

(1) + 0T = T]) = S (Uwp 1) + L) = |,]) + 3 5 (Ewi 1) — Lwi) = [Si])

i=1
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Let A be the chain

A:=((1,p+1), (,p+2), ..., (L,n),
(1,1),
(Lﬁ)a (]—,n_l), ceey (17p+1))
Proposition 7.2. Consider a signed permutation w in B, with a := w(l), a

position 1 < p < n, and a value b € {+a} U (xwlp + 1,n]) such that b > a. Then
we have

(7.2) ) {3 )= T) (1 )IT] — Nas (w2 (1 _ )1 .

T:(w,T)eA"(A)
wT(1)=b

here dqp 1s the Kronecker delta.
Proof. Given s € {1,+(p+1),...,%n}, we let Ay be the subchain of A starting
with (1,s). We also let

S(w,s) := Z t%(z(WT)*f(w)*lTl)(l — )71

T:(w,T)eEA(Ay)
wT'(1)=b

We consider three cases, depending on b = w(q), b = w(q), and b = @. The proof
in the first case is identical to that of the analogous result for type A, namely
[12][Proposition 5.3].

Case 2. Let ¢ :== w(q) = b, and p < ¢ < s. We start by showing

(73) S(w7§) — tNaE(w[2,q—1],w[q—i—l,s],iw[s—&-l,n])+7ac(1 _ t) )
We use induction on s, which starts at s = ¢. For s > ¢, let w! := w[2,q — 1],
w? = wlg+1,s — 1], w? := w[s + 1,n], and d := w(s). The sum S(w,3) splits into
two sums, depending on (1,5) ¢ T, and (1,3) € T. By induction, the first sum is
S(w,s — 1) = Nae(whw?dw)irac (
Again by induction, if @ < d < €, then the second sum is
tNaa(w'ew® Zw)+1ea (1 _ 4)G(1(1,3),5 — 1)
:tNaE(wlcw27iw3)+NEE(w1,w2,iaw3)+7ad+‘r§c(1 _ t)2 :
otherwise, it is empty. Adding up the two sums into which S(w,s) splits, we obtain
tNaE(wl,u;Qd,:tws)Jr-rac (1 . t) )
The last claim rests on the easily verified facts that, if @ < d < ¢, then
Tad + Tage = Tac NaE(C) + N%(E) = Nag(d) .
Still assuming that ¢ = w(q) = b and p < ¢, we now show that
(7.4) S(w, T) = ¢Nes(wi2a—1lwlattnDtrie (] 4y

where
;1 ifa<e<n
Tac =1 0 otherwise.
Let w! := w[2,q — 1], like before, and w? := w[q + 1,n]. The sum S(w,1) splits
into two sums, depending on (1,1) € T, and (1,1) € T. By (7.3), the first sum is

S(w,m) = tNee(w W) tmae (] _ gy
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Again by (7.3), if ¢ < a < n, then the second sum is
$Nea (W ew) (1 )G ((1, T), 77) = N ew )t Nac(w w)brae (] _ )2,
otherwise, it is empty. Adding up the two sums into which S(w,3) splits, we obtain
¢Nae(wh W) mie (] gy
Assuming that ¢ = w(q) = b and p < ¢ < s, we now show that
(7.5) S(w,s) = tNaz(w[Zq—l]7w[q+1,s—1])+7[w(1 —1).
2

We use decreasing induction on s. Like before, we let w! := w[2,q — 1], w? :=
wlg+1,s—1], and d := w(s). The sum S(w, s) splits into two sums, depending on
(1,8) € T, and (1,s) € T. By induction, the first sum is

S(w, s+ 1) = tNees@ widdrie () _¢)
Again by induction, if @ < d < ¢, then the second sum is
tNad(wlch)(l — t)S('LU(l, S), S _|_ 1) — tNad(wlcw2)+NdE(w17w2a)+7-r;c(1 — t)2 ;

otherwise, it is empty. (In both calculations, induction works by substituting 1 for
n+ 1 when s = n, and by using (7.4) in this case.) Adding up the two sums into
which S(w, s) splits, we obtain

tNaz<w1,w2)+n;c(1 —1).
The last claim rests on the easily verified fact that, if a < d < ¢, then
Naa(c) + Tge = Tae -
Case 3. Let us now assume that b = a. We need to show that
(7.6) S(w,p+1) = tNaaw2ph (1 ),

We use decreasing induction on p, which starts at p = n; in this case A only contains
the pair (1,1), so the above convention of substituting 1 for n + 1 works well here
too. For p < n, we let d := w(p + 1). The sum S(w,p + 1) splits into two sums,
depending on (1,p+ 1) € T, and (1,p + 1) € T. By induction, the first sum is

S(w,p+2) = tNea(WRPID (1 1),
If a < d < @, then by (7.5) of Case 2, the second sum is
tNad(w[Z,p])(l —)S(w(l,p+1)),p+2) = tNad(w[27p])+Nda(w[27P])+Téa(1 _ t)2 :

otherwise, it is empty. Adding up the two sums into which S(w,p + 1) splits, we
obtain the desired result. B
Case 2 (continued). Assuming that ¢ = w(q) = b and p < ¢, we now show that

(7.7) S(w, q) = tNeeZa=1 (1 ¢y,

The sum S(w, q) splits into two sums, depending on (1,¢) ¢ T, and (1,q) € T. By
(7.5) of Case 2, the first sum is

S(w,q+ 1) = tNez@Ra=1D+7ec (1 _¢)
If a < ¢ < n, then by (7.6) of Case 3, the second sum is
tNac(w[Q,qfl])(l —1)S(w(1,q)),q+1) = tNac(w[2¢q71])+ch(w[2yq])(1 —1)%;

otherwise, it is empty. Adding up the two sums into which S(w, ¢) splits, we obtain
the desired result.
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The final step in Case 2 is to prove that
(7.8) S(w,p+1) = tNee@2PD(1 ),

This can be done by decreasing induction on p, starting with p = ¢ — 1, which is
the case proved in (7.7). The procedure is completely similar to the ones above,
and, in fact, to the one for type A in [12][Proposition 5.3]. O

Let us consider the chain
& :=T1(n)...I'y(n)=((1,1) B
(79) (1) )7 (27 2)3

(1,m), (2,m), ..., (n—1m)).
We denote by ®;; the subchain of ® starting with (4, 7). Given a signed permutation
w, recall the definition (2.1) of /1 (w) and £_(w). Given (i,7) with 1 <i < j < n,
we also define

(7.10) I (w) = [{(k,1) : (kD) € @\ @5, w(k) > w(D)}],
77 = 0_(w) — 17 (w).

Proposition 7.3. Fiz (i,7) with 1 <i < j <n and a signed permutation w in By,.
We have
(7.11) ST @D IT) (1 T gl e )

T: (w,T)eEA(Pi;)

In particular, if the above sum is over (w,T) € A(®), then the right-hand side is
s (w)

Proof. Let us denote the sum in the left-hand side of (7.11) by S(w,1,j), and the
corresponding sum over (w,T) € A(®;; \ {(4,7)}) by S’ (w,1,7). We view the chain
® as a total order on the pairs (i,7), with (1, 1) being the smallest pair. With this in
mind, we use decreasing induction on pairs (4,7). Given such a pair, if w(i) < w(j)
then the induction step is clear, so assume the contrary. We can now split S(w, 7, j)
into two sums, depending on (i,7) € T and (¢,7) € T. By induction, the first sum
is
S’ (w, i\j) = t1+f+(w)+£ij(w) .
By induction and Lemma 7.1, the second sum is
(1= )3 DD (w(i, 7)., )

—(1 — )3 (G =) (w(i7) 7 (w0(i.7))

The induction step is completed once we show that

Ci(w) + 2 (w) = % (£(w) = £(w(i, 7)) = 1) + L4 (w(i, 7)) + €2 (w(i, 7))

The latter equality can be rewritten as
AL, (w) + AT (w) — 1 = AT (w),

where Aly (w) := £y (w)— L€y (w(i,7)), and similarly for the other two variations. In
order to prove this, let us first fix k between ¢ and j, and analyze the contribution
to the three variations of the pairs (i,k) and (k,j), cf. (2.1) and (7.10). For
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simplicity, let a := w(i), b := w(k), and ¢ := w(j), where a > ¢. The mentioned
nonzero contributions are as follows:

(1) the pair (i, k) contributes 1 to Al (w) ifa>b>7;

(2) the pair (k,j) contributes —1 to Al (w) if @ < b < ¢, which is equivalent

toa>b>¢ N B

(3) the pair (i, k) contributes 1 to Al (w) if a > b >

(4) the pair (k,j) contributes 1 to A?” (w) if a > b > .
Note that the second and third contributions cancel out, whereas the first one is
equal to the fourth one. The analysis is completely similar if k < i or & > j. The
pair (,7) only contributes 1 to AfY(w). As far as the pairs (i,4) and (j,7) are
concerned, the contribution of the first one to A¢"(w) and of the second one to
AT (w) are both equal to oac, see (2.6). O

Proof of Theorem 4.6 (3). Fix a filling o in F()\) with columns C;; and C};, as
explained in Section 2. Recall the chain ® :=Ty(n)...T,(n) =Ty ...T, in (7.9).
By splitting the A-chain I' into the tail ® and its complement, and by using Lemma
7.1, the sum in the left-hand side of (4.4) can be rewritten as

(7.12) S pET)IT) () il
(w,T)EF (@)

= Z 13 (E(w)—L(wT)~|T|) (1= x
(w,T)ef (o)
Tii=...=T1p=0

X Z $3(L(C1)+H(C1 T)—|T]) (1-— t)lTl

T:(C11,T)EA(P)

here the column C41, which has height n, is viewed as a signed permutation in B,,.
By Proposition 7.3, the second bracket is ¢¢+(C11),

In order to evaluate the first bracket, we will reverse all chains. Let us start by
recalling the construction (4.1) of the A-chain I', and in particular the order in which
the subchains T';; and I'}; are concatenated (including the conventions in Section 2
related to I'; j1 and T ;). We denote by I';; and (I'};)" the corresponding reverse
chains. Also recall that we defined A”(-) like in (3.4) except that we imposed an
increasing chain condition and w € W. We consider pairs (w;j;, Si;) in A"(I'};) and
(wi;, S};) in A"((I'};)"), where w;; and w;; are defined by

Wij = C’HSLM ‘e Si7j+1 y w;j = 011817)\/1 PN S7;7j+1 )

where the concatenation order for S;; and S;; comes from that for I';; and T';; in
particular, w] aN = (1. Given this notation, we define the sum

Yij = Z 13 (C(wi;Siz)—L(wiz)—|Si;]) (1-— t)lsijl ,

Sij : (wij,S8i5)€A™(IY;)
w85 [1,A;]=C4;
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and the similar sum X};. We can now evaluate the first bracket in the right-hand
side of (7.12):

Z ¢ (Ew)—L@D)=IT]) (] _ 4)IT] = S D i /1’)\,1 )
(w.T)ef (o)
Tii=...=T1p=0
In fact, we first write the sum in the left-hand side as an iterated sum, which factors
in the way shown above because ¥;; only depends on w;;[1,\]] = C; j41[1, \]]
(rather than the whole w;;), by Proposition 7.2.

We conclude the proof by calculating the sum ¥;;, the calculation for zgj being
similar but simpler. For simplicity, let d := X, w = w;;, C := C; ;41[1, A}], and
D := C;;. Assume that C differs from D" := D(ry,7)...(rp,7) with 1 <7 < ... <
mp < j (possibly p = 0) only in position j. Let I'}; = AA’, where

A:=((j,d+ 1), (4j,d+2), ..., (j,n),
(7,2), o
(jaﬁ)a (jvnf]-)v ceey (],d+1))a

A/ = ((] - 137)7 L) (273)7 (177)) :
Correspondingly, the chains S;; split into a head .S, which can vary, and a fixed tail

S = ((rp, 7).+, (r1,7)) -
‘We have

S = t9(1 — ) 3 (EwS)—t)-181) (1 _ 4)IS]
S (w,S)eAT(A)
wS(j)=D"(j)

where e := 1({(wSS’) — {(wS) — p). By Proposition 7.2, the sum in the right-hand
side is
tNC(j),D’(j)(D[jJ"Ld])(l _ t) :

note that this sum is missing when D’ = C, which is another possibility. The
exponent e is calculated based on (7.1). O
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