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ABSTRACT. We give an explicit combinatorial Chevalley-type formula for the equivariant K-theory of
generalized flag varieties G/P which is a direct generalization of the classical Chevalley formula. Our
formula implies a simple combinatorial model for the characters of the irreducible representations of G
and, more generally, for the Demazure characters. This model, which we call the alcove path model,
can be viewed as a discrete counterpart of the Littelmann path model, and has several advantages.
Our construction is given in terms of a certain R-matrix, that is, a collection of operators satisfying
the Yang-Baxter equation. It reduces to combinatorics of decompositions in the affine Weyl group and
enumeration of saturated chains in the Bruhat order on the (nonaffine) Weyl group. Our model easily
implies several symmetries of the coefficients in the Chevalley-type formula. We also derive a simple
formula for multiplying an arbitrary Schubert class by a divisor class, as well as a dual Chevalley-type
formula. The paper contains other applications and examples.
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1. INTRODUCTION

This paper is concerned with a combinatorial model, which we call the alcove path model, for the
T-equivariant K-theory of generalized flag varieties G/B, where G is a complex semisimple Lie group,
and B is a Borel subgroup. More precisely, we give a Chevalley-type multiplication formula in Kr(G/B)
in terms of our model. In addition, we apply the alcove path model to the representation theory of G.

Another model used in the study of the K-theory of G/B and of the representation theory of G is the
celebrated Littelmann path model. Littelmann [Lit1, Lit2] showed that the characters of the irreducible
representations V), of G (of highest weight A) can be described by counting certain continuous paths
in bhi. These paths are constructed recursively starting with an initial one, by using certain operators
acting on them, which are known as root operators. By making specific choices for the initial path, one
can obtain special cases which are described combinatorially. One such class of paths, corresponding to
a straight line initial path, is known as the class of Lakshmibai-Seshadri paths (LS-paths). These paths
were introduced before Littelmann’s work, in the context of standard monomial theory [LaSe]. They have
a nonrecursive characterization in terms of the Bruhat order on the quotient W/W), of the corresponding
Weyl group W modulo the stabilizer Wy of A\. Recently, Gaussent and Littelmann [GaLi]®, motivated by
the study of Mirkovi¢-Vilonen cycles, defined another combinatorial model for the irreducible characters
of a complex semisimple Lie group. This model is based on LS-galleries, which are certain sequences of
faces of alcoves for the corresponding affine Weyl group.

The Chevalley formula [Chev] from Schubert calculus is a multiplication formula in the cohomology
ring of G/B. It expresses the product of the class of a Schubert variety with the class of the line bundle
Ly corresponding to the character of B determined by the weight —A. This formula implies a rule for
the product of a divisor class with an arbitrary Schubert class, known as Monk’s rule in type A.

Let us now consider K-theory. Let Kr(G/B) be the Grothendieck ring of T-equivariant coherent
sheaves on G/B. According to Kostant and Kumar [KoKu], the ring K7 (G/B) is a free module over the
representation ring R(T') of the maximal torus, with basis given by the classes [Ox,, ], w € W, of structure
sheaves of Schubert varieties. A K-theory Chevalley formula is a formula for the basis expansion of the
product of [Ox, ] with the class [£,] of the line bundle mentioned above. Fulton and Lascoux [FuLa]
gave the first K-theory Chevalley formula; this refers to the equivariant Grothendieck ring K1 (SL,,/B)
of the classical flag variety, and is based on the combinatorics of Young tableaux. Other Chevalley-type
and Monk-type formulas in K (SL,,/B) were given in [Lenl]. The first K-theory Chevalley formula for
an arbitrary generalized flag variety G/B was given by Pittie and Ram [PiRa]. They showed that the
product of [Ox, ]| with [£,], where X is a dominant weight, can be expressed as a nonnegative sum over
certain special LS-paths. The fact that the product in the Pittie-Ram formula expands as a nonnegative
linear combination was also explained geometrically by Brion [Brion] and Mathieu [Mat]. The coefficients
in the Pittie-Ram formula were identified as certain characters by Lakshmibai and Littelmann [LaLi
using geometry. Littelmann and Seshadri [LiSe] showed that the Pittie-Ram formula is a consequence of
standard monomial theory [LLM, LaSe, Lit3], and, furthermore, that it is almost equivalent to standard
monomial theory. Griffeth and Ram [GrRa] extended the Pittie-Ram formula to antidominant weights
A, and also gave a formula for multiplying an arbitrary Schubert class by a codimension 1 class. Willems

IThe original version of our paper was posted on arXiv on September 12, 2003, around the same time as [GaLi]. Our
constructions were developed independently.
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[Wil] gave a K-theory Chevalley formula for an arbitrary weight \; this is not a positive formula when
A is dominant.?

In this paper, we present a Chevalley-type formula® for the product of [Ox,] and [£,] in the equi-
variant Grothendieck ring Kr(G/P), where P is a parabolic subgroup of G. Our formula is based on
enumerating certain saturated chains in the Bruhat order on the corresponding Weyl group W. This
enumeration is determined by an alcove path, which is a sequence of adjacent alcoves for the affine Weyl
group Wag of the Langlands dual group GV. Thus, we refer to our model as the alcove path model.
Alcove paths correspond to decompositions of elements in the affine Weyl group into products of gener-
ators. Our Chevalley-type formula is conveniently formulated in terms of a certain R-matrix, that is, in
terms of a collection of operators satisfying the Yang-Baxter equation. We express the operator E* of
multiplication by the class of a line bundle as a composition R of elements of the R-matrix given by a
certain alcove path. In order to prove the formula, we simply verify that the operators R satisfy the
same commutation relations with the elementary Demazure operators T; as the operators E*.

We now discuss the main features of our Chevalley-type formula. First of all, it is a direct general-
ization of the classical Chevalley formula. It is nonrecursive and combinatorial, being based on chains
in the Bruhat order. It works for any weight A, and it is equally simple for all such weights (regular
and nonregular, dominant and nondominant). It is a positive formula (i.e., cancellation free) when X is
dominant or antidominant. Its proof is completely elementary; indeed, it does not rely on any geometric
arguments, and it just uses combinatorics of the affine Weyl group and some algebraic manipulations
with R-matrices and Demazure operators. Our formula obviates the Deodhar lifts in the Pittie-Ram
formula; these are lifts W/W, — W from cosets modulo W), which are defined by a nontrivial recursive
procedure [Deo2]. The need for the Deodhar lifts in the Pittie-Ram formula explains why the alcove
path model contains additional information and is not equivalent to LS-paths and LS-galleries. Finally,
the alcove path model has found several applications, which are mentioned below.

We start by listing some corollaries and related results, all of which appear in this paper. Our formula
easily implies a Monk-type formula for products of the classes [Ox, ] with divisor classes. Indeed, the
divisor classes are expressed in terms of the classes of line bundles £_,,, where w; denotes a fundamental
weight. We easily obtain the dual Chevalley-type formula for products of [£,] with elements of the dual
basis to {[Ox,] | w € W}. The alcove path model facilitates the study of certain symmetries of the
Chevalley coefficients in equivariant K-theory, which is not easily carried out based on other methods.
For instance, one of these symmetries was earlier derived by Brion [Brion] using a nontrivial geometric
argument. We also derive a nonnegative combinatorial model for the characters of the irreducible
representations of G and for the Demazure characters. Finally, the independence of our formulas from
the choice involved in our model (i.e., the choice of an alcove path) follows from the fact that the
R-matrices used in the construction satisfy the Yang-Baxter equation.

We also mention some subsequent publications, which present other applications of the alcove path
model and of the formulas in this paper. Our Chevalley-type formula implies a Pieri-type formula in
K(SL,/B) [LeSo] for multiplying arbitrary Schubert classes with certain special Schubert classes pulled
back from a Grassmannian, that are indexed by cycles. No other such formulas, based on other models,
are known. In [LeMal], we give a model for K (G/B) in terms of a certain braided Hopf algebra called
the Nichols-Woronowicz algebra. This model has built-in Chevalley-type multiplication operators based
on the formula in this paper; therefore, it has potential applications to deriving more general multi-
plication formulas. In [LeMa2], we define quantum Grothendieck polynomials, which we conjecture to
represent Schubert classes in the quantum K-theory [Lee] of the classical flag variety SL,,/B. In support
of our conjecture, we prove that the quantum Grothendieck polynomials satisfy (and, in fact, are deter-
mined by) the natural quantum generalization of our K-theory Chevalley formula, which is conjectured

2[GrRa] and [Wil] were posted on arXiv after this paper.
3Notational remark: We call a rule for [£y] - [Ox,,] a Chevalley-type formula and use the term Monk-type formula for
a rule for products [Ox,, . ]-[0x,] of divisor classes [Ox,, . ] with arbitrary classes [Ox,]. The term Pieri-type formula

refers to multiplication with the special Schubert classes pulled back from a Grassmannian.
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in Section 17. In [LePo] we develop our model entirely within the representation theory of complex sym-
metrizable Kac-Moody algebras; in this context, we also derive an explicit Littlewood-Richardson rule
for decomposing tensor products of irreducible representations, and describe the corresponding crystal
graph structures. Finally, the alcove path model leads to an extensive generalization of the combina-
torics of irreducible characters from Lie type A (where the combinatorics is based on Young tableaux)
to arbitrary type. For example, in [Len2] we present a combinatorial realization of Lusztig’s involution
on irreducible crystals, which generalizes Schiitzenberger’s evacuation for Young tableaux. The study of
the combinatorics of the alcove path model will be continued in future publications.

As a preview of our main result, let us present here a formula for the product [£,] - [Ox,] of classes
in the usual (nonequivariant) Grothendieck ring K(G/B). Let A be the affine Coxeter arrangement
for the Langlands dual group GV. The regions of A, called alcoves, correspond to the elements of the
affine Weyl group Wog. Fix a weight A\. Let 7(¢) be a continuous path in b that connects a point
7(0) inside the fundamental alcove with the point 7(1) = m(0) — A. Assume that 7(¢) does not pass
through pairwise intersections of hyperplanes in A. As t changes from 0 to 1, the path 7 (¢) crosses the
hyperplanes Hy, ..., H; € A. Let 3; be the root perpendicular to H; with the opposite orientation to the
path 7(t). We call a sequence of roots (01, ...,[5;) obtained in such a way a A-chain. In fact, A-chains
are in a bijective correspondence with decompositions of a certain element v_j of the affine Weyl group
into products v_y = s;, - - - 8;, of the generators of Wag.

For positive roots o € ®T, let us define the Bruhat operators B, that act on the Grothendieck ring
K(G/B) by

@ if l(wsy) = b(w) — 1,
B O 10x) T lwsa) = )
0 otherwise.
Also let B_, = —B,. These operators are specializations of the quantum Bruhat operators from [BFP].

The operators 1 + B, satisfy the Yang-Baxter equation.

Theorem 1.1. (K-theory Chevalley formula) Let A be any weight (dominant or nondominant, regular
or nonregular). Let (B1,...,0;) be a A-chain. Then, for any w € W, we have

[£\]-[Ox,] = (14 Bg) --- (1 + B, )([Ox.,,])
in the Grothendieck ring K(G/B).

The number of times a root « appears in the A-chain (f1,..., ;) minus the number of times —«
appears in the A-chain equals (A, @"). Thus the linear part of the expansion of (1 + Bg,)--- (1 + Bg,)
is precisely Y, o(X &) Bs. This linear part produces the classical Chevalley formula for products of
classes in the cohomology ring H*(G/B).

We say that a A-chain is reduced if it has minimal possible length. Reduced A-chains correspond to
reduced decompositions in the affine Weyl group. If A is a dominant weight, then all roots in a reduced
A-chain are positive. In this case, Theorem 1.1 involves only positive terms. If A is an antidominant
weight, then all roots in a reduced A-chain are negative. In this case, the sign of the coefficient of
[Ox,]in [£y] - [Ox,] equals (—1)/W=4®) and Theorem 1.1 gives a subtraction-free expression for this
coefficient.

Let s1,...,s, be the system of simple reflections in the Weyl group (compatible with our choice of
Borel subgroup), let wy,...,w, be the corresponding set of fundamental weights, and let w, be the
longest element in W. The special classes [Ox,,_, ] € K(G/B) for codimension 1 Schubert varieties can

be expressed as [Ox =1-[L_,,]. Note that (81, ..., 01) is a A-chain if and only if (—0,...,—f1)
is a (—A)-chain.

wo s, ]

Corollary 1.2. (K-theory Monk formula) Let us fix a simple reflection s;. Let (31,...,0;) be a (—w;)-
chain. Then, for any w € W, we have

[Ox,,.,] - [0x,] = (1= (1= Bg,)--- (1= Bp))([Ox,])
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in the Grothendieck ring K(G/B).

The special classes [Ox, . | generate the Grothendieck ring K(G/B). Thus Corollary 1.2 gives a
complete characterization of the multiplicative structure of the Grothendieck ring.

The general outline of the paper is as follows. In Section 2, we review basic notions related to roots
systems and fix our notation. In Section 3, we present some background on the Grothendieck ring
Kr(G/B). In Section 4, we discuss the relationship between the Grothendieck ring and the Demazure
characters. In Section 5, we remind a few facts about affine Weyl groups. In particular, we show that
decompositions of affine Weyl group elements correspond to sequences of adjacent alcoves, which we call
alcove paths. In Section 6, we state our combinatorial formula for products in equivariant K-theory, that
is, our Kp-Chevalley formula. As a corollary of the Kp-Chevalley formula, we obtain a combinatorial
model for the characters of the irreducible representations V) and for the Demazure characters. In
Section 7, we extend the Kp-Chevalley formula to equivariant K-theory of G/P. In Section 8, we present
several applications of our Kp-Chevalley formula. We derive the Kp-Monk formula for the product of
an arbitrary class [Ox, ] with a divisor class [Ox,, . ], as well as the dual K7-Chevalley formula. Then
we study two symmetries of the coefficients in the Kp-Chevalley formula. In the following sections, we
develop tools needed to reformulate our rule in a compact operator notation and to prove this rule.
In Section 9, we discuss the Yang-Baxter equation. In Section 10, we construct a certain R-matrix
and show that it satisfies the Yang-Baxter equation. In Section 11, we derive commutation relations
between the elements of the R-matrix and the Demazure operators 7;. These commutation relations
are the core of the proof of our formula. In Section 12, we define compositions RN of elements of the
R-matrix. We use tail-flips of alcove paths to prove that the operators R satisfy the same commutation
relations with T} as the operators E*. In Section 13, we reformulate and prove our main result—the
Krp-Chevalley formula—using the R-matrix notation. We show that R coincides with the operator
E* of multiplication by the class of a line bundle in the Grothendieck ring K7(G/B). In Section 14,
we use central points of alcoves to prove the equivalence of the two formulations of our main result. In
Sections 15 and 16, we give several examples for types A, B, C, and G>. In Section 17, we conjecture
a natural generalization of our K-theory Monk formula to quantum K-theory. In Appendix 18, we
reformulate our model for characters using admissible foldings of galleries and compare our model with
LS-galleries and LS-paths.

ACKNOWLEDGMENTS: We are indebted to Shrawan Kumar for several geometric explanations and
useful suggestions. We are grateful to V. Lakshmibai for interesting discussions and thoughtful com-
ments. We thank Allen Knutson, Yuan-Pin Lee, and Andrei Zelevinsky for helpful remarks.

2. NOTATION

Let G be a connected, simply connected, simple complex Lie group. Fix a Borel subgroup B and a
maximal torus T such that G D B D T. Let b be the corresponding Cartan subalgebra of the Lie algebra
g of G. Let 7 be the rank of the Cartan subalgebra . Let & C h* be the corresponding irreducible root
system. Let b C h* be the real span of the roots. Let @ C ® be the set of positive roots corresponding
to our choice of B. Then ® is the disjoint union of ®* and ®~ = —®*. Let ay,...,a, € ®T be the
corresponding simple roots. They form a basis of . Let (A, ) denote the nondegenerate scalar product
on b induced by the Killing form. Given a root «, the corresponding coroot is o := 2a/(a, ). The
collection of coroots @V := {a" | @ € ®} forms the dual root system.

The Weyl group W C Aut(hg) of the Lie group G is generated by the reflections s, : hi — b, for
a € &, given by

Sa i A= A=\ aY)a.
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In fact, the Weyl group W is generated by the simple reflections si, ..., s, corresponding to the simple
roots s; := Sa,, subject to the Cozeter relations:

(s;)>=1 and (s;s;)™7 =1 foranyi,je€ {l,...,7},

where m;; is half of the order of the dihedral subgroup generated by s; and s;. An expression of a Weyl
group element w as a product of generators w = s;, - - - s;, which has minimal length is called a reduced
decomposition for wj; its length ¢(w) = [ is called the length of w. The Weyl group contains a unique
longest element wo with maximal length ¢(w,) = |®T|. For u,w € W, we say that u covers w, and write
u > w, if w = usg, for some f € &, and ¢(u) = ¢(w) + 1. The transitive closure “>" of the relation
“>” is called the Bruhat order on W.

The weight lattice A is given by
(2.1) A:={Aebr| (\aY)€Zfor any a € ®}.

The weight lattice A is generated by the fundamental weights wi,...,w,, which are defined as the
elements of the dual basis to the basis of simple coroots, i.e., (wi,a}’) = 0;;. The set AT of dominant
weights is given by

AT ={AeA|(\aY)>0forany a € dT}.

Let pr=wi 4+ +w, = %Zﬂe¢+ 3. The height of a coroot a¥ € ®V is (p,a¥) =c1 4+ -+ ¢ if
a¥ =craf +---+cp). Since we assumed that ® is irreducible, there is a unique highest coroot ¥ € ®V
that has maximal height. (In other words, 8 is the highest root of the dual root system ®V. It should
not be confused with the coroot of the highest root of ®.) We will also use the Cozeter number, that
can be defined as h := (p,0V) + 1.

3. EQUIVARIANT K-THEORY OF GENERALIZED FLAG VARIETIES

In this section, we remind a few facts about the Grothendieck ring K7(G/B). For more details on
the Grothendieck ring, we refer to Kostant and Kumar [KoKu], see also Pittie and Ram [PiRa].

The generalized flag variety G/B is a smooth projective variety. It decomposes into a disjoint union of
Schubert cells X9 := BwB/B indexed by elements w € W of the Weyl group. The closures of Schubert
cells X, := X2 are called Schubert varieties. We have u > w in the Bruhat order (defined as above) if
and only if X,, D X,,. Let Ox,, be the structure sheaf of the Schubert variety X,,.

Let Z[A] be the group algebra of the weight lattice A. It has a Z-basis of formal exponents {e* | A € A}
with multiplication e* - e# := eMH ie., Z[A] = Z[e**1, - .-, eT¥r] is the algebra of Laurent polynomials
in r variables. The group of characters X = X(T') of the maximal torus T is isomorphic to the weight
lattice A. Its group algebra Z[X] = R(T) is the representation ring of 7'. The rings Z[A] and Z[X] are
isomorphic. (However we will distinguish these two rings.) Let us denote by z* the element of Z[X]
corresponding to the character determined by A, as well as to e* € Z[A]. Thus Z[X] = Z[zT*1, ...  zFvr].
Let £ be the line bundle over G/B associated with the weight A, that is, £y := G x g C_j, where B acts
on GG by right multiplication, and the B-action on C_, = C corresponds to the character determined by

—A. (This character of T extends to B by defining it to be identically one on the commutator subgroup
[B,B].)

Denote by Kr(G/B) the Grothendieck ring of coherent T-equivariant sheaves on G/B. According
to Kostant and Kumar [KoKu], the Grothendieck ring Kr(G/B) is a free Z[X]-module, and the classes
[Ox,] € Kr(G/B) of the structure sheaves of Schubert varieties form its Z[X]-basis. The classes [£]
of the line bundles £ also span Kr(G/B) as a Z[X]-module.

We now discuss the presentation of the Grothendieck ring K1 (G/B) as a quotient of Z[X|®Z[A]. The
Weyl group W acts on the group algebra Z[A] by w(e?) := ™). Let Z[A]" be the subalgebra of W-
invariant elements. The tensor product Z[X]®Z[A] is the algebra of Laurent polynomials in 2r variables
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¥t avr et L e with integer coefficients. Let i : Z[A] — Z[X] be the natural isomorphism given
by i(e) := 2*. Let T be the ideal in Z[X] ® Z[A] generated by the following elements:

IT=3(f)®ol—1® f|feZA]").
The Grothendieck ring K7 (G/B) is canonically isomorphic to the quotient ring
(3.1) Kr(G/B) ~ (Z|X] ® Z[A))/Z.

The isomorphism is given by the Z[X]-linear map [L)] — e™*, for A € A. From now on, we will
identify the two rings. Recall from [KoKu] the Z-linear involution x : Kr(G/B) — Kr(G/B) given by
" ® e* > 27H ® e~ in other words, this map takes a vector bundle to its dual. Let [0,,] := x[Ox,].

Throughout most of this paper, we will work with the classes [O,,] instead of [Ox, ]; it is straightforward
to rephrase all results in terms of [Ox,].

It is possible to express all classes [O,,] as Laurent polynomials in Z[X] ® Z[A] by choosing a rep-
resentative of the class [O;] and by applying Demazure operators, as described below. The action of
the Weyl group on Z[A] defined above is extended Z[X]-linearly to Z[X] ® Z[A]. For i = 1,...,r, the
elementary Demazure operator T; : Z[X] ® Z[A] — Z[X] ® Z[A] is the Z[X]-linear operator given by

[ —e %is(f) .

1—e

(3.2) Ti(f) ==

Note that the numerator is always divisible by the denominator?, so the right-hand side is a valid
expression in the algebra Z[X] ® Z[A]. One can verify directly from the definition that the operators T;
satisfy the following relations:

(3.3) T? =T,
(3.4) (T;T;)™7 =1,
(3.5) T;(fg9) = f-Tilg), ifsi(f)=1Ff.

Equations (3.3) and (3.4) imply that the operators T; give an action of the corresponding Hecke algebra
H, specialized at ¢ = 0, e.g., see [Hum]. Equation (3.5) implies that the operators T; preserve the
ideal Z. Thus the elementary Demazure operators T; induce operators acting on the Grothendieck ring
Kr(G/B) ~ (Z[X] ® Z]A])/Z, which will be denoted by the same symbols.

For a reduced decomposition w = s;, - - - 85, € W, the Demazure operator T,, is defined as the following
composition of elementary Demazure operators:

(3.6) T, :=T, T,

The Coxeter relations (3.4) imply that the operator Ti, depends only on w, not on the choice of a
reduced decomposition. Equation (3.3) implies that an arbitrary product T}, ---Tj,, reduces to T, for
some w € W. Kostant and Kumar [KoKu] showed that, for any w € W,

(3.7) [Op] = Ty ([O1)).
For type A, the elementary Demazure operators T; are also called isobaric divided difference operators.
The polynomial representatives of the classes [O,,] obtained by applying these operators to a certain

polynomial representative of [O1] are the double Grothendieck polynomials of Lascoux and Schiitzenberger
[LaSc].

The product e* - [O,] in the Grothendieck ring K7(G/B) can be written as a finite sum
(3.8) et [O,] = Z ci;Zw a2 [Oy],

weW, pneA

4Check this for f = e*.
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where ¢)'# are some integer coefficients. Equivalently, we can write
)

(3.9) [L-0x])= > et "[Ox,].
weW, peA

We will call the coefficients cﬁ% Kp-Chevalley coefficients, because they extend the coeflicients in the
usual Chevalley formula, as shown below in this section. In this paper, we present an explicit combi-
natorial formula for ¢, see Theorems 6.1 and 13.1. We will see that ¢j# = 0 unless w < u in the
Bruhat order, and that c;):ﬁ = 0x,u- If A is a dominant weight, then we will see that all coeflicients cﬁ:ﬁj)
are nonnegative. In this case, Pittie and Ram [PiRa] showed that ¢)'* count certain LS-paths, cf. also

U, W
Lakshmibai-Littelmann [LaLi] and Littelmann-Seshadri [LiSe].

For a weight ), let E* : f — ef be the operator of multiplication by the exponent e* in the ring
Z[X] ® Z[A]. The induced operator on K7 (G/B), which will be denoted by the same symbol E*, acts
as the operator of multiplication by the class [£_)] of a line bundle. It follows from the definitions that
E* and T; satisfy the following commutation relation:

E)\ o Esi()\)
3.10 EAT, =T, B 4 ———
( ) ) + 1—FE—
The quotient in this expression expands as the Laurent polynomial
B — g A—ka A—ka
o=l D DI oD DI A
0<k<(Ne) (Mo )<k<O
Also, we have
(3.11) EMN|O1]) = 22 [04].

Let H be the ring generated by the operators Ty, ..., T, and E*, A\ € A. Then H is described by
relations (3.3), (3.4), and (3.10), i.e., H is a certain degeneration of the affine Hecke algebra. This follows
from the fact that the elements T,,-1 E*#, w € W, u € A, form a Z-basis of H. Indeed, according to the
relations, the elements T,,-1 E* span H. On the other hand, these elements are linearly independent,
because T,,—1 E*([01]) = 2[Oy).

Using the commutation relation in (3.10) repeatedly, we obtain, for any v € W and A € A, the
following identity in the ring H:

(3.12) B Tyov = ) el Tyor B,
weW, peA

for some integer coefficients ¢;4. Applying both sides of this expression to the class [O1] and using (3.7)
and (3.11), we deduce that the coefficients c;}:g in (3.12) are equal to the Kp-Chevalley coefficients
in (3.8).

The commutation relation (3.10) gives a recursive procedure for calculating the product e* - [O,] in

Kr(G/B). In this paper, we present a simple nonrecursive rule for this product. The proof of our rule
is based on the following trivial observation, which is implied by the above discussion.

Lemma 3.1. Let A be an algebra that contains Z[X], and let K = K7(G/B) ®z1x] A. The action of
the Demazure operators T; extends A-linearly to K. Suppose that R*, A\ € A, is a family of A-linear
operators acting on the space K such that relations (3.10) and (3.11) hold with E* replaced by R*. Then
the operator R* preserves Kr(G/B) C K and coincides with E* for all ).

Proof. The conditions imply that relation (3.12) holds with E* replaced by R*. Applying this expression
to [04], we deduce that R*([0,]) = E*([O.)]), for any u € W. O
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Let us also mention another basis of K1 (G/B) studied by Kostant and Kumar [KoKu], see also the
recent paper [GrRa] by Griffeth and Ram. One can easily check that there is an algebra involution
1 of the ring H given by ¢ : T; — 1 —=T;, i = 1,...,r, and ¢ : E* — E~*. In other words, the
operators g; = 1 — T;, for i = 1,...,r, satisfy relations (3.3), (3.4), and (3.10) with T; replaced by &;
and E* replaced by E~*. Thus one can correctly define the elements ¢, := €i, " Ei; € 7:[, for a reduced
decomposition w = s;, ---s;, € W. For w € W, let [Z,,] be the element of K1 (G/B) given by

(313) [Iw] = gwfl([ol])'

It turns out that the elements [Z,], w € W, form a Z[X]-basis of K7(G/B), as well. Moreover, the
bases {[Zy] | w € W} and {[O,] | w € W} are related to each other as follows:

Zo) =) (~D)'™[0]  and  [0.] =) (-]

u<w u<w
These two relations are easy to check by induction on the length of w.

The element [Z,,] can be described geometrically. Up to sign, it is the class x[Zx,, ], where Zx,, is the
sheaf given by the exact sequence 0 — Zx, — Ox, — Osx,, — 0, and 0X,, = Uu<w X, is the boundary
of the Schubert variety X,, (cf. [Mat, Theorem 2.1 (ii)], [LiSe, Equation (4)], and [GrRa, Section 2]).
Brion and Lakshmibai [BrLa] showed that the classes [Zx, | form the dual basis to {[Ox,] | w € W}
with respect to the natural intersection pairing in K-theory.

Applying the above involution % to both sides of (3.12), we obtain

= _ A1 —p
E g1 = E Cyltw Ew—t ETH.
weW, peA

Then applying both sides of this relation to [O;], we immediately deduce the following dual form of (3.8)

(3.14) e [T, = Z cﬁ:w xH [Ty),
weW, neA

where ¢4 are the same Kp-Chevalley coefficients as those in (3.8) and (3.12).

Note that relations (3.3), (3.4), and (3.10) in the algebra  are equivalent to the relations obtained
from them by reversing the order of all terms. This symmetry of the relations implies that the expression

(3.15) T, E* = Z eyl BMT,
weW, peA

has the same Kp-Chevalley coefficients C{)Z%

The (nonequivariant) Grothendieck ring K(G/B) of coherent sheaves on G/B can be obtained by the
specialization z# — 1, for all u, i.e., by ignoring all exponents z* in equivariant K-theory. By a slight
abuse of notation, we will use the same symbols [Ox ] and [£,] for the obvious classes in K(G/B) as
in equivariant K-theory. The classes [Ox, ], w € W, form a Z-basis of K(G/B).

Let us also recall the way in which Schubert calculus in cohomology can be recovered from K-theory.
Let H*(G/B) := H*(G/B, Q) be the cohomology ring of G/B with rational coefficients. It has a linear
basis of classes of Schubert varieties [X,], w € W, called Schubert classes. The cohomology ring is
2Z-graded by deg([Xy]) = 2({(ws) — £(w)). Let by C h* be the Q-span of the weight lattice A, and let
Sym(h?@) be its symmetric algebra, i.e., the ring of polynomials on hg. The classical Borel theorem says
that the cohomology ring H*(G/B) is isomorphic to the following quotient of the symmetric algebra:

H*(G/B) = Sym(hg) /T,

where J := < fe Sym(bTQ)W | £(0) = O> is the ideal generated by W-invariant polynomials without
constant term. The isomorphism identifies the Chern class [\] € H?(G/B) of the line bundle £, with
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the coset of A modulo [J. The product of [A] and a Schubert class [X,] in the cohomology ring is given
by the following classical formula due to Chevalley [Chevl]:

(3.16) A - [Xu] = > A V) [Xus, ]
a€dt, l(usq)=L(u)—1
The Chern character is the ring isomorphism ChCh : K(G/B) ® Q — H*(G/B) that sends the class
[£,] € K(G/B) of the line bundle £ to exp [A\] := 1+ [A\] + [\]?/2! +--- € H*(G/B). Then
ChCh([Oy)]) = [Xw] + higher degree terms.

This shows that the Chevalley formula (3.16) for the product [\] - [X,] in H*(G/B) is obtained from
the expression [£,][Ox,]—[Ox,] in Kr(G/B) by expanding it using (3.9), ignoring the exponents z~*,
applying the Chern character map, and then extracting terms of degree deg([X,]) + 2. In other words,
for A€ A, u € W, o € & such that £(us,) = £(u) — 1, the coefficient in the Chevalley formula equals

(3.17) (A aY)y =" ek
pEA

A rule for computing the coefficients c;}% can be thought of as a generalization of the Chevalley formula
to T-equivariant K-theory.

Remark 3.2. In fact, Pittie and Ram [PiRa] worked in a more general setup than the Grothendieck ring
K1(G/B). Their construction implies that the same Kp-Chevalley coefficients ¢4 as in (3.9) give the
product of the classes of £, and Ox, in the K-theory of a G/B-bundle over a smooth base. Thus, the
results of the present paper apply to this more general case as well.

4. DEMAZURE CHARACTERS

Lakshmibai-Littelmann [LaLi] and Littelmann-Seshadri [LiSe] indicated that the product [£,]-[Ox, ]
in the Grothendieck ring K7 (G/B) is related to representation theory. This relation is also implicit
in the Pittie-Ram formula [PiRa]. Kumar [Kum] pointed out that the Demazure characters can be
expressed in terms of the Kp-Chevalley coefficients, as shown below.

For a dominant weight A € A™, let V, denote the finite dimensional irreducible representation of the
Lie group G with highest weight A\. For A € AT and w € W, the Demazure module V) ,, is the B-module
that is dual to the space of global sections of the line bundle £, on the Schubert variety X,,:

(4.1) Viw == HY( Xy, £3)".

For the longest Weyl group element w = w,, the space V3, = H°(G/B,L£)* has the structure of a
G-module. The classical Borel-Weil theorem says that V) ., is isomorphic to the irreducible G-module
V. The formal characters of these modules, called Demazure characters, are given by ch(Vy ) =
> pen Maw(p) e € Z[A], where my o () is the multiplicity of the weight 4 in V) .. They generalize the
characters of the irreducible representations ch(Vy) = ch(Va w, ). The Demazure character formula [Dem)]
says that the character ch(V) ,,) is given by

(4.2) ch(Vaw) = Tw(ed),

where Ty, is the Demazure operator (3.6).

Lemma 4.1. For any A € A" and u € W, the Demazure character ch(Vy,.,) can be expressed in terms
of the Kp-Chevalley coefficients cjt, in (3.8) as follows:

ch(Vau) = Z cf;:ﬁ) et.
weW, peA
In particular, the character of the irreducible representation Vy of G is equal to

_ AL L m
ch(Vy) = E eyl et
weW, ueA
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Proof. Applying both sides of identity (3.15) to [O, ] = 1 and using T3,(1) = 1, we obtain
Tu(et) = Z ciz‘u‘) et,
weW, peA

which, together with the Demazure character formula (4.2), proves the lemma. O

Let us also give a geometric argument that proves Lemma 4.1. It is implicit in [LaLi] and [LiSe] and
was reported to us by Kumar [Kum]. Let x : K7(G/B) — Z[A] be the Euler characteristic map given
by

x i V] — SO (=1) ch(H(G/B,V)"),
>0
for a coherent sheaf V on G/B. For a dominant weight A, the Euler characteristic x([£]-[Ox,]) is equal
to the Demazure character ch(Vy ,,). Indeed, this follows from (4.1), the fact that

HYG/B,L)® Ox,) = H(Xu, L)),
and the vanishing of the cohomologies H*(X,,, L)), for i > 1. In particular, we have x([Ox,]) = 1, for

w

any w € W. Thus x(z7#[Ox,]) = e*. Applying the Euler characteristic map x to both sides of (3.9),
we obtain Lemma 4.1.

5. AFFINE WEYL GROUPS

In this section, we remind a few basic facts about affine Weyl groups and alcoves, cf. Humphreys [Hum,
Chaper 4] for more details. Then we define A-chains that will be used in the rest of the paper.

Let Wag be the affine Weyl group for the Langlands dual group GV. The affine Weyl group Wg is
generated by the affine reflections sq 1 : by — by, for a € ® and k € Z, that reflect the space b with
respect to the affine hyperplanes

(5.1) Hyp:={Nebr| (N aY) =k}
Explicitly, the affine reflection s, j is given by
Sak i A Sa(A) +ha=X—((\a")—k)a.

The hyperplanes H,  divide the real vector space b into open regions, called alcoves. Each alcove A
is given by inequalities of the form

A={ ebi|ma<(\aY)<my+1forall aedt}
where m,, = mqy(A), @ € T, are some integers.

A proof of the following important property of the affine Weyl group can be found, e.g., in [Hum,
Chapter 4].

Lemma 5.1. The affine Weyl group Wag acts simply transitively on the collection of all alcoves.

The fundamental alcove A, is given by
Ao i={Aebhr|0< (\aY)<1forallaedt}.

Lemma 5.1 implies that, for any alcove A, there exists a unique element v, of the affine Weyl group
Wag such that va(As) = A. Hence the map A — vy is a one-to-one correspondence between alcoves
and elements of the affine Weyl group.

Recall that ¥ € ®" is the highest coroot. Let § € ®* be the corresponding root, and let o := —0.
The fundamental alcove A, is, in fact, the simplex given by

(5.2) Ao ={rebr|0<(\a)) fori=1,...,r, and (\,0") < 1},



12 CRISTIAN LENART AND ALEXANDER POSTNIKOV

Lemma 5.1 also implies that the affine Weyl group is generated by the set of reflections sg, si,..., s,
with respect to the walls of the fundamental alcove A,, where sy := s4,,—1 and s1,...,s, € W are the
simple reflections s; = s,,,0. As before, a decomposition v = s;, - - - 53, € Wag is called reduced if it has
minimal length; its length ¢(v) = [ is called the length of v.

Like the Weyl group, the affine Weyl group W,g is a Coxeter group, i.e., it is described by the relations
(5.3) (si)>=1 and (s;s;)™¥ =1, foranyi,je{0,...,r},
where m;; is half of the order of the dihedral subgroup generated by s; and s;.

We say that two alcoves A and B are adjacent if B is obtained by an affine reflection of A with respect
to one of its walls. In other words, two alcoves are adjacent if they are distinct and have a common wall.

For a pair of adjacent alcoves, let us write A LBt the common wall of A and B is of the form Hg
and the root § € ® points in the direction from A to B. By the definition, all alcoves that are adjacent

to the fundamental alcove A, are obtained from A, by the reflections sq, - - - , s, and A, — $i(Ao).

Definition 5.2. An alcove path is a sequence of alcoves (Ao, A1, ..., A;) such that A;_; and A; are
adjacent, for j = 1,...,l. Let us say that an alcove path is reduced if it has minimal length among all
alcove paths from Ag to A;.

Let v — v be the homomorphism W,g — W defined by ignoring the affine translation. In other
words, 5o 5 = 5o € W.

The following lemma, which is essentially well-known, summarizes some properties of decompositions
in affine Weyl groups, cf. [Hum)].

Lemma 5.3. Let v be any element of Wag, and let A = v(As) be the corresponding alcove. Then the

decompositions v = s;, - -+ 8;, of v (reduced or not) as a product of generators in Wog are in one-to-one
correspondence with alcove paths Ag A A s S Ay from the fundamental alcove Ag = A, to
Ay = A. This correspondence is explicitly given by Aj = s;, -+ 5;,(Ao), for j =0,...,1; and the roots

0B1,...,0 are given by
Br =i, B2 =5 (as,), B3 =5i5i(), -, Bi =5 -5, ().

Let r; € Wag denote the affine reflection with respect to the common wall of the alcoves Aj_1 and Aj,
for j=1,...,1. Then the affine reflections r1,...,r; are given by

T1= Sip, T2 = 8iySiy8iy, T3 = SiySizSigSizSiys -y T1=Siy "8y " Siy-
We have 7; = sg, and v =s;, -+ 8;, =1 ---11. Moreover, the following claims are equivalent:

(a) v==s4, -8 is a reduced decomposition;
(b) (Ao, A1,...,4)) is a reduced alcove path;
(c) all affine reflections ry,...,r; are distinct;
(d)

Bi # —0;, for any i and j.
Finally, for any a € ®T, we have ma(A) = #{j | B; = —a} —#{j | B; = a}.

Proof. Let v = s;, ---s; be a decomposition and A; = s;, ---8;,(4,), for j = 0,...,1. Then 4y = A,
and A; = v(A4,) = A. Applying s;, --- s;,_, to the adjacent pair A, i 5i;(Ao), we deduce that the pair

Ajq % Aj is adjacent as well, where 3; = 5;, ---5;,_, (;). Thus (Ao, ..., A;) is an alcove path from
Ao to A. The reflection s;; switches the alcoves A, and s;; (As). Thus the reflection r; = s;, - - Si; Sy
is the reflection with respect to the common wall of A;_; and A;.

On the other hand, let (Ao,...,A;) be any alcove path from A, to A, and let r; be the reflection
with respect to the common wall of A;_; and A;, for j =1,...,{. Then A; =1r;---r1(A4s). Applying
(rj—1---r1)~" = ri---7rj_1 to the adjacent pair (4;_1,A4;), we obtain the adjacent pair (Ao, s(4)),
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where s = ry -+ rj_17j7j—1---r1. Thus s should be a reflection with respect to one of the walls of A,.
Thus there are i1,...,4; € {0,...,r} such that 7 ---7;_yrjrj_1---71 = s, for j = 1,...,1. The affine
Weyl group element s;, ---s;, =r;---r; maps A, to A, and is equal to v.

(a) < (b). This is clear, because a decomposition and the corresponding alcove path have the same
length.

(b) & (c). The fact that all affine reflections r1,...,7; are distinct for a reduced decomposition is
given in [Hum, Lemma 4.5]. On the other hand, the length [ of any alcove path should be at least the
number of hyperplanes of the form H, j that separate Ay and A;. If all affine reflections r1,...,r; are
distinct, then the path never crosses the same hyperplane twice, and, thus, its length equals the number
of hyperplanes that separate Ay and A;.

(¢c) & (d). If B; = —B; = «, then the alcove path crosses two parallel hyperplanes H, j and Hy
in opposite directions. It follows that the path crosses one of these hyperplanes twice, and, thus, the

affine reflections r1,...,r; are not distinct. On the other hand, if r1,...,r; are not distinct, then the
path crosses the same hyperplane more than once. It follows that the path should cross this hyperplane
in opposite directions. Thus 8; = —f; for some ¢ and j.

The last claim follows from the fact that, each time the alcove path crosses a hyperplane of the
form H, i, o € ®*, in positive (respectively negative) direction, the number m, increases (respectively
decreases) by 1, and all other mg’s do not change. O

The affine translations by weights preserve the set of affine hyperplanes H, j, cf. (2.1) and (5.1). It
follows that these affine translations map alcoves to alcoves. Let Ay = A, 4+ A be the alcove obtained by
the affine translation of the fundamental alcove A, by a weight A € A. Let vy = v4, be the corresponding
element of Weg, i.e,. v is defined by vy(A4,) = A). Note that the element vy may not be an affine
translation itself.

Definition 5.4. Let A be a weight, and let v_y = s;, ---s;, be any decomposition, reduced or not,
of v_) as a product of generators of W,og. Let us say that the A-chain of roots associated with this
decomposition is the sequence (81, ..., ;) of the roots in ® given by

Br =iy, Bo =35 (), B3 =5i5i,(0y) ., Br=35i 5, ().

Sometimes we will abbreviate “A-chain of roots” as, simply, “A-chain.” Let us also say that the A-chain
of reflections associated with the above decomposition for v_) is the sequence (rq,...,7;) of the affine
reflections in W,g given by

T1= Sip, T2 = SiySipSiys T3 = SiySiySigSinSiys -+ 1= Siy " Sy " Siy-

In particular, 7; = sg,.

According to Lemma 5.3, we can equivalently define a A-chain as a sequence of roots (8, ..., ;) such
that there exists an alcove path Ag 2 A; from Ag = A, to A} = A_ with edges labeled by
the roots —f1,...,—0;. The j-th element of the corresponding A-chain of reflections (r1,...,r;) is the
affine reflection r; with respect to the common walls of the alcoves A;_; and A;, for j =1,...,1.

Finally, we say that a A-chain is reduced if it is associated with a reduced decomposition for v_j.

Remark 5.5. If A -5 Bisa pair of adjacent alcoves, then (A4 ) 2, (B+\), for any affine translation of
the alcoves by the weight A\. Thus, a translation of an alcove path by a weight A is an alcove path labeled
by the same sequence of roots. For a A-chain of roots (81,...,0;), let us translate the corresponding
alcove path A, e S » by the weight A\, and then reverse its direction. We obtain the alcove

path A, B, Ay A, associated with the (—\)-chain (—3;,...,—01).
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6. THE Kp-CHEVALLEY FORMULA

In this section, we formulate our main result and give its several specializations and applications to
characters.

Theorem 6.1. (Kp-Chevalley formula) Fiz any weight . Let (r1,...,r;) and (B1,...,0;) be the A-
chain of reflections and the A-chain of roots associated with a decomposition v_x = S;, ---S;, € Was,
which may or may not be reduced. Let u,w € W, and p € A. Then the Kp-Chevalley coefficient ¢

u,w?

i.e., the coefficient of * (O] in the expansion of the product e* - [O,], can be expressed as follows:
(6.1) vty = (=",
J

where the summation is over all subsets J = {j1 < -+ < js} of {1,...,1} satisfying the following
conditions:

(a) u>ufj, >uT;Tj, > >uf;Fy, - Tj, =w is a saturated decreasing chain from u to w in the

Bruhat order on the Weyl group W ;
(b) —H=UTh - 'T]'s(_)‘)’

and n(J) is the number of negative roots in {B;,,...,05;,}

s

In Section 13, we reformulate this theorem in a compact form and then prove it, using a certain
R-matrix. In Sections 15 and 16, we give several examples that illustrate this theorem.

Lemma 5.3 implies the following statement.

Lemma 6.2. Let ((1,...,0) be a reduced \-chain of roots. Let a € ® be a root such that (A, a") > 0.
Then #:{i | ; = a} = (o) and £{i | B, = —a} = 0.

In particular, if A is a dominant weight, then all roots B1,...,0; are positive. Also, if X is an
antidominant weight, that is, —\ € AT, then all Toots 31, ..., are negative.

In the special cases corresponding to dominant and antidominant weights A, Theorem 6.1 can be
reformulated in a more explicit way. In these cases, for reduced A-chains, Theorem 6.1 gives a manifestly
positive formula, which is not the case in general.

Corollary 6.3. Consider the setup in Theorem 6.1. Assume that v_ = s;, ---8;, is a reduced decom-

position in Wag.

1

If X is a dominant weight, then cf;:ﬁj) equals the number of subsets J C {1,...,1} that satisfy conditions
(a) and (b) in Theorem 6.1.
If X is an antidominant weight, then (—1)[(“)_‘7(“’) cﬁ:éz equals the number of subsets J C {1,...,1}

that satisfy conditions (a) and (b) in Theorem 6.1.

Proof. For a dominant weight A, all roots 81, ..., are positive; thus n(J) = 0. For an antidominant
weight A, all roots 1, ..., 3 are negative; thus n(J) = [J]| = £(u) — {(w). O

Theorem 6.1 specializes to following rule for products in the (nonequivariant) Grothendieck ring
K(G/B).
Corollary 6.4. The coefficient c;, ,,, of [Oy] in the product e*-[O,] of classes in K(G/B) has the same

combinatorial description as in Theorem 6.1, except that condition (b) on the weights involved is dropped.

Proof. We have ¢}, ,, = > M O

HEA cu:w'

Theorem 6.1 implies the following combinatorial model for the Demazure characters ch(Vy ,,) and, in
particular, for the characters ch(V)) of the irreducible representations V) of the Lie group G.
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Corollary 6.5. Let A\ be a dominant weight, let w € W, and let (r1,...,7r) be a reduced \-chain of
reflections. Then the Demazure character ch(Vy 4,) is equal to the sum

ch(Vau) = Z e~ Ui Tis (ZA)
J

over all subsets J = {j1 < --- < js} C{1,...,1} such that
UDUTj D> UTjH Ty 2> >UT Ty Ty

18 a saturated decreasing chain in the Bruhat order on the Weyl group W.

Proof. Apply Corollary 6.3 and Lemma 4.1. O
We can slightly simplify the formula for the characters ch(Vy) = ch(Viw,) of the irreducible repre-

sentations of G, as follows.

Corollary 6.6. Consider the setup in Corollary 6.5. We have
ch(Vy) =) e,
J

where the summation is over all subsets J = {j1 < --- <js} C{1,...,1} such that
L<ryy, <7y Ty <o STy Tjy TG,

s a saturated increasing chain in the Bruhat order on the Weyl group W.

Proof. Multiplying elements in a decreasing chain by w, on the left results in an increasing chain in
Bruhat order. On the other hand, we can remove w, from the exponent because the character ch(V)) is

W-invariant. O
In the rest of this section, we show how to construct A-chains of reflections (71, ...,7;) and A-chains
of roots (B1,...,0). Clearly, there are many possible choices.

Let us fix an arbitrary weight A. Let 7 : [0,1] — b be a sufficiently generic continuous path such
that w(0) € A, and m(1) € A_,. Here “sufficiently generic” means that the path 7 does not cross any
face of an alcove of codimension 2 or higher. For example, the path 7 : ¢t — —t A+, where -y is a generic
point in A,, will suffice. Suppose that the path 7 passes through the sequence of alcoves A,,..., A_x
as t varies from 0 to 1. This sequence is an alcove path. Let Hy,..., H; be the affine hyperplanes of
the form H, j that the path 7 crosses as ¢ varies from 0 to 1. According to Lemma 5.3, the sequence
(r1,...,7) of affine reflections with respect to Hy, ..., H; is a A-chain of reflections.

In order to make our formula completely combinatorial, we present one particular choice for a A-chain
of reflections and the corresponding A-chain of roots. The construction depends on the choice of a total
order a3 < --- < o, on the simple roots in ®. Suppose that 7 = 7. : [0, 1] — b is the path given by

Te it —tA+ew; +2wo + -+ + Wy,

where ¢ is a sufficiently small positive real number. Let R = Ry C W,g be the set of affine reflections
with respect to affine hyperplanes H, ; that separate the alcoves A, and A_,. This set is given by

{$ak |0>k>—-\a")} if (A\,aY)>0,
R=Ra= |J { {sax0<k<—-(\a")} if (\a¥)<0,
agd+ 0 if (\,a¥)=0
For any sor € R, a € ®*, the path 7. crosses the affine hyperplane H, ; at the point ¢t = to ) =

A, oY) =k + Y0 (wi,av)e’). Note that (A\,a") # 0, for sq, € R. Let h : R — R"*! be the map
given by

(6.2) hisar— (A aY) =k, (wi,aY),..., (w,aY)),
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for any s, € R with a € ®*t. Then, for sufficiently small ¢ > 0, we have tar < tor g if and
only if h(sqx) is less than h(s, ) in the lexicographic order on R"™*!. We claim that the map h is
injective. Indeed, if h(sq,k) = h(Sar k), then a = o’. Otherwise, the root system ®¥ would contain two
proportional positive coroots @ # (a’)¥, which is not possible. Also, the fact that & = o’ implies that
kE=Fk.

Let b : {affine reflections} — ® be the map given by
a ifk<0and ac ®T,
b: Sa,k — .
’ —a ifk>0and a€ ®t.

We obtain the following result by using Lemma 5.3.
Proposition 6.7. Let R = {r1 < ry < --- < 11} be the total order on the set R such that h(ry) <

h(rg) < -+ < h(r) in the lezicographic order on R" Y. Then (r1,...,r;) is the A-chain of reflections and
(Biy...,B1) = (b(r1),...,b(r;)) is the A-chain of roots associated with a certain reduced decomposition of
V_\-

Example 16.1 illustrates this proposition.

7. GENERALIZATION TO G/P

Let P be a parabolic subgroup in G such that P D B. In this section, we show that the Kp-Chevalley
formula can be easily extended to equivariant K-theory of the generalized partial flag variety G/P.

Let Ap be the subset of the simple roots associated with the parabolic subgroup P. Let ®p C ®
be the set of roots that can be written as sums of roots in Ap, and let (IJJIS =®pN®t. Then ®p is a
root system itself, with the Weyl group Wp C W generated by the simple reflections s;, for o; € Ap.
Each coset @ = wWp in W/Wp has a unique representative of maximal length. Let us denote the set
of maximal coset representatives by W C W, and let us identify it with W/Wp. The Bruhat order on
W induces the Bruhat order on W¥ ~ W/Wp. According to Deodhar [Deol], the covering relations in
WPF are of the form u > w, where w = usg, for some 8 € &\ ®%, and ¢(u) = ¢(w) + 1. In particular,
every covering relation in W is a covering relation in the Bruhat order on W.

The generalized partial flag variety G/P decomposes into Schubert cells X2 = BwP/P indexed by
w € W/Wp. Their closures X := Xg are called Schubert varieties. Let (9;}@, w € W/Wp, be the
structure sheaf of the Schubert variety X;. If A is a weight satisfying (A, 3) = 0, for all 8 in Ap (or,
equivalently, Wp C Wy, where W), is the stabilizer of \), then —\ determines a character of P, and thus
a line bundle £{ := G xp C_ on G/P. Let [OX ] and [L{] be the corresponding classes in K7 (G/P).
The classes [O% ] form a Z[X]-basis of K7(G/P), and the classes [LY] span K7(G/P) over Z[X]. Let
[OF] := %[0% ], where the involution x on K7(G/P) is defined like the one on K1 (G/B).

The equivariant K-theory of G/P can be recovered from Kr(G/B), as stated in [KoKu]. We have
the canonical projection 7p : G/B — G/P. This determines an injective Z[X|]-linear homomorphism
75 : Kp(G/P) — Kr(G/B). Moreover, the image of this map, with which K (G/P) can be identified,
consists precisely of the Wp-invariants in Kr(G/B). Tt is straightforward to show that
(7.1) mp([05]) = [0u], and wp([L5]) = [£4],

where w € WT is the maximal coset representative of w € W/Wp, and the weight A is such that
Wp C Wy. By abuse of notation, we will denote the class [£,] in K7(G/P) by €*, as well.

Let us define the integer coefficients c{—\L:‘,f—,, for u,w € W/Wp and A\, u € A, with Wp C W), by the
following expansion of the product in K+(G/P):
(7.2) N ofl= Y ke [Of].
WweEW/Wp, pneA
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Our combinatorial Chevalley-type formula for Kr(G/B) can be generalized to K1 (G/P), as follows.

Corollary 7.1. Let u,w € W¥ be the mazimal coset representatives of ii,w € W/Wp, and let A\, i € A
such that Wp C Wy. Then we have cf—;ﬁf—, = eyl where ¢yt is the Kp-Chevalley coefficient for K1(G/B),
which have the combinatorial description given in Theorem 6.1. Moreover, if we work with reduced \-

chains, then all the elements of the corresponding saturated chains in the Bruhat order lie in WT.

Proof. The first part of the proof is immediate by applying the map 75 to both sides of (7.2), and by
using (7.1). The second statement follows from the fact that, given the choice of A, we have (X, 3Y) =0,
for all 8 in ®p. Indeed, by Lemma 5.3, a reduced A-chain of roots does not contain any roots in ®p.
Therefore, the conclusion follows from the above description of the Bruhat order on W¥. O

8. APPLICATIONS: Kp-MONK FORMULA AND DUALITY FORMULAS

In this section, we present several applications of our Kp-Chevalley formula. First, we give a rule for
products [Oy,s;] - [Ou], which we call the Kr-Monk formula. We also give the dual Kp-Chevalley formula
for products e* - [Z,]. Then we derive two duality formulas for the Kp-Chevalley coefficients. The first
one has been already stated for K(G/B), in a slightly imprecise way, by Brion in [Brion, Theorem 4],
and proved using some fairly involved geometric arguments. We present a concise combinatorial proof,
based on our Kp-Chevalley formula. The two dualities came from the two involutions w — ww, and
w — wow on W. Our Kp-Chevalley formula is symmetric with respect to these involutions, because
they map increasing chains in the Bruhat order to decreasing chains.

Let us call the classes [Oy,s;] € Kr(G/B) the special classes; they correspond to the structure sheaves
of codimension 1 Schubert varieties X, s,,

Lemma 8.1. (a) [Brion] For a simple reflection s;, we have
[Owosi] =1 mwo(wz‘)e*wi
in the Grothendieck ring K1(G/B).

(b) The special classes [Oy,s;], t = 1,...,7, generate the Grothendieck ring Kr(G/B) as an algebra
over Z[X].

Brion proved that [Ox, . ] =1-[L_y,] in K(G/B) using a simple geometric argument based on
the exact sheaf sequence 0 — L_,,, — Og/p — Ox,, ., — 0. Brion also mentioned that this argument
extends to T-equivariant K-theory.

Proof. (a) Let us apply Theorem 6.1, for u = w, and A = —w;. Every saturated chain in the Bruhat
order decreasing from w, should start with a simple reflection. For a reduced (—w;)-chain of reflections
(r1,...,7m), exactly one of the reflections 71, ...,7; is simple. Namely, 7, = s; and, moreover, 1, = Sq,,1.
Thus the expansion of the product e” i - [O,, ] consists of the two terms corresponding to the subsets
J =0 and J = {I}. This expansion is e~ % - [0, ] = z~ %) [0, ] — =)0, ,]. Since [O,,] = 1,
we obtain the required identity.

(b) Let us identify Kr(G/B) with the quotient in (3.1). There is a finite set D of exponents e* that
spans Kr(G/B) as a Z[X]-module. Indeed, we can take all exponents in some representatives for the
classes [0,,] in Z[X] ® Z[A]. For a weight A € A, the exponent e is an invertible element in K7(G/B);
and, thus, the set e*D = {e*™# | e# € D} also spans Kr(G/B). For a sufficiently large antidominant
weight A, all exponents in the set e* D correspond to antidominant weights. On the other hand, according
to (a), we have e™@ = 27 (1 — [O,,s,]); thus, all classes e# = [£_,], for antidominant weights x,
can be expressed in terms of the special classes [O,,.s,]. This implies the statement. O
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The second part of Corollary 6.3, for A = —w;, and Lemma 8.1(a) imply the combinatorial rule below
for products of the special classes with the basis elements in K (G/B). Note that, if w; is a minuscule
weight (ie., (wj,a¥) = 0or 1 for any a € ®T), then all reflections r; in a reduced (—w;)-chain of
reflections have the form r; = sg, 1, and therefore they all fix w;.

Corollary 8.2. (Kp-Monk formula) Fiz a simple reflection s;, and let (r1,...,7) be a reduced (—w;)-
chain of reflections. Then, for any uw € W, we have

[Ougs] - [Ou] = (1 = &= @74 @) [0, 43 (=117 27D [0,5)],
J

where the sum is over nonempty subsets J = {j1,...,Js} in {1,...,1} such that u> u¥; > uf;,7;, >
Ce > W, Ty, Ty, = w is a saturated decreasing chain in the Bruhat order from u to w = w(J), and
v(J) = wo(w;) —ury, - 1), (w;). If w; is minuscule, then the above formula has the simpler form:

[Oues,] - [Ou] = [O4] + w7 <Z<1>'J'1 [Owu)]> :

J
where the notation is as above, but we drop the condition J # (.

Since the special classes [O,s,;] generate the Grothendieck ring Kr(G/B), Corollary 8.2 completely
characterizes the multiplicative structure of this ring.

Remark 8.3. (1) It is not hard to see that v(J) := wo(w;) — ury, ---7j, (w;) is a sum of negative roots.
Hence, the coefficient of a Schubert class [O,] in the expansion of [Oy,s,] - [Ou] can be expressed as
(—1)¢@)=tw)=1 times a sum of products of factors 2% and e~? — 1, where 6 is a positive root. This
supports the conjecture made by Griffeth and Ram in [GrRal, related to the structure constants of

Kr(G/B).

(2) In the equivariant case, the expansion of [O,,s,] - [Oy] contains the term [O,] with a nonzero
coefficient. This term vanishes in the nonequivariant case of K(G/B). A similar phenomenon happens
in the Monk-type formula for equivariant cohomology, which can be derived from Corollary 8.2.

Recall that the classes [Z,,], w € W, given by (3.13) form the dual basis to {[O,] | w € W} with
respect to the natural pairing in K-theory. Define the dual K1 -Chevalley coefficients dﬁ:{f], for u,w € W,
A, 1 € A, by the expansion

e [T] = Z dﬁ’g at [T).
weW, neA
Corollary 8.4. (dual Kr-Chevalley formula) The dual Kp-Chevalley coefficients are related to the
Krp-Chevalley coefficients as d)* = c; N, Thus Theorem 6.1 provides a combinatorial description for

u,w u,w
. A
the coefficients dyt;,.

Proof. Follows from (3.14). O

Remark 8.5. Based on LS-paths, Griffeth and Ram [GrRa] extended the Pittie-Ram formula by giv-
ing four different formulas for the products e* - [0y], €™ - [Oy], €“°™) - [O4], and [Ou,s,] - [Ow], as
well as a dual Chevalley formula; all these formulas refer to a dominant weight A\. They also derived
Lemma 8.1(a) above and Theorem 8.6 below, for dominant A. Since the Pittie-Ram formula does not
work for nondominant weights, Griffeth and Ram had to derive the new formulas separately. From our
point of view, all the formulas mentioned above are given by various specializations of the Kp-Chevalley
formula, for arbitrary .

Let us now discuss symmetries of the Kp-Chevalley coefficients. In order to make our notation
compatible with that in [Brion], we define the coefficients ¢ (\) in Z[X] by

A0 =) (N [0u].

weWw
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In other words, the ¢¥(\) are expressed in terms of the Kp-Chevalley coefficients, as follows: ¢¥(\) =
D uen Cath at, see (3.8).

Theorem 8.6. [Brion, Theorem 4] We have the following duality formula for an arbitrary weight \:
Cw(>\) _ (_1)é(u)—€(w)cuwo (wo)\) .

u WWo

Proof. Let (B1,...,0) and (r1,...,7) be the A-chain of roots and the A-chain of reflections associated
with some alcove path. Let us translate this alcove path by A, reverse its direction (cf. Remark 5.5),
and then apply the map A — —w,(A) to the corresponding alcoves. Note that —ws(A,) = A,. The
resulting alcove path corresponds to the (wo,A)-chain of roots (w0, ..., weB1) and a certain wes(A)-
chain of reflections (ry,...,77). We can express the affine reflections r}, as follows. Let v and ¢\ be
the operators on by given by v : p — —p and ¢ty : p — p+ A Then r;- = WoytaT;t_\Y Wo. Thus

. _
T} = Wol jWo.

Clearly, to each sequence J = (41, ja2, - . ., js) with
’Z,L>’Ufj1 >ufjlfj2 >"'>’Ufj1’l_’j2 "'7_’]‘5 =w,

corresponds the sequence J' = (js, js—1,-..,J1) with
- —/

Wwwe > wwor;-S > WWoT

—/ - —r
Ty B D WWTG Ty T = UW

This correspondence is a bijection. Since w, maps positive roots to negative roots, we have n(J') =
s—n(J) = l(u) — L(w) —n(J), so (=1)")) = (=1)4w)~&w)(_1)n(J")  This takes care of the sign in the
duality formula.

It remains to check that the sequences J and J’ produce the same weight, see condition (b) in
Theorem 6.1. It suffices to show that

/

T T we (=)

Tji s - T (—A) = Fj, Tjy .. Tj Wor ea f

Let us denote v = rj, ---r;, € W,g. Then the left-hand side of this expression is v(—\). We can write
the right-hand side of this expression as

iy oo T YAy, i toay (=A) = —oty01(0).
We claim that

(8.1) v(=A) = —vtyvH(0),
for any v € Wag and A € A. Indeed, if v(—\) = 9(=\) + p, then v=1(0) = 571(0 — ) = —v~(u). Thus
vtyv~1(0) = 8(A\) — p, as needed. O

Let us also present a new duality formula. We denote by ¢ the involutory automorphism of Z[X] given
by ¢ : xt — xTWek,

Theorem 8.7. We have the following duality formula for an arbitrary weight \:
(A = (=1 =y (et (<)) -

u

Proof. Let (B1,...,0) and (r1,...,7) be the A-chain of roots and the A-chain of reflections associated
with some alcove path. Let us translate the alcove path and reverse its direction, as discussed in
Remark 5.5. We obtain the (—A)-chain of roots (—0,...,—f1) and the corresponding (—\)-chain of
roots (r7,...,771). Let tx be the operator of translation by A, as before. Then 7} = t\r;t_x. Thus

r; = 7;. In an almost identical way to the proof of Theorem 8.6, we can now construct a bijection
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between the appropriate decreasing saturated chains from u to w, and those from wow to wou. The
discussion about the signs is also similar. It remains to verify the weight condition:

lerj2 e Tjs (—A) = _Fjlf]é e ’Fjs'l"‘;-s’f’;-s_l e 7’;—1 ()\) .

This identity can be written as v(—\) = —vtyv~t_5(\), for v = rj, ---r;_, which is equivalent to (8.1).
O

The two duality formulas above imply the following formula.

Corollary 8.8. Given an arbitrary weight \, we have

(X)) = tepewio (—woA)) .

u WoUWo

Note each of the two duality formulas in Theorems 8.6 and 8.7 can be obtained from the other one
combined with Corollary 8.8.

Kumar provided us with the following geometric explanation of Corollary 8.8. This duality in equivari-
ant K-theory is induced by the standard involution on G/B, which interchanges the Schubert varieties
X and Xy, w, - Let us denote by 6 the canonical isomorphism (3.1) from (Z[X]|®Z[A])/Z to Kr(G/B).

Proposition 8.9. There is an involutive automorphism w on Kr(G/B) such that

(a) the involution w maps each class [Oy] t0 [Owww,);
(b) under the isomorphism 6, the involution w maps ¥ ® e* to x~H @ e~ for A\, € A.

Algebraic proof. The involutive automorphism of Z[X] ® Z[A] given by a# @ e* s z~ o) © ¢=wo(N)
preserves the ideal Z and, thus, induces an involutive automorphism w on K1 (G/B) ~ (Z[X]® Z[A])/Z.
Applying this involution to the definition of the elementary Demazure operators T; in (3.2), we deduce
that wT;w = T}, where j is given by a; = —ws(e;), or equivalently, s; = wos;,w,. Thus wT,w =
Twoww,» for any w € W. Kostant-Kumar’s formula (3.7) implies that w : [Oy] — [Owyww.]- O

Geometric proof (due to Kumar [Kum]). Let ¢ : G — G be the Chevalley isomorphism. This is an
algebraic group isomorphism mapping t — t~! for t in T, and B — B~, where B~ is the opposite Borel
subgroup. Also let ¢,,, : G — G be the automorphism given by g — Wogw, !, where W, in N(T) is a
representative of w,. Let ¢ : G — G be the composite coc,,,. Then ¢(B) = B. Thus ¢ induces a variety
isomorphism ¢ : G/B — G/B. Moreover, since ¢ induces the identity map on the Weyl group, we see
that ¢(Xyw) = Xuw,ww,- Thus ¢ induces the involution w on K7(G/B) such that w : [Oy] = [Ow,ww, |-

To show that, under the isomorphism @, we have w : e* s e~“°* we identify G /B with K/T, where
K is a maximal compact subgroup of G. Let us consider the following bundle morphism.

K xp C_yoa K x7 Cy

K/T

— K/T

Here we let gg(k, Vo) := (¢(k),Ts), where v, is a generator of C_,,_», and U, is a generator of Cy. It is easy
to see that ¢ is well defined. Thus, we have wo 6(1 ® e*) = (1 ® e~*°*). The proof of w : x# s g~ Wok
is similar. 0

Note that the map ¢ in the above proof is not T-equivariant, whence the involution w is not a
Z[X]-linear map.
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Let c; , € Z[X] be the structure constants of Kr(G/B) with respect to the basis of classes of structure
sheaves of Schubert varieties:
W] = Zcﬁv [Ou] .

The coefficients ¢ (+w;) are related to certain structure constants ¢, as follows.

uva

Corollary 8.10. cf. [Brion] For v # w, we have
(a) c ( wi) = —gwolws) Cgosi u

u
(b) e (wi) = (~1) I gwi e
(¢) cilw

( ):( 1)2 —L(w)—1 qw; L(Cﬁii,wcw)-
Also, we have s =1— pWo (wi)—u(w;)
The first two formulas (a) and (b) were given by Brion [Brion] for K(G/B) in a slightly imprecise
form.

Proof. Identity (a) is obtained from the formula in Lemma 8.1(a) by multiplying both sides by [O,,].
Identity (b) is obtained from (a) and the duality formula in Theorem 8.6, as follows:

e (wi) = (=)= e (wo (wi)) = (—1) =W eve (—w;)

u wwo

=(-1) L(u)=(w) =1 . —wo (w;) CZZJ;j,wwo — (_1)5(U)*f(w)*1zwi C?:Z:O,wwo ]
Here we used the fact that —w,cq; is the simple root «; such that s; = wes;w,. Similarly, we obtain

identity (c) using the duality formula in Theorem 8.7. O

Remark 8.11. We can easily expand the product [O,,,s,]-[Oy] using our Kp-Chevalley formula, as shown
in Corollary 8.2. However, it is hard to apply the Pittie-Ram formula directly to the calculation of this
expansion, because the latter formula works for dominant weights only. In order to use this formula,
one needs to invert the operator of multiplication by e** acting on the |W|-dimensional space K(G/B).
Alternatively, one can use Brion’s geometric argument to derive the second formula in Corollary 8.10.
But then, one needs to apply the Pittie-Ram formula for computing all products €“7 - [Oyyn, |, for w € W,
and extract the coefficient of [0, ] in each result, where j is given by s; = wos;w,. Indeed, we have no
way of knowing in advance to which Weyl group element an LS-path leads, via Deodhar’s lift operator.
In other words, it is hard to “invert” the Pittie-Ram construction based on LS-paths and Deodhar’s lifts.

9. THE YANG-BAXTER EQUATION

Our construction is based on a certain R-matrix, that is, a collection of operators satisfying the
Yang-Baxter equation. In this section, we discuss the Yang-Baxter equation, following the approach of
Cherednik [Cher].

For a pair of roots a, 8 € ® such that (a, 3) < 0, the subset of roots A C ® obtained from « and g3 by
a sequence of reflections s, and sg is a rank 2 root system of type A; X A1, Az, Ba, or G2. The reflections
5 and sg generate a dihedral subgroup in W of order 2m, where m = 2, 3,4, 6, for types A; x Ay, As,
Bs, G, respectively. The condition («, 3) < 0 implies that «, 8 form a system of simple roots for A.
The m roots in A expressible as nonnegative linear combinations of « and § can be normally ordered
as follows: «, 54(0), Sasp(@),...,sz(a), 5.

The following definition was given by Cherednik [Cher, Definition 2.1a] in a slightly different form.
Definition 9.1. We say that a collection of invertible operators {R,, | & € ®} labeled by roots satisfies

the Yang-Bazter equation if R_, = (R,)~! and, for any pair of roots a, 3 € ® such that (a, 8) < 0, we
have

(9.1) RaRs, (8)Rs.sp(a) Rsg(a)Rs = RaRyya) -+ Rspsy(a) Bsa(p) Lo
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A collection of operators {R,, | a € ®} satisfying the Yang-Baxter equation is also called an R-matriz.

For example, the operators R, and Rz commute whenever (o, ) = 0. If A is of type Az, then the
Yang-Baxter equation (9.1) says that

RoRatsRs = RgRapRa-

The following two lemmas are implicit in [Cher].

Lemma 9.2. Consider a collection {R, | « € @} of invertible operators labeled by positive roots which
satisfies the Yang-Baxter equation (9.1), for any pair of positive roots o, 3 € ®T such that (o, 3) < 0.
Let us extend this collection to all roots o € ® by R_, := (R,)~'. Then the collection {R,, | o € ®} is
an R-matriz.

Proof. Let us multiply the Yang-Baxter equation (9.1) by R_s on the left and on the right. We get
RpRals () fs0ss(0)  Rsg(a) = Rsg(a)  Rsusg(o) sa (s Rall—p.

This is the same equation with («, ) replaced by the pair (sg(3),sg(a)). Applying this procedure
repeatedly, we can always transform the pair (a, ) into a pair of positive roots. O

For a decomposition v = s;, ---s;, € Wag, reduced or not, of an affine Weyl group element v,
let (B1,...,0) be the corresponding A-chain of roots. For an R-matrix {R, | « € ®}, let us define
RGa ) = Ry Ry, -~ R, Rp,.

Lemma 9.3. Let {R, | a € ®} be an R-matriz. Then the operator R(i%1) depends only on the affine
Weyl group element v = s;, - - s;,, not on the choice of the decomposition.

Proof. The Coxeter relations (5.3) imply that any two decompositions of v can be related by a sequence
of local moves of the following two types: (1) adding or removing segments s;s;; (2) the Coxeter moves
m;; terms m;; terms

(92) Siqp 0 Si, (SiSjSi"’) Sip 0 Sy — Siy S, (SjSiSj"’) Sip 0 Siy-

Adding or removing a segment s;s; in a decomposition for v results in adding or removing a segment
B,—0 in the sequence of roots (f1,...,5). This does not change the operator Rg, --- Rg,, because
RgR_g =1. A Coxeter move (9.2) results in applying the Yang-Baxter transformation

Oé,Sa(ﬁ)7...,Sg(Oé)7ﬁ . ﬁ)sﬁ(a)w"vsa(ﬁ)aa

to the segment (Bat1,.-.,0p-1) = (@, 84(8),---,0) in the sequence (fi,...,5). Here we have a =
i, -8, (o) and B = 5, --- 5;, (o). Note that (a, 8) = (a;, ;) < 0. The Yang-Baxter equation (9.1)
guarantees that this transformation of the sequence (31, . .., §;) does not change the operator Rg, - - - Rg, .

O

10. BRUHAT OPERATORS
In this section, we present a class of solutions of the Yang-Baxter equation.

It will be convenient to extend the ring of coefficients Z[X]| = R(T) in Kr(G/B) as follows. Let us
shrink the weight lattice h times by defining A/h := {\/h | X € A}, where h := (p,0") +1 is the Coxeter
number. Let Z[X] be the group algebra of A/h, which has formal exponents o M" for X € A. This is
the algebra of Laurent polynomials Z[X] = Z[z*«1/P ... aFr/M]. Let

Kr(G/B) := Kr(G/B) ®z[x] Z[X].

The space K7(G/B) has the Z[X]-linear basis given by the classes [O,], for w € W.
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For a positive root o € &7, let us define the Bruhat operator B, acting Z[X]-linearly on Kr(G/B)
by

[Ows,] if l(wsy) = L(w) — 1,
(10.1) B, : [Oy] — )
0 otherwise.
Also define B, := —B_,, if « is a negative root. The operators B, move Weyl group elements one step

down in Bruhat order.

For a weight ), define the Z[X]-linear operators X* acting on Kr(G/B) by

(10.2) X [0y] = 2*A/M0,].
For o € ® and A, u € A, these operators satisfy the following relations:
(10.3) (Ba)?*=0,
(10.4) XA XH = XA
(10.5) By X* = x*=WN B, .

For a fixed weight A and k € Z, we define a family of operators {Rs | @ € @} labeled by roots o € ®
acting on Kr(G/B) as follows:

(10.6) Ry = Xk 4 XMoo g = xM(xko 4 B ) X,

Using relations (10.3) and (10.5), we obtain
R_, = X —hka _ X(/\’av)aBa _ (Ra)_1~

Theorem 10.1. Fiz a weight A and k € Z. The family of operators {R, | o € ®} given by (10.6)
satisfies the Yang-Baxter equation (9.1).

Proof. Let us first assume that A = 0 and k& = 0. In this case R, = 1+ B,. In [BFP], we proved the Yang-
Baxter equation for a general class of operators by checking it for all the rank 2 root systems (that is, for
types A1 x Ay, As, Ba, and G3). In particular, the results of [BFP] imply that the family of operators
{1+ B, | o € &'} satisfies the Yang-Baxter equation (9.1). Also R_, = 1—B, = (1+B4) ! = (R,) L.
According to Lemma 9.2, the collection {1+ B, | a € ®} is an R-matrix.
Let us now consider the general case. For a € ® and n € Z, let us define
R" := 1+ X" B,,.
Then R, = Xk Rff"av)*k. For € A, we get, using (10.5),

(10.7) R X* = X+ R (e,
Let us write the left-hand side of the Yang-Baxter equation (9.1) as follows:
Ry - R, = Xt RZYlll X ]%222 o X Km Rf;i,

where (71,...,%m) = (@, 54(8), - ,s5(a), 3) and n; = (\,,”) — k. Using (10.7) to commute all X*7i
to the left, we obtain the expression

R, - R, = XFototm) R Rre Rt
where
n, =n; — Z k(vi, ) = N = k(igr — - =), %) — ks
j=i+1
Let us show that
('Yl ++71—1771v) = (r}/i-‘rl ++7ma%\/)7
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for all ¢ = 1,...,m. Suppose that ¢ < (m + 1)/2. The reflection s, sends the roots vi,...,7;—1 to
—Y2%i—1y- -+, —Yit+1, and the roots vo;, ..., ¥m tO Ym, ..., Y2, respectively. Thus

(4 vienn) = (i + o+ y2im1,) and (e o+ s y) =0,
as needed. Since (y;,7,’) = 2, we get
where 0 = 2(v1 + -+ + 7y, is the “rho” for the rank 2 root system A generated by a and 3.
This shows that
Roy o Ry, = XPRORYT) LR - xuieRy L p X,
where = A — kp. Analogously, the right-hand side of the Yang-Baxter equation (9.1) can be written as
2ko PO A0y —
R, - R, =X"" °R) - R) X

The fact that the operators Rg = 1+ B, satisfy the Yang-Baxter equation implies that the family
{Rqs | @ € @} satisfies the Yang-Baxter equation as well. This concludes the proof. O

In the rest of the paper, we only use a special case of the operators R, defined in (10.6), namely we
set A := p and k := 1, which leads to

(10.8) Ry =X+ XWwo)ap — XP (X4 B,)X ", foracd.

11. COMMUTATION RELATIONS

Let T; be the operator on f(T(G/B) induced by the elementary Demazure operator (3.2), for i =
1,...,r. In view of (3.3) and (3.7), this operator acts Z[X]-linearly on K (G/B) as

. [Ows,] if L(ws;) = £(w) + 1,
T; : [Oy] — { [Oy] i l(ws;) = L(w) — 1.

Iiet B; := B,, be the Bruhat operator for a simple reflection, which is the Z[X]-linear operator on
Kr1(G/B) defined by
[Ows;] if l(ws;) = L(w) — 1,

0 if l(ws;) = L(w) + 1.

Let us define a similar Z[X]-linear operator B} by
Ows.| i l(ws;) = b(w 1,

Bi 10wl = { | 1(1)”] if €§wsi§ = €§w; J—r 1.
Since both operators B} and B; map [Oy] to [Oys,] or to zero, we have
(11.1) X*Bf =By X%W —and X"B; = B; X5,
for any weight p € A.

The operator B can be expressed in terms of 7; and B; as follows.

Lemma 11.1. We have Bf =T, (1 - B;) = 1+ B))(T; - 1), fori=1,...,r.

Proof. 1t is enough to check this claim for restrictions of the operators on the 2-dimensional invariant
subspace spanned by [O,,] and [Oys,], for any w € W such that ¢(ws;) = £(w)+ 1. The required identity

ls CO-COED-CE Y

which we leave to the reader as an exercise. O
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Recall that Bg are the Bruhat operators given by (10.1).

Lemma 11.2. cf. Deodhar [Deol, Lemma 2.1] We have Bg Bf = B} By, (g, fori=1,...,r and 3 € ®
such that 8 # +a;.

Proof. We may assume that 3 € ®*. Let 3’ = s;(8). Then 3’ € &+ and 3’ # «;. Both operators Bg B}
and B} By map [Oy] t0 [Ows;s,] = [Ows,,s;] or to zero. Thus, we need to show that Bg B} ([O.]) is
nonzero if and only if B} Bg ([O,]) is nonzero.

Suppose that this is not true. One possibility is that we have Bg B} ([O,]) = 0 and B} Bg/([O,]) # 0.
Then {(w) = l(wsg) + 1 = (ws;) + 1 = L(wsp s;). Indeed, B} Bg ([Oy]) # 0 implies that £(wsg) =
L(w) — 1 and (wsgrs;) = l(wsg ) + 1, while Bg B} ([O,]) = 0 implies that ¢(ws;) # {(w) + 1, and, thus,
Lws;) = L(w) — 1.

Let us choose a reduced decomposition for w = s;, ---s;, such that ¢ = i. By the Strong Ex-
change Condition [Hum, Theorem 5.8], the fact that ¢(w) = ¢(wsp ) + 1 implies that there exists
k e {1,...,1} such that s;, ---5;, ---s; is a reduced decomposition for wsg. Furthermore, we have
B = si, -84, (@, ). Since ' # a;, we have k # . We obtain a reduced decomposition for wsg: that
ends with s;. Thus ¢(wsg s;) = ¢(wsg) — 1, which is a contradiction.

Now suppose that we have Bg B} ([Oy]) # 0 and B} Bg/([Oy]) = 0. Then {(w) = l(ws;) — 1 =
lwsg) —1 = l(wsg s;) or, equivalently, ((w') = £(w's;) +1 = L(w'sg) + 1 = £(w'sgs;), for w’' = ws;.
The above argument shows that this is impossible. O

Remark 11.3. The contradictions derived in the above proof are essentially the content of Lemma 2.1
in [Deol], which is proved in a similar way.

Let {R, | « € ®} be the R-matrix given by (10.8). The main technical result of this section is
the following statement that gives a commutation relation between this R-matrix and the Demazure
operators Tj;.

Proposition 11.4. For any S € ® andi=1,...,r, we have

(a) Rai T, =T; Rfai + Rai;
(b) R—ai Ti = T; Rai - Rai;
(C) R@ Tl = Ti R_ai Rsi(@) Rai Zfﬂ 75 :E(Xi.

Proof. We have R,, = X% (1+ B;) and R_,, = (1 — B;) X~ %.

(a) By Lemma 11.1, (1+ B;) (T; — 1) =T; (1 — B;). Thus

X1+ B)T; = X" T; (1 -B;) + X* (1+ By).

Then use (11.1) to commute X* with T; (1 — B;) = B in the first term in the right-hand side. This
produces (a).

(b) Multiply (a) by R_,, on the left and by R,, on the right.

(¢) Let 8 = s;(3). Identity (c) can be written as

(XP + X" Ba) T, = T, (1 — By) X~ (X? + X*% Bg) X (1+ B;),

where k = (p,8Y) and k' = (p, (8")Y) = (s:(p), BY) = (p — s, 3Y). The right-hand side of this identity
can be written as
T (1 — By) (X7 + X% Bg) (1+ By).
Indeed, X*'8'—ai Bg X~ = Xkﬂ/Bgf, because k'3 — a; + sp (o) = (p — i, 8Y) B — (e, (")) B =
(p, ") 8" = kB'. Commuting XA and X*A' Bg with T; (1 — B;) = Bj using (11.1) and Lemma 11.2, we
can rewrite this as
(X7 + X" B) BI(1+ By) = (X° + X By) T,
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which is equal to the left-hand side of required identity. O

12. PATH OPERATORS

Recall that v_y € Wag, A € A, is the unique element of the affine Weyl group such that v_(4,) =
A_y = A, — A. Each decomposition v_, = s;, ---s;, in Wag corresponds to an alcove path A, =A

LA A_»; and the sequence of roots (31,...,0;) is called a A-chain, see Definition 5.4. Also recall
that there is an associated alcove path A, By By A, as discussed in Remark 5.5.

For A € A, let us define the operator R acting on K7(G/B) by
(12'1) R = Rg Rg,_, --- Rg,Rg,
where (01, ...,0;) is a A-chain, and the R-matrix {R,, | @ € ®} is given by (10.8).

Remark 12.1. Theorem 10.1 and Lemma 9.3 imply that the operator R depends only on the weight
and does not depend on the choice of a A-chain.

The following result is not used in subsequent proofs. We state it because it exhibits the commutativity
of the operators E* and E* in our combinatorial model, based on Remark 12.1.

Proposition 12.2. For any A\, n € A, we have R - RIH = RM#I,

Proof. Let us choose a A-chain (81, ..., ;) and a p-chain (81, ..., 08.,). They correspond to alcove paths

o By Ay Ay and A, LN A, If we translate all alcoves in the second path A, we obtain the

alcove path Ay ﬁ—> e i Axtu- Let us concatenate the first path from A, to Ay with the translated

path from Ay to Ax;,. We obtain the alcove path

Aoﬂ)...ﬁ,A/\&,...ﬁ)AMu,

This shows that the sequence (01,...,8.,,01,...,01) is a (A + p)-chain. Thus
R™.RW =Ry, - Rg Ry, -+~ Ry = R,
as needed. O

Lemma 12.3. Let (81,...,8) be a A-chain. Then, for any i = 1,...,r, the sequence of roots
(iy8i(B1),- .., 8:(B1), —ai) is an s;(X)-chain.

Proof. Applying the reflection s; to the alcove path A, By By Ay, we obtain the alcove path

si(Ao) Pl AGY 5:(Ay). We have A, == s;(A,). Translating this relation by s;()\), we obtain
(si(Ao) + 8:(N)) =5 (Ao + 54(N)), or, equivalently, s;(A\) — A, (n). Thus

S si(Ao) )y si(Ax) - Asin
is an alcove path, and (o, s;(81), .- .,8:(01), —;) is an s;(A)-chain. O
Lemma 12.4. Let (B1,...,0;) be a A-chain, and let Ay N A; be the corresponding alcove

path from Ay = A, to Ay = Ax. Assume that £5; = o is a simple root, for some i € {1,...,r} and
je{l,...,1l}. Then

(@iy5i(B1)s -5 8i(Bj-1), Bjt1s- -+ 01)
is an s(\)-chain, where s = sq, ) denotes the affine reflection with respect to the common wall of the

/H.
alcoves Aj_j — Aj_jq1.
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Proof. Let us apply the following tail-flip to the alcove path Ag BBy A;. We leave the ini-

tial segment Ag B, L B A;—; unmodified and apply the affine reflection s to the remaining tail:

s(Ai—j41) i) s(Ai—j12) Wiz) 20 s(A;). Note that 4;_; = s(4;—j+1) and 5 = s;. Also note

that s(4;) = s(Ao+A) = si(As)+s(A), and, thus, s(4;) = Ag,(»). Let us add the step s(4;) =5 A, ()
at the end of the alcove path with flipped tail. We obtain the alcove path

A L P Y (A ) ST ) 2 A,
from A, to Ag,(x). Thus (o, 5:(81),...,5:(B5-1), Bj+1,--.,0) is an s(\)-chain. O

Proposition 12.5. For any A € A and i € {1,...,r}, we have

RN .T, =T, . Rls:WI Z R —kai] _ Z R —kai]
0<k<(A,a)) (MY )<k<O

Proof. Let us choose a A-chain (fi,...,3;). Let Ay LR A; be the corresponding alcove path
from Ag = A, to A; = Ax. And let r; be the affine reflection with respect to the common wall of the

ﬁ'v
alcoves Aj_; — Aj_j11.

Then R = Rg, ---Rj,. Using the relations in Proposition 11.4 repeatedly to commute 7} with
Rg, - -- Rg,, we obtain

Rﬁl e Rﬁ1 T, = T; R_aiRSi(Bl) e Rsi(ﬁﬂR%ﬂ

+ Z Rp - Rp; o Ry _0) - Ry (o) Ba

J:Bj=ay

- Z Rpg, "'Rﬁj+1R8i(ﬁj—1) o Ry (8) Ras -

According to Lemmas 12.3 and 12.4, the right-hand side of this expression can be written as

RN . T, =T, . Rls:WI Z Rl ] _ Z Rl

JiBi=a; JiBi=—ay

For a hyperplane H of the form H,, , k € Z, let p; be the number of times the alcove path A, N

RN » crosses H in the positive direction, and nj; be the number of times the path crosses H in the
negative direction. In other words, py = #{j | 5; = a;, rj = Sa, ky and ng = #{j | B; = —a;, r; =
Sa; .k }- Then pi — ny is nonzero if and only if H separates the alcoves A, and Ay. More specifically,

1 if0<k<(\a),
pr—np =4 —1 if0>k>(\qa),

0 otherwise.
This shows that

RN T, =7, ROy 3 RlesOl 3 RleasO],
0<k<(\,a)) (MY )<k<0

which is equivalent to the claim of the proposition. O
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13. THE Kp-CHEVALLEY FORMULA: OPERATOR NOTATION

We can formulate and prove our main result—the equivariant K-theory Chevalley formula—using the
operator notation, as follows. Recall that

R = Rg, ---Rg, = X" (Xﬂl +Bﬂl)"'(Xﬁ2 +Bﬁ2) (XBI +Bﬁ1)X7p7
where (81, ..., 5;) is a A-chain.

Theorem 13.1. For any weight X, the operator RN preserves the space Kr(G/B). For any u € W,
we have

et [Ou] = R[A]([OU])a
i.e., the operator R acts on the space K1(G/B) as the operator of multiplication by the class e* of the
corresponding line bundle.

Proof. Proposition 12.5 says that the operators R satisfy the same commutation relations with the
elementary Demazure operators T; as the operators E*, see (3.10). Also RMN([0y]) = z*[04], by
Proposition 14.5. Now Lemma 3.1 implies that the operator R preserves Kr(G/B) € K1(G/B) and
acts as the operator E* of multiplication by the class e of a line bundle. O

In Section 14, we show that Theorem 13.1 is equivalent to Theorem 6.1. In Sections 15 and 16, we
illustrate Theorems 6.1 and 13.1 by several examples.

Remark 13.2. If X is a dominant weight, then, according to Lemma 6.2, the operator R expands as

a positive expression in the Bruhat operators B,, o € ®*t, and the operators X*. Indeed, a reduced
A-chain involves only positive roots. In this case, Theorem 13.1 gives a positive formula for e* - [O,,].

Specializing x* — 1, we obtain the nonequivariant K-theory Chevalley formula. By a slight abuse of
notation, we will use the same symbols e* and [O,,] for the obvious classes in K(G/B) as in K7(G/B).

Corollary 13.3. Let A € A and (641,...,01) be a A-chain. Then the operator

R = (14 By)- (14 Bg)
acts on the Grothendieck ring K(G/B) as the operator of multiplication by the class e* of the corre-
sponding line bundle.

Remark 13.4. We claim that Corollary 13.3 implies the classical Chevalley formula (3.16). In order to
derive this formula, we need to collect linear terms in the expansion of the product (14+Bg,) - -- (1+Bg, )-
Indeed, the coefficient c;)’usa7 for £(usy) = £(u) — 1, equals to the number of times the term B, appears

in the expansion minus the number of times B_, appears in the expansion. According to Lemma 5.3,
for any o € ®7, this coefficient is

#{i 18 = a} = #{j | B = —a} = —ma(A_\) = (A, @),
which is exactly the coefficient in the Chevalley formula. Thus, (3.17) and (3.16) follow.

14. CENTRAL POINTS OF ALCOVES

In this section, we show that Theorem 6.1 is equivalent to Theorem 13.1. In order to do this, we show
explicitly the way in which the operator RN acts on basis elements [O,]. It is convenient to do this
using central points of alcoves.

Let us define the set Z C by as

Z:={CeA/h|((aY)¢Zfor any a € D},

i.e., Z is the set of the elements of the lattice A/h that do not belong to any hyperplane H, j, where h
is the Coxeter number. Then every element of Z belongs to some alcove. The affine Weyl group Wag
preserves the set Z. This set was considered by Kostant [Kost].
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Lemma 14.1. [Kost] Fach alcove contains precisely one element of the set Z. The only element of Z
in the fundamental alcove A, is p/h.

Proof. Tt is enough to prove the statement only for the fundamental alcove, because Wog acts transitively
on the alcoves. Let us express the highest coroot as a linear combination of simple coroots: 0¥ =
c1ay + -+ ¢ ay. Then ¢; are strictly positive integers and h = ¢ + - -+ + ¢, + 1. Every element ¢ of
Z can be written as ¢ = (a; w1 + -+ + a,w;)/h, where aq,...,a, € Z. The condition that ( € Z N A,
can be written as ay,...,a, > 0 and (aj¢1 + -+ arc.)/(e1+ -+ ¢+ 1) < 1, see (5.2). The only
sequence of integers (aq,...,a,) that satisfies these conditions is (1,...,1). Thus Z N A, consists of the
single element (wy + -+ 4+ w,)/h = p/h. O

For an alcove A, the only element (4 of ZN A is called the central point of the alcove A. In particular,
Ca, = p/h. The map A — (4 is a one-to-one correspondence between the set of all alcoves and Z.

Lemma 14.2. For a pair of adjacent alcoves A >~ B, we have (g — (a = a/h.

Proof. Tt is enough to prove this lemma for the fundamental alcove A = A,. All alcoves adjacent to A,

are obtained from A, by the reflections sg, s1, ..., sy; and Ay —s si(As). Applying these reflections to
the central point (4, = p/h, we obtain s;(Ca,) — Ca, = —a;/h, for i =0,...,r. O

In fact, in the simply-laced case, the converse statement is true as well.

Lemma 14.3. Suppose that ® is a root system of type A-D-E. Then A —— B if and only if (g — (4 =
a/h.

Proof. Again, we can assume that A = A, is the fundamental alcove. In view of Lemma 14.2, it remains
to show that u = p/h + a/h & Z, for any root a € ® \ {—ay,...,—a,,0}. For any such «, there is a
simple root «; such that a + a; is a root. Thus (a,«)) = —1 and (u, ;) = 0. This implies that u
belongs to the hyperplane H,, ¢ and, thus, u ¢ Z. O

Remark 14.4. In the case of a nonsimply-laced root system, the statement converse to Lemma 14.2 is
not true. In other words, there are nonadjacent alcoves A and B such that (g — {4 = a/h for some root
.

Let us now fix an alcove path A, e S A_y and the associated A-chain (f1,...,3;). By the
definition, the operator RN can be expressed as

(14.1) R = XP (X5 4 Bg)--- (X% + Bg,) (X + Bg,) X *.

We can expand R as a sum of 2! terms. For a subset J C {1,...,1}, let RB}‘] be the term that contains

Bg,,if j € J, and X B otherwise. It is convenient to give the following interpretation for the term R[j‘]

using tail-flips.

Let # = (0,7, 71,...,m, 1) be a collection of points in hi. We can think of this collection as a
continuous piecewise-linear path in b from 0 to p. Let j be an index such that m;_; # 7;, and let 7; be
the affine reflection with respect to the perpendicular bisector of the segment [7;_1, 7;]. In other words,
the affine reflection r; is given by the condition r;(m;_1) = m;. For such an index j, we define the j-th
tail-flip of  as

fj(ﬂ') = (0, Oy« - - 77'(']'_1,7“j(71'j.|_1), . ,le(ﬂ'[), ’I“j(/,é)).
Then f;(m) corresponds to a path from 0 to r;(x). Let us associate with 7 the following composition of

operators
X, = XM= xh(moi—m) . xh(mo—m) xh(0—m0) _ y—hu

Then Xy, = X i),
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Let us now assume that 7 = (0,C4,,--.,Ca,, —A), i.e., m;’s are the central points of the alcoves A;.
Then
X,=XPXB...xP X =XxM
Indeed, h(0—Ca,) = —p, h(Ca,_, —Ca,) = Bj, and h({a_, — (=A)) = p, see Lemmas 14.1 and 14.2. The

[A]

expression X is precisely the term Rm)‘ in the expansion of (14.1).

In this case, r; is the affine reflection with respect to the common face of A; 1 and A; and 7; = sg,,
for y =1,...,1. Suppose that the subset J consists of a single element j. The corresponding term RF{'E.]}
in the expansion of (14.1) is obtained from the above expression X, by replacing the term X% with

Bg,. Let us commute Bg, all the way to the left using relation (10.5). We obtain

RB]} — xP XH ...XﬁjﬂBﬁjXﬁjA L XP X
= By, x7ie) xmi(B) ... xTiBi+1) xBi-1 ... xP x—P,
The product of X’s in the last expression is precisely the operator Xy, ) for the j-th tail-flip 7. In other
words, RU)y = By, X, ().
In general, for a subset J = {j1 <--- < js} C {1,...,1}, we have
Ry =By, - By, Xpy fy -

Indeed, let us start with the expression X, . Replace the term X% in it with Bg, , and commute it

all the way to the left. This leads to the expression Bg, Xy (r). Then replace the term XPis-1 with
Bg, | and commute it to the left. This leads to the expression Bg;, Bg; | ijklfjs (r)> €tc.

We have
N
ijl”'fjs(ﬂ') =X J1 js ).

According to (10.2), this operator is explicitly given by
Xpjyootyo(m  [Ou] — g N[0, ],

Let us summarize our calculations.

Proposition 14.5. Let A € A be a weight. Let (r1,...,r;) and (B1,...,5;) be the A-chain of reflections
and the A-chain of roots associated with a decomposition v_yx = $;, ---S;,. Then the operator RW s
given by

L
R . [0,] — fou’f‘jl-..rjs(f)\) Bg, -+ Bg, ([O4)]),
J
over all subsets J = {j1 <---<js} C{1,...,1}.
We can now finish the proof Theorem 6.1.

Proof of Theorem 6.1. This follows from Theorem 13.1 and Proposition 14.5. O

15. EXAMPLES FOR TYPE A

In this and the next sections we illustrate our results by presenting several examples.

Suppose that G = SL,,. Then the root system ® is of type A,_1 and the Weyl group W is the
symmetric group S,. We can identify the space hi with the quotient space V := R"/R(1,...,1),
where R(1,...,1) denotes the subspace in R™ spanned by the vector (1,...,1). The action of the
symmetric group S,, on V is obtained from the (left) S,-action on R™ by permutation of coordinates.
Let €1,...,e, € V be the images of the coordinate vectors in R™. The root system ® can be represented
as ® = {wy; :=¢; —¢j | i #j, 1 <i,j <n}. The simple roots are a; = a; 41, for i =1,...,n — 1. The
longest coroot is ¥ = ay,. The fundamental weights are w; =1 + -+ +¢;, fori =1,...,n— 1. We
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have p = ne; + (n—1)ea + -+ +2e,_1 + €p, and the Coxeter number is b = (p,0") + 1 = n. The weight
lattice is A = Z"/Z(1,...,1). We use the notation [Ag,...,\,] for a weight, as the coset of (A1,...,\,)
in Z".

Let nZ C A be the set Z of central points of alcoves scaled by the factor h = n. The fundamental
alcove corresponds to the point p in nZ. According Lemma 14.3, two alcoves are adjacent A —— B,
a € @, if and only if the corresponding elements of nZ are related by n{g — n€4 = «. In this case, we

write n(4 — n¢g. Thus, we have the structure of a directed graph with labeled edges on the set nZ.
Alcove paths correspond to paths in this graph. The set nZ can be explicitly described as

nZ ={[p1,.- n] € A | p1,..., 1y have distinct residues modulo n}.

For an element p = [p1, .. ., in] € nZ, there exists an edge u 24, (p+ay;) if and only if p;+1 = p; mod n.
Given a weight A, the corresponding A-chains are in one-to-one correspondence with directed paths in
the graph nZ from p to p — nA.

Example 15.1. Suppose that n =4 and A\ = wy = [1,1,0,0]. The directed path

[4,3,2,1] =22 [4,2,3,1] =¥ [3,2,4,1] =% [3,1,4,2] =¥ [2,1,4, 3]
from p=1[4,3,2,1] to p —nws =[0,—1,2,1] = [2,1,4, 3] produces the wy-chain (a3, @13, 24, A14).
Example 15.2. For an arbitrary n, we have w; = &1 = [1,0,...,0]. The path

on—1,...,1] B nh-1nn-2,...,1 "Y¥n-2nn—1,n-3,...,1]
M n-3nn-—1n-—2n—4...,1] ... 22 [1,nn-1,...,2
from p to p — nw; gives the wi-chain (a2, 13,14, - - ., @1,). In general, for any k = 1,...,n, we have

the ep-chain
(15.1) (Ok kg1 Ok k25 oy Qe Ok 1, Ok 2y oy k1)
given by the corresponding path from p to p — ney.
Recall that v_, is the unique element of Wg such that v_y(A,) = A_x. Equivalently, we can define
v_y in terms of central points of alcoves by the condition v_y(p/h) = p/h — A.

Lemma 15.3. Suppose that ® is of type Ap,—1. Then, fork =1,...,n—1, the affine Weyl group element
V_y, belongs, in fact, to S, C Wag. This permutation is given by

_ 1 2 v n—k n—k+1 -+ n
Ve <k+1 k+2 - n I k)eS"CWaﬁ“
Proof. This permutation maps p = [n,...,1] to [k,k—1,...,1,n,n—1,...,k+1] =[0,-1,...,—k +
ILn—kn—k—1,...,1] = p— nwg, as needed. O

Let R;j := R,,;. Theorem 13.1 implies the following statement.

Corollary 15.4. For k = 1,...,n, the operator of multiplication by e°* in the Grothendieck ring
K (SLy/B) is given by

REY = Ryw 1Rip—o- Ri1RknRin_1--- Rigsr.

Fork=1,...,n—1, the operator of multiplication by the class e** corresponding to the k-th fundamental
weight wy, s given by
(15.2) Riel = gl Rled =TT II R

i=1,...,k  j=k+1,...,n
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The combinatorial formula for multiplication by e“* in the Grothendieck ring K (SL,,/B) that follows
from formula (15.2) was originally found in [Lenl].

Proof. The expression for RI¥* is given by the ej-chain (15.1). The expression for R“*] can be obtained

by simplifying RI¥1 ... R+ as shown in [Lenl]. Alternatively, the reduced decomposition v_, =
(S Sn—1)(Sk—1+"Sn—2) (81 Sn—k) for the permutation v_,, given by Lemma 9.3 corresponds to
an wy-chain, see Definition 5.4. This wy-chain produces the needed expression for R+l O

Example 15.5. For n = 3, Corollary 15.4 says that
R[wl] = R13 R12 and R[w2] = R13 Rgg.

For a weight A = ajw; +- - - +a,w,, we can obtain an expression for R by concatenation of a; copies
of RI“1), ay copies of R“2] etc.

Theorem 6.1 says that that the coefficient of [O,,] in the product e* - [0,] in K7(G/B) is given by
the sum over subsequences in the A-chain (81, ..., ;) that give saturated decreasing chains u > --- > w
in the Bruhat order on W. Let us illustrate this theorem by the following two examples.

Example 15.6. Suppose that n = 3, A = wy, and u = w, = s18281 € W. Let us calculate the
product e* - [0,] in K1 (SL,/B) using Theorem 6.1. The w;-chain (31, 2) = (@12, 13) is associated
with the reduced decomposition s1s3 = v_,,. The corresponding w;-chain of reflections is (r1,7r2) =
(51,515281) = (Sa12,05 Sas,0)- Three out of four subsequences in (31, 82) correspond to decreasing chains
in Bruhat order starting at wo: (empty subsequence), (a12), and (a2, a13). Thus we have
et - [Oy,] = xiwo(iwl)[owo] + xiworl(iwl)[oslsz] + Iiworlrz(iwl)[ow]'

We can write this expression as

00 10, 1 = 20010, ] + 200, ] + 20Y0,,].

The character of the irreducible representation V,,, is obtained from the right-hand side of this expression
by replacing each term z#[O,,] with e*:

ch(V,,,) = el00l (0101 | 11,00

o

Let us give a less trivial example.
Example 15.7. Suppose n =3 and A = 2w; + we = [3,1,0]. The path
3,2,1] =¥ [2,3,1] =¥ [1,3,2] =¥ [1,2,3]
=0,2,4] =¥ [-1,3,4] =¥ [-2,3,5]
from p = [3,2,1] to p — nA = [—2,3, 5] gives the A-chain
(Biy---,06) = (12, i3, o3, a3, a2, a13),

which is associated with the reduced decomposition v_y = $15251505152 in the affine Weyl group. We
have

R™ = Rg, -+ Rp, = Rz Ria Ri3 Rz Ry Rip = RI“Y Rl Rlen],

The corresponding A-chain of reflections is
(7"1, .- -aTG) - (51112,07 Sa13,05 Sags,00 Sauz,—1y Saia,—1; 504137—2)'

Suppose that u = s3s1. There are five saturated chains in Bruhat order descending from u: (empty
chain), (> uSa,, = 52), (U USas = 51), (WD USay, > USay,Sans = 1)y (WD USes > USa, Sy, = 1). Thus,
the expansion of e*-[O,,] is given by the sum over the following subsequences in the A-chain (31, ..., 3):

(empty subsequence), (012), (a13),(04127 0423), (als, a12)~
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The sequence (01, ..., [0s) contains one empty subsequence, two subsequences of the form (aq3), three
subsequences of the form («13), one subsequence of the form (12, ass), and two subsequence of the form
(a3, 12). Hence, we have

e)‘ . [Oszsl] — $—u(—>\) [05251] + (x—url(—k) T x—urs(—)\)) [052] +
+ (z7ur2 (A 4 gmura(X) 4o pmuns (=) (O, ] +
4 amenrs(-N) (0] + (xfurgr5(f)\) +x7ur4r5(f)\)) [04].
We can explicitly write this expression as
el3:1,0] . [Oszsl] = [1,0,3] [08281] + (33[3’0’1] + x[270’2]) [082] +
+ (x[1,3,0] + plt21] +$[1,1,2]) [0,,] + 2319 (0] + (3;[2,2,0] +x[2,1,1]) [04].

The corresponding Demazure character is

Ch(‘/[?),l,o],st]) =
03] 1 o3.0,1] | ([202] 4 o[1,3.0] | o[121] 4 o[1,1,2) 1 o[3.1,0] 4 o[2.2.0] 4 o[2.1,1]

16. EXAMPLES FOR OTHER TYPES

For an arbitrary root system, we can use the explicit construction of the A-chain of reflections
(r1,...,7;) and the A-chain of roots (81, ..., ;) given by Proposition 6.7.

Example 16.1. Suppose that the root system & is of type G5. Let us find A-chains for A = w; and
A = ws using Proposition 6.7. The positive roots are v = a1, 72 = 3a1 + a2, V3 = 207 + a2, V4 =
3ay + 202, 75 = a1 + ag, Y6 = az. The corresponding coroots are vy = oy, 79 = aof + a3, v =
20&}/4*30[5/, 74\1/ :a}/+2a§/a Vg/ :Ozi/+3045/, ’Yf\j/ :O‘g'

Suppose that A = w;. The set R, of affine reflections with respect to the hyperplanes separating the
alcoves A, and A_,,, is
R, = {5"/1707 872,05 573,00 Syz,—15 74,0, 57570}'
The map h : R, — R"*! given by (6.2) sends these affine reflections to the vectors

(0,1,0), (0,1,1), (0,1,3), (5,1,3), (0,1,2), (0,1,3),
respectively. The lexicographic order on vectors in R? induces the following total order on the set R,,,:
$71,0 < 8y2,0 < 83,0 < Sy,0 < S45,0 < Syg,—1 -
Suppose now that A = wy. The set R, of affine reflections with respect to the hyperplanes separating
Ao and A_,, is
Ru, = {572707 543,05 Sy3,—1s Sv3,—25 74,00 Svy4,—15 75,00 Sv5,—15 Sv5,-2 5’)’670}'
The map h : Ry, — R"*! sends these affine reflections to the vectors
2 12 2 2 1 11
(07 13 1)a (O» 3 )7 (§7 3 )a (§7 3 )a (07 29 )7 (57 29 1)a
1 11 2 1
<O’ 3 1)’ (37 3 )7 (3’ 3 )7 (0707 1)1
respectively. The lexicographic order on vectors in R? induces the following total order on R,,,:
86,0 < 85,0 < Syy,0 < Sy3,0 < 8yp,0 < Sy5,—1 < Sy3,—1 < Sy, —1 < Sy, —2 < Sy3,-2-
The total orders on R, and R, correspond to the wi-chain (y1, 72,73, Y4, 7¥5,73) and the ws-chain

(V65> V55 Y4, V3> Y25 V5, V3> V45 V5, V3). Thus, the operators of multiplication by the classes e“! and e“? in
Kr(G/B) are given by

Rl =R R, R, Ry, R, R,
Rlw2] — R’Y3 R’y5 R’y4 R'ys R’Ys R’YQ R’Y3 R’Y4 R’Y5 R’YG'
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By Lemma 15.3, the element v_,, belongs to the (nonaffine) Weyl group W, for all fundamental
weights wy in type A. Let us show that a similar phenomenon occurs for minuscule weights in other
types as well. Recall that a dominant weight A is minuscule if the set of weights in the G-module V), is
in the orbit W - X of the Weyl group.

Lemma 16.2. Let A € AT. Then v_y € W if and only if \ is a minuscule weight.

Proof. Let (f1,...,0;) be a reduced A-chain of roots, and let (r1,...,r;) be the corresponding A-chain
of reflections. According to Lemmas 5.3 and 6.2, the following statements are equivalent: (1) v_y € W;
(2) r1,...,m € W; (3) all (positive) roots i, ..., 3, are distinct; (4) (\,a") =0or 1, for any o € d+.
According to Corollary 6.6, the condition rq,...,r; € W implies that all weights in V) are in the W-orbit
W - X and, thus, A is minuscule. On the other hand, if A is minuscule, then (A,a") = 0 or 1, for any
a € ®T. Otherwise, if (A, a") > 2, then V) contains the weight A\ —a & W - \. O

The last two examples concern minuscule weights in types B and C. Recall that the element v_) is
uniquely defined by the condition v_x(p/h) = p/h — A. If v_y € W. We can rewrite this condition as

vx(p) =p—hA

Example 16.3. Suppose that ® is of type C,.. This root system can be embedded into R” as follows:
® = {+e;, +¢;, £2¢; | i # j}, where €1,...,¢, are the coordinate vectors in R". The simple roots are
Q] = €] — €9, Qg = €3 — €3, ...Qp_1 = Ep_1 — Ep, @ = 2&,.. The Weyl group W is the semidirect
product of S, and (Z/2Z)". Tt acts on R" by permuting the coordinates and changing their signs. The
fundamental weights are wy, =e1+---+ex, k=1,...,r. We have p=(r,...,1) € R", and the Coxeter
number is h = (p,0Y) + 1 = 2r.

Suppose that A = wy. Then p — hwy = (—r,r — 1,r — 2,...,1) € R". This weight is obtained from
p by applying the Weyl group element sy, that changes the sign of the first coordinate. Thus v_,,, =
S2e, € W C Wag. The only reduced decomposition of this element is v_,, = $1 -+ 8r-1 85 Sp—1 -+ 51, SO
£(v_y, ) = 2r — 1. This reduced decomposition corresponds to the w;-chain

(al, 81(042), 8182(043), ey 51'-'87‘71(041")3 ey 81...ST...82(041)) =

(61— €2, €1 —€3, -+, €1 —&p, 261, €1+ &, --+, €1 63, €1+ E2),
cf. Definition 5.4. The operator R is given by
R[wl] = R61+62Rs1+63 e R61+ETR261R61—ET e Rs1—63R61—62 .

Example 16.4. Suppose that @ is of type B,. This root system can be embedded into R" as follows:
O = {+e; *¢;, +e; | i # j}, where €1,...,¢, are the coordinate vectors in R”. The simple roots are
Q) = €1 — €9, Qg = E3 —€3, ...Qr_1 = Er_1 — &, & = €. The Weyl group W and its action on R”
are the same as in type C).. The fundamental weights are wy = &1 + -+ ¢, k= 1,...,7r— 1, and
wp =31+ -+¢e). Wehave p=(r—3,...,1 - 1) €R", and h = (p,0Y) + 1 =2r.

Suppose that A = w, is the last fundamental weight. Then p — hw, = (—%, -1- %, -2 - %, N
%) € R”. This weight is obtained from p by applying the Weyl group element v_,, € W C Wag
that reverses the order of all coordinates and changes their signs. The element v_,,_ € W has length

l(v_y,.) =71(r+1)/2. One of the reduced decompositions for this element is

Vo, = (5:)(8r—180)(Sr—28r—18:) (82~ 8.)(81 " 5.).

The associated w,-chain is (a;, s,(a,—1), $rSr—1(), $rSr—18r(r—2), ...). We can explicitly find the
roots in this w,-chain and write the operator R“r] as

R[M] = (Rsl R61+62 R81+63 e R€1+6r)(R62 R€2+€3 R62+64 e R€2+57‘) e
o (Rsry-fz R51'72+5'r'71 Rer72+57- )(Rerﬂ R€7-71+67»)(Rer>-
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17. QUANTUM K-THEORY

In this section, we conjecture a natural Chevalley-type formula in the quantum K -theory of G/B. The
quantum K-theory, which is a K-theoretic version of quantum cohomology, was introduced by Lee [Lee].
The quantum K-theory of flag varieties, in particular, has been first studied by Givental and Lee [GiLe].
We recall a few basic facts below.

Let us denote by QK (G/B) the quantum K-theory of G/B. In order to describe it, we associate a
variable g; to each simple root «;, and let Z[q] = Z|qu, - .., qr] be the polynomial ring in the ¢;. Given
a collection of nonnegative integers d = (dy, ..., d,), called multidegree, we let ¢ := qfl g As a
Z[q]-module, the quantum K-theory is defined as QK (G/B) := K(G/B) ®z Z[q]. Let [w] denote the
class of the structure sheaf of the Schubert variety X, .,. Then the classes of [w] form a Z[g]-basis of
QK (G/B). The multiplication in QK (G/B) is a deformation of the classical multiplication:

[wof] =) ¢' Y Ni(d)[w],

weWw

where the first sum is over all multidegrees d, and N, (d) is the quantum K -invariant of Gromov- Witten
type for [u], [v], and the quantum dual of [w]. As defined in [Lee], this invariant is the K-theoretic push-
forward to Spec C of some natural vector bundle on the moduli space M3 o(G/B,d) (via the orientation
defined by the virtual structure sheaf). The associativity of the quantum K-product was established in
[Lee], based on a sheaf-theoretic version of an argument of WDV V-type.

Let us recall the Chevalley-type formula for the small quantum cohomology ring QH*(G/B) of G/B.
For type A, this formula was first proved in [FGP]. In general type, it was proved by D. Peterson
(unpublished) and by Fulton and Woodward [FuWo] (who, in fact, obtained a more general formula for
G/P). Again, as a Z[q]-module, QH*(G/B) := H*(G/B) ® Z|q]. Thus, the quantum cohomology ring
has a Z[q]-basis basis given by the cohomology classes of X, ., which we denoted by (w).

The Chevalley-type formula in QH*(G/B) can be stated using the quantum Bruhat operators defined

in [BFP]. These are operators on the group algebra Z[g][W] of the Weyl group W over Z[g]. For each
positive root «, the quantum Bruhat operator @, is defined by

WS, if l(wsy) =L(w)+1,
Qu(w) =< ¢ ws, if lwsy) = (w) — 2ht(a¥) + 1,
0 otherwise,,

where ht(a") = (p, @) is the height of the coroot ¥, and ¢*(®) = ¢{* ... ¢ for a¥ = dya) +- - -+d,a),
ie., d; = (w;,aY). Also define Q, := —Q_, if a is a negative root. It was proved in [BFP] that the
operators (), satisfy the Yang-Baxter equation.

The map w — (w) extends linearly to the isomorphism Z[g|[W] — QH*(G/B) of Z[g]-modules, for
which we use the same notation @ — (a). Similarly, we extend the map w — [w]. The Chevalley formula
in quantum cohomology can now be stated, as follows, see [FuWo, BFP].

(17.1) (si) % (w) = D (wi,a¥) {Qa(w)),
acedt
where s; is a simple reflection and * denotes the product in QH*(G/B).
Based on Corollary 1.2 and (17.1), we formulate the following conjecture.
Conjecture 17.1. Fix a simple reflection s;. Let (01, ...,0;) be a (—w;)-chain of roots. Then we have
[si] o [w] = [(1 = (1 =Qp,) - (1 = @p))(w)],
where o denotes the product in the ring QK (G/B).

The conjectured formula in QK (G/B) specializes to Corollary 1.2, upon setting ¢ = -+ = ¢, = 0. It
also specializes to QH-Chevalley formula (17.1), upon taking the linear terms in the expansion of the
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operator 1 — (1 —Qga,)--- (1 — Qg,), cf. Remark 13.4. One can extend this conjecture to the quantum
T-equivariant K-theory of G/B, see [Lee| for the definition of the ring QK (G/B). In order to do this,
one has to consider the operator R,[;“”] obtained from R[=“ by replacing all Bruhat operators Bg with
the quantum Bruhat operators @g, cf. Theorem 13.1. It is not hard to extend the above conjecture to

generalized partial flag varieties G/ P, as well.

In [LeMa2], we define quantum Grothendieck polynomials, which we conjecture to represent Schubert
classes in the quantum K-theory [Lee] of the classical flag variety SL,,/B. In support of our conjecture,
we prove that the quantum Grothendieck polynomials satisfy (and, in fact, are determined by) the type
A specialization of our conjectured Chevalley-type formula for quantum K-theory.

18. APPENDIX: FOLDINGS OF GALLERIES, LS-GALLERIES, AND LS-PATHS

In this appendix, we introduce admissible foldings of galleries, and use this notion to reformulate
our model for the characters of the irreducible representations (Corollary 6.6) and for the Demazure
characters (Corollary 6.5). For regular weights, admissible foldings of galleries are similar, but not
equivalent, to the LS-galleries of Gaussent and Littelmann [Gali]. We clarify this relationship by showing
that it is based on Dyer’s theorem [Dyer] about the EL-shellability of the Bruhat order.

18.1. Admissible Foldings.

Definition 18.1. A gallery is a sequence v = (Fy, Ao, F1, A1, Fo, ..., F;, A, Fiy1) such that Ay, ..., 4
are alcoves; Fj is a codimension 1 common face of the alcoves A;_; and A;, for j = 1,...,l; Fy is a
vertex of the first alcove Ag; and Fjy;1 is a vertex of the last alcove A;. Furthermore, we require that
Fy = {0} and Fj1; = {u} for some weight u € A, which is called the weight of the gallery. We say that
a gallery is unfolded if A;_1 # A;, for j=1,...,1.

These galleries are special cases of the generalized galleries in [GaLi].

In this subsection, we will consider only galleries such that Ay = A, is the fundamental alcove. Un-
folded galleries of weight p with Ay = A, are in one-to-one correspondence with alcove paths (Ao, ..., 4;)
such that 1 € A;. Indeed, F; should be the unique common wall of two adjacent alcoves A;_; and A;,
forj=1,... L

Definition 18.2. Let us say that a gallery ~ of weight u is reduced if Ag = Ao, and « has has minimal
length among all galleries of weight p with Ag = A,. Clearly, every reduced gallery is unfolded.

Lemma 18.3. Let \ be a dominant weight. Then the last alcove in a reduced gallery of weight —\ is
A; = A_\. Hence, reduced galleries with an antidominant weight —\ are in one-to-one correspondence
with reduced alcove paths from A, to A_y, which, in turn, correspond to reduced decompositions of
v_x € Wag.

Proof. The number of hyperplanes H,, ; that separate the point E = {—A} from the fundamental alcove
Agis m =3 co+ (A aY). Thus, the length of any alcove path from A, to an alcove A; with vertex
FE should be at least m. The number m is precisely the length of a reduced alcove path from A, to
A_,. On the other hand, for any other alcove A" # A_, such that E is a vertex of A’, the number of
hyperplanes that separate A’ from A, is strictly greater than m. O

For a gallery v = (Fp, Ao, Fi,..., F1, A, Fi41), let r1,...,7 € Wag denote the affine reflections with
respect to the affine hyperplanes containing the faces Fi,..., F;. For j = 1,...,1, let the j-th tadl-flip
operator f; be the operator that sends the gallery v = (Fo, Ao, Fi,...,F;, A, Fi41) to the gallery f;(v)
given by

fj(’y) = (Fo, Ao,Fl, Al, ce ,Ajfl, Fjl = Fj, A;, F]/-Jrh A;Jrl, ceey ;, Fl/+1>7
where A} := r;(A;) and F} := r;(F;), for i = j,...,l+ 1. In other words, the operator f; leaves the
initial segment of the gallery from Ay to A;_; intact and reflects the remaining tail by r;. Clearly, the
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operators f; commute. Hence, they determine an action of the group (Z/ 27)! on galleries. Every gallery
is obtained from an unfolded gallery by applying several tail-flips. Equivalently, using the operators f;,
one can always transform (unfold) an arbitrary gallery into a uniquely defined unfolded gallery.

Lemma 18.4. If v is a gallery of weight p, then f;, --- f;,(7) is a gallery of weight rj, ---1;, (1), for
any 1 < j1 < - < js <.

Proof. First, let us apply f;. to 7. We obtain a gallery of weight r;, (1). Applying the tail-flip f;, , to
fj.(v) changes its weight to 7, _, 7, (u), etc. O

Definition 18.5. Let v be an unfolded gallery, and let r1,...,7; be the affine reflections with respect
to the faces of v. An admissible folding of v is a gallery of the form f;, --- f;,(7) for some 1 < j; < --- <
Js <1 such that

Ly, <7y Ty <oe e <5, T, 00T,
is a saturated increasing chain in the Bruhat order on the Weyl group W. More generally, for u € W, a
u-admissible folding of v is a gallery of the form f;, --- f;, () for some 1 < j; < --- < j; <1 such that

u > Ufjl > Ufjlsz > > UFjlij .o 'Fjs

is a saturated decreasing chain in the Bruhat order on the Weyl group W. We allow s = 0, so the
gallery ~ itself is an admissible (u-admissible) folding of . Notice that admissible foldings are precisely
wo-admissible foldings.

We can also give the following intrinsic characterization of u-admissible foldings.

Lemma 18.6. Let v = (Ay, Fy,...,F/, A}, E’) be a gallery, and 11, ..., be the affine reflections with
respect to the faces IY,..., Fy. Let {j1 <--- <js}:={j€{l,...,1} | Aj_; = A}}. Then the gallery ~'
18 a u-admissible folding of some unfolded gallery ~ if and only if

—1 =/ -1 = = —1 =l = =/ —1
u >Tj1u >7‘j17'j2u >-~->7‘j17“j2~-~7“jsu

s a saturated decreasing chain in the Bruhat order on the Weyl group W.

Proof. We have o' = f;, --- f;,(v). Let r,...,r; be the reflections with respect to the faces of the
unfolded gallery . Then

le =T rjz =T 75751 Tjg =T T52T53 52 515 - -

This implies 77 7% -+ 7% = (rj,7), - -r;,)7Y, for i = 1,...,s. Now the lemma follows from Defini-

tion 18.5. O

Corollaries 6.5 and 6.6 are equivalent to the following claim. Let weight(v) denote the weight of a
gallery ~.

Corollary 18.7. Let A be a dominant weight, and let v be a reduced gallery with weight(y) = —\.
(1) The character ch(Vy) is equal to the sum

ch(Vy) = Z e~ weight(r)
,-y/

over all admissible foldings ~' of the gallery .
(2) Let w € W. The Demazure character ch(Vy ) is equal to the sum
ch(Vau) = Z e~ ulweight(y"))
’Y/

over all u-admissible foldings v of the gallery .
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18.2. LS-galleries. In this section, we discuss the relationship between admissible foldings and LS-
galleries of Gaussent and Littelmann in case of a regular weight A\. We show that LS-galleries can be
associated with admissible foldings of some special reduced galleries.

We start by recalling some terminology from [GaLi]. Let us fix a dominant regular weight \. Let us
say that a gallery v of weight A is minimal if v crosses only the hyperplanes strictly separating 0 and A.
Note that in such a gallery we have Ay = A,, and the last alcove A4; is wo(A4o) + A = —As + A.

Recall that the facets of the fundamental alcove are H; = H,, 0, fori =1,...,7; and Hyp = Hqyy,—1.
If F is a face of the fundamental alcove A,, we define its type by

type(F)={i| F C H;,i=0,1,...,7}.

For instance, type({0}) = {1,...,7} and type(A,) = 0. For an arbitrary face F, its type is defined as
type(F’), where F’ is the unique face of A, such that F = w(F’) for some w in W,g. The type of a
gallery v = (Fp, Ao, F1, ..., A;, Fi11) is defined as type(y) = (type(Fp), type(Ay), - . ., type(Fi11)).

For a gallery v = (Fo,AQ,Fl,...,Al,ﬂ+1), let {]1 < ... < jé} = {j | Aj_l = Aj}, and let T be
the reflections with respect to the hyperplanes containing the faces F;. The companion of v is the
sequence (uo, ..., us) of elements in W, where ug € W is the unique element such that u(A,) = Ap; and
u; = Tj,ui—1, for i =1,...,s.

Definition 18.8. [GaLi] For a minimal gallery « of a (dominant regular) weight A, the set T'rg(y) of
LS-galleries associated with « is the set of all galleries 4/ such that (1) type(y’) = type(y); and (2) the
companion (ug,...,us) of 7' is a saturated decreasing chain in the Bruhat order on W.

The general definition of LS-galleries given is [GaLi] for arbitrary dominant weights A is more compli-
cated. They are defined as certain collections of faces of alcoves that satisfy several conditions, including
some positivity and dimension conditions. The companion of such a gallery is a chain in the Bruhat
order on the quotient W/W,. For regular weights, the definition of LS-galleries from [GaLi] is equivalent
to the simplified definition above.

It was shown in [GaLi] that, for a minimal gallery 7 of weight A,

(V)= 3 v,
v e€lLs(v)

Let us now clarify the relationship between Corollary 18.7.(1) and this statement.

Let us say that a gallery of v = (Fp, Ao, Fi,..., Ay, Fiyq) is special if | > N = |®*| (the number
of positive roots) and all alcoves Ay, ..., Ay and faces F,..., Fy are adjacent to the origin 0. Let us
define the transformation

t : {special galleries of weight —u} — {galleries of weight p}.

For a special gallery v = (Fo, Ao, F1, ..., A, Fi41) of weight —pu, the gallery t(vy) is defined as follows:
(1) remove the first N alcoves Ag,..., Ay_1 from the gallery v together with the faces Fy,..., Fn; (2)
translate all remaining alcoves and faces by the weight p; (3) reverse the sequence of alcoves and faces
in the gallery. In other words,

t: (F07A0a"'7AlaFl+1)}—>(ﬂ+l +,U7Al+u7"'aFN+1+:U7AN +,u7F0+/~‘L)7

If v = (Fy, Ao, F1,..., A1, Fiy1) is a special reduced gallery of weight —\ (Definition 18.2), then
An = wo(As) and F; C Hp, o, for i = 1,...,N. All foldings of 7 are also special. The image ¢(vy) of
v is a minimal gallery of weight A. Moreover, all minimal galleries are of this form. Notice that, for a
regular weight A\, we can always find a special reduced gallery of weight —\.

Proposition 18.9. Let v be a special reduced gallery of weight —\, where X is a reqular weight. Then
the map +' +— t(v') is a bijection between the set of admissible foldings of v and the set T'rs(t(y)) of
LS-galleries associated with t(vy). Moreover, we have weight(t(y')) = —weight(y’).
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The proof of this proposition is based on the following fundamental (and nontrivial) result, which
expresses the EL-shellability of the Bruhat order on a Weyl group, and is closely related to the Verma
theorem [Ver|. This result was proved for an arbitrary Coxeter group in [Dyer, Proposition 4.3]. We also
refer to [BFP, Theorem 6.4] for a new approach and a different generalization. Recall that reflection
orderings [Hum, Dyer] are total orders on roots in ®* that are associated with reduced decompositions
Wo = 84, ... Siy fOr w,, as follows:

iy < SiN(aiNfl) <. o< SinSin_a ...si2(ai1).

Proposition 18.10. [Dyer, BFP] Fiz a reflection ordering f1 < --- < Bn. For any Weyl group element
w, there is a unique saturated increasing chain in Bruhat order from 1 to w of the form

(18.1) L <sg,, <sg, 88, <...<Sp; ...Sp, =W,

where 1 < j; < ... <j, <N.

Proof of Proposition 18.9. Let 4" be an arbitrary admissible folding of v. Every tail-flip operator f;
preserves the type of 7/, that is, type(v’) = type(f; (7)), and changes its weight by a multiple of a root.
Hence, the transformation ¢ applied to 7/ can be viewed as a composition of the translation by A with
a translation by an element of the root lattice. Note that the second translation is an element of Wg.
Recalling that + is mapped to t(7) via the translation by A, we conclude that the gallery ¢(4’) has the
same type as t(7).

Let us now examine the companion of ¢(y'). Let rq,...,r; and 7,..., 7] be the affine reflections with
respect to the faces of v and 7/, respectively. Let p be such that j, < N and j,y1 > N. Assume that

v = fi - [, (7), where j; < --- < jg, so
1<{Fj1<Fjlfj2<"'<77j17jj2"'7jjs

is a saturated decreasing chain in the Bruhat order. The companion of ¢(v") is the sequence

- = . =/ =/ =/ =/ =/
(wo =74, ... 75, T U0, TG T U0y ooy T .rjsuo) .
: ! I AP U T | — 1
But since 77 75«1l = (rj,rj, --rj,) 7, fori =1,..., s (see the proof of Lemma 18.6), the companion
of t(v') is the sequence
(’I“jl ...Tjs7 T‘jl ...Tj5717 ey ’l“jl ...’l"jp),

which is a saturated decreasing chain in Bruhat order. We have thus shown that the image of map ¢ is
contained in I'pg(7y).

It suffices to construct the inverse map. Recall that the first IV faces F; of I satisfy F; C Hg, ¢. This
gives a reflection ordering (1 < --- < fy, according to Lemma 5.3. Given a gallery 7" in T'zs(¢(y)),
assume that its companion ends at some w in W. According to Proposition 18.10, there is a unique way
of writing w = sg; ...sg, for1<ji <...<jp <N, such that (18.1) holds.

Let us now relabel the faces of 7" as follows: (F},, A}, Fj, Aj_, F]_y,...). Let {jp11 < ... <js} =
{7 | A5_y = Aj}. We associate with 7" the gallery fj, ... f;, fj, 1 - fj. (7). The facts stated above
imply that this construction gives the inverse map to ¢. O

Remark 18.11. (i) For a nonregular weight A\, it is not clear how to associate LS-galleries with our
admissible foldings.

(ii) According to [Gali], one can associate a collection of continuous piecewise-linear Littelmann paths
with the set of LS-galleries T'g(y) by connecting the centers of the lower dimensional faces in the
galleries. In [LePo], we show that we do not obtain Littelmann paths by applying the same procedure
(or similar ones) to our model.
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