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Abstract

We give an explicit and computable description, in terms of the parabolic quantum
Bruhat graph, of the degree function defined for quantum Lakshmibai-Seshadri paths,
or equivalently, for “projected” (affine) level-zero Lakshmibai-Seshadri paths. This,
in turn, gives an explicit and computable description of the global energy function
on tensor products of Kirillov-Reshetikhin crystals of one-column type, and also of

(classically restricted) one-dimensional sums.

1 Introduction.

Let g be an affine Lie algebra with index set I for the simple roots, and let U(g) be the
quantum affine algebra (without the degree operator) associated to g. Set Iy := I'\{0}, where



0 € I corresponds to the “extended” vertex in the Dynkin diagram of g. In [NS1, NS2, NS3],
Naito and Sagaki gave a combinatorial realization of the crystal bases of tensor products of
level-zero fundamental representations W (zw;), i € Iy, over U, (g), where the w,’s are the level-
zero fundamental weights; the U (g)-modules W(w;) are often called Kirillov-Reshetikhin
(KR for short) modules of one-column type, and accordingly their crystal bases are called KR
crystals of one-column type. In the papers above, they realized elements of the crystal bases
as projected (affine) level-zero Lakshmibai-Seshadri (LS for short) paths. Here a projected
level-zero LS path is obtained from an ordinary LS path of shape A by factoring out the null
root ¢ of the affine Lie algebra g, where A is a level-zero dominant integral weight of the

form A =}, .
projected level-zero LS paths, their description of these objects in [NS1, NS2, NS3] is not as

m;w;, with m; € Z>,. However, from the nature of the definition above of

explicit as the one of usual LS paths given by Littelmann in [L1].

By contrast, in our previous paper [LNS33], we proved that (in the case that g is an
untwisted affine Lie algebra) a projected level-zero LS path is identical to what we call a
quantum LS path, which is described quite explicitly in terms of the parabolic quantum
Bruhat graph, instead of (the Hasse diagram of) the usual Bruhat graph.

Also, in [NS5], we defined a certain integer-valued function, called the degree function, on
the set B(A)a of projected level-zero LS paths of shape A =}, . m;w;, and proved that it

B(w;)S™ under the

is identical to the global “energy function” on the tensor product &) a

isomorphism B(A)a = @;¢;,

B(w;)q is isomorphic, as a U, (g)-crystal, to a KR crystal of one-column type. However, again

1€l
B(wm;)q™ of U,(g)-crystals; recall that for each i € Iy, the crystal

from the nature of the definition of projected level-zero LS paths, our description in [NS5] is
not very explicit, and hence it is difficult to compute the value of the degree function at a
given projected level-zero LS path.

In [LNS32], we give an explicit and computable description, in terms of the parabolic
quantum Bruhat graph, of the degree function defined for quantum LS paths, or equivalently,
for projected level-zero LS paths [LNS?3]. This, in turn, gives a new description of the global
energy function on tensor products of KR crystals of one-column type, and also of (classically
restricted) one-dimensional sums arising from the study of solvable lattice models in statistical
mechanics through Baxter’s corner transfer matrix method (for details, see [S]).

The purpose of this paper is to give a new proof of the description above, in terms of the
parabolic quantum Bruhat graph, of the degree function. We should mention that our proof
in this paper is completely different from the one in [LNS32] in that (at least in appearance)
we do not make use of root operators; it is based on a technical lemma (Lemma 2.3.2) about
the decomposition of B(\) into connected components, and also on our results in [LNS?1],
where B(\) denotes the crystal of (not projected) LS paths of shape A.

This paper is organized as follows. In §2, we fix our basic notation, and review some

fundamental facts about level-zero path crystals. Also, we recall the definition of the degree



function, and then prove a technical lemma (Lemma 2.3.2), which plays an important rule in
the proof of our main result (Theorem 4.1.1). In §3, we recall the notion of parabolic quantum
Bruhat graph, and then give the definition of quantum LS paths. In §4, we state and prove our
main result about the description of the degree function in terms of the parabolic quantum

Bruhat graph.
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2 Lakshmibai-Seshadri paths and the degree function.

2.1 Basic notation. Let g be an untwisted affine Lie algebra over C with Cartan matrix
A = (aij)i jer; throughout this paper, the elements of the index set I are numbered as in
[Kac, §4.8, Table Aff 1]. Take a distinguished vertex 0 € I as in [Kac|, and set I, := I\ {0}.
Let b = (@jel Cajv) @ Cd denote the Cartan subalgebra of g, where 1TV := {a]V }jel Chis
the set of simple coroots, and d € b is the scaling element (or degree operator). We denote
by (-, <) : b* x h — C the duality pairing between h* := Homc(h, C) and h. Denote by II :=
{aj }jel C b* := Homg(h, C) the set of simple roots, and by A; € b*, j € I, the fundamental
weights; note that (o, d) = 60 and (Aj, d) =0 for j € I. Let 6 = >,
c=> ier ajaj € b denote the null root and the canonical central element of g, respectively.
The Weyl group W of g is defined as W := (r; | j € I) C GL(b*), where r; € GL(h*) denotes
the simple reflection associated to «; for j € I, with £ : W — Z>( the length function on W.
Denote by A, the set of real roots, i.e., A, := WII, and by A} C A, the set of positive
real roots; for f € A, we denote by ¥ the dual root of 3, and by rz € W the reflection

aja; € h* and

associated to 3. We take a dual weight lattice PV and a weight lattice P as follows:

PY = (@Z@) ®Zd Ch and P= (EBZAJ) ®Z6 C h*. (2.1.1)
jel jer
It is clear that P contains the root lattice Q := €D, Za;, and that P = Homg(P",Z).

Let Wy denote the subgroup of W generated by r;, 7 € I,. Set @y := GBJ.HO Loy,
Qo = Y jer, L0, Do i= AreNQo, A = AreNQg, and Ay := —Ag. Note that Wy (resp.,
Ao, Ad, Ay) can be thought of as the (finite) Weyl group (resp., the set of roots, the set
of positive roots, the set of negative roots) of the finite-dimensional simple Lie subalgebra of
g corresponding to the subset Iy of I. Also, we denote by § € Af the highest root of the
(finite) root system Ag; note that oy = —60 + 0 and of = —0" + c.



Definition 2.1.1.
(1) An integral weight A\ € P is said to be of level zero if (\, ¢) = 0.

(2) An integral weight A € P is said to be level-zero dominant if (A, ¢) = 0, and (X, o) > 0
for all j € Iy =1\ {0}.

Remark 2.1.2.
(1) If X € P is of level zero, then (A, o) = — (A, 0Y).

(2) For h € Qg := @<, Za, we denote by t;, € W the translation with respect to h (see
[Kac, §6.5]). If A is of level-zero, then t,A = X\ — (\, h)d for h € Q. Because W is
the semidirect product of Wy and the abelian (normal) subgroup 7' = {th | h € Q(\)/}
of translations by [Kac, Proposition 6.5], we deduce (see also [NS4, Lemma 2.6] for
example) that if ) is level-zero dominant, then WA = WoyTA C WoA+Z5§ C A—QF +Z6;
we define dy € Z~( by: {ne Z | )\+n5€T)\} = d,\Z.

For each i € I, we define a level-zero fundamental weight w; € P by

The weights w; for i € I are actually level-zero dominant integral weights; indeed, (w;, ¢) =0
and (w;, of ) = &;; for i, j € Ip.
Let cl : h* — bh*/Co denote the canonical projection from h* onto h*/Co, and define P,
and P by
Py:=cl(P)=EPZd(A)) and Py :=@HZa) C P (2.1.3)
jel jel

We see that Py = P/ZJ, and that P, can be identified with Homy(PY,Z) as a Z-module by

cl»
(cl(N\), h) = (\, h) for A € P and h € PJ. (2.1.4)

Also, there exists a natural action of the Weyl group W on h*/C§ induced by the one on h*,

since Wé = §; it is obvious that w o cl = clow for all w € W.

Remark 2.1.3. Let A\ € P be a level-zero integral weight. It is easy to check that cl(WA) =
Wocl(A) (see the proof of [NS4, Lemma 2.3.3]). In particular, we have cl(rgA) = rpA since
ap=—0+ 6 and af = —6Y +c.

For simplicity of notation, we often write 3 instead of cl(5) € P for € @
that ag = —0 in P, since ag = —0 +§ in P.

el Zauj; note



2.2 Lakshmibai-Seshadri paths. Here we recall the definition of Lakshmibai-Seshadri
(LS for short) paths from [L.2, §4]. In this subsection, we fix a level-zero dominant integral

i€lp
Definition 2.2.1. For u, v € WA, let us write ¢ > v if there exists a sequence p =
[oy f1y -+ fin = v of elements in WA and a sequence &1, ..., &, € Al of positive real
roots such that py = r¢ (p—1) and (ug—1, §) < 0for k =1,2, ..., n. If p > v, then we

define dist(u, v) to be the maximal length n of all possible such sequences p, p1, ..., p, for
(1, v).
Remark 2.2.2. Keep the notation of Definition 2.2.1. We see that

n

V—p= ;(uk — flg-1) = — ; (k-1 &) & € Zzzo%-
= = <0 el
It is obvious that p covers v in the poset WA if and only if g > v with dist(p, v) = 1. In

this case, we write p > v.

Remark 2.2.3. Let u, v € WA be such that u > v, and let £ € Af be the positive real root
such that rep = v. We know from [NS4, Lemma 2.11] that £ € AJ U {—v+6 |y € Af}.

Definition 2.2.4. For pu, v € WA with p > v and a rational number 0 < o < 1, a o-chain
for (u,v) is, by definition, a sequence pu = g > p1q > -+ - > u,, = v of elements in WA such
that o(ug_1, &) € Zy for all k = 1,2, ..., n, where & is the positive real root such that
Telk—1 = M-

Definition 2.2.5. An LS path of shape A is, by definition, a pair (r; o) of a sequence
Vv >y > > v of elements in WA and a sequence 0 : 0 =09 <01 < -+ <o, =1of

rational numbers satisfying the condition that there exists a op-chain for (v, vg41) for each

k=1,2, ..., s—1. We denote by B(\) the set of all LS paths of shape \.

We identify 7 = (v, v, ..., vs; 00, 01, ..., 0s) € B(\) with the following piecewise-
linear, continuous map 7 : [0, 1] - R ®y P:
k—1
m(t) = Z(al —o )+ (t—ok_1)vp forop g <t <o 1<k<s. (2.2.1)
1=1

Remark 2.2.6. It is obvious from the definition that for every v € WA, m, := (v; 0,1) is an
LS path of shape A, which corresponds (under (2.2.1)) to the straight line path m,(t) = tv,
t € [0, 1], connecting 0 to v.

For m € B(\), we define cl(n) : [0, 1] — R ®z P, by
cl(m)(t) .= cl(n(t)) fort € [0,1].

Also, we set
B(A)e :=cl(B(X)) = {cl(7r) | me ]BS()\)}.



Remark 2.2.7. For p € P, we define n,(t) := tu for t € [0,1]. It is easily seen from
Remark 2.2.6 that 7, is contained in B(\)q for all g € cl(WAX) = Wy cl(A).

We can endow the set B(\) of LS paths of shape A (resp., the set B(\). of “cl-projected”
LS paths of shape \) with a crystal structure with weights in P (resp., in P,) by defining

root operators on B(A) (resp., B(\)q); since we do not use root operators in this paper, we
omit the details (see [L2], and also [NS5, §2.2], [LNS?2, §2.3]).

2.3 Degree function. As in the previous subsection, we fix a level-zero dominant in-
tegral weight A\ € >,
Deg, : B(A)a — Z<o from [NS5, §3.1]. We know the following proposition from [NS5, Propo-
sition 3.1.3].

Z>ow;. Let us recall the definition of the degree function Deg =

Proposition 2.3.1. Let )\ € ZZEIO Z>ow; be a level-zero dominant integral weight. For each

n € B(A\)a, there exists a unique element m, € B(\) satisfying the following conditions:

(1) cl(my) = n;

(2) the element m, is contained in the connected component By(A\) of B(N) containing the
straight line path m\ = (X; 0, 1) € B(\);

(3) if we write m, in the form (v1, va, ..., vs; @) as in Definition 2.2.5, then vy is contained
in the set A — Qg (see Remark 2.1.2(2)).

Let n € B(A)a. It follows from [NS5, Lemma 3.1.1] that m,(1) € P is of the form
(1) =X — 8+ K0 for some € Qf and K € Zs,. We define

Deg(n) = Deg,(n) := —K € Z<o.
The following lemma plays an important role in the proof of Theorem 4.1.1.
Lemma 2.3.2. Let C be a connected component of B(\).

(1) Foreachn € B(\)a, there exists a unique element 7rnC € C satisfying the same conditions
as (1) and (3) of Proposition 2.3.1.

(2) If my(1) = A — B — Deg(n)d with 8 € Qg , then Wg(l) = X— B+ (—Deg(n) + L)& for

some L € Z>y.
(3) In part (2) above, C' = By(\) if and only if L = 0.

Proof. If C' = By(A), then we have 75 = m,. In this case, part (1) follows from Proposi-

tion 2.3.1; part (2) and the “only if” part of part (3) are obvious.



Assume that C' # By(A). We see from [NS4, Theorem 3.1 and Remark 2.15] that the

connected component C' contains a unique element 7§ of the form
=(A=Nid, ..., AN=Ns_10, X\; To, T1y -y Ts—1, Ts) (2.3.1)

for some integers Ny > Ny > -+ > N, ;1 > Ny = 0 and rational numbers 0 =7y <7 < --- <
7, = 1; since C' # By()\) (and hence 7§ # ), we have s > 1. From (2.3.1), by using (2.2.1),

we deduce that
(1) =\ — (Z(Tu — Tu_l)Nu> J;

=N

note that N € Z since 7§ (1) € P, which in turn follows from the integrality condition on LS
paths (see Definitions 2.2.4 and 2.2.5). Also, since Ny > Ny > --- > Ny ; > N, = 0 with
s > 1, it follows that

N:i< TulN <Z _TulNl Nl
u=1

Therefore, we have 75 (1) = A — Nid + L6, with L := Ny — N € Z,,.
Let us denote by F : [0,1] — R ®z P the piecewise-linear, continuous function such that
7 (t) = mA(t) + F () for all t € [0, 1]; note that F(0) = 0,

F(t)— F(0 F(t
i 2O =FO o FO (2.3.2)
t—0 t—20 t—0 ¢
t>0 t>0

and F(1) = —N;+ L. Then, by using [NS4, Lemma 2.26], we deduce that C' = {7 (t)+F(t)J |
7 € By(\)}. Hence it follows from [NS5, Lemma 3.1.2] that

{reC|dr)=n}={mt)+t(Ms)+ F(t)s | M e d\Z};

recall the notation d) € Zs( from Remark 2.1.2(2). Therefore, we conclude by Proposi-
tion 2.3.1 and (2.3.2) that «{'(t) := m,(t) + F(t)d +t(N10) is a unique element in C' satisfying
the same conditions as (1) and (3) of Proposition 2.3.1. This proves part (1) for C' # By()).
Moreover, part (2) for C' # By(A\) and the “if” part of part (3) follow immediately since

79(1) = m,(1) + F(1)§ + Ni6 = m, (1) + LS
with L > 0. This completes the proof of the lemma. n

2.4 Global energy function. We know from [NS1, Proposition 5.8] and [NS3, Theorem
2.1.1 and Proposition 3.4.2] that for each i € Iy, the crystal B(w;)q is isomorphic, as a
crystal with weights in P, to the crystal basis of the level-zero fundamental representation
W (w;) introduced in [Kas2, Theorem 5.17]; the level-zero fundamental modules W(w;),

7



i € Iy, are often called Kirillov-Reshetikhin (KR for short) modules of one-column type, and
accordingly their crystal bases are called KR crystals of one-column type. Also, we know
the following from [NS2, Theorem 3.2]. Let i = (i1, i2, ..., i) be an arbitrary sequence
of elements of Iy (with repetitions allowed), and set A := w; + w;, +--- + @,,. Then
the crystal B(\)q is isomorphic, as a crystal with weights in P, to the tensor product
B; := B(w;, )a @ B(wi,)a ® -+ @ B(w;, )a of KR crystals of one-column type. Moreover, in
NS5, Theorem 4.1], we proved that the degree function Deg = Deg, : B(A)q — Z<( in §2.3
is identical, up to a constant, to the global energy function D; (which is called the energy
function in [LNS32], and the right energy function in [LS]; note that the order of tensor factors
in tensor products of crystals in [LS] is “opposite” to the one in this paper and [LNS32]) on
B; = B(w;, )a ® B(@i,)a ® - - ® B(w;, )a under the isomorphism ¥ : B(\)q — B; of crystals
above.

Now we explain the relation between the degree function and the global energy function
more precisely. Following [HKOTY, §3] and [HKOTT, §3.3] (see also [NS5, §4.1]), we define
the global energy function Dj : B; = B(@;, )a ® B(@;,)a @ - - @B(w@;, ) — Z as follows. First

we recall that there exists a unique isomorphism

B(wik)d ® B(wik+1)d K- B(wil_1)01 ® B(wiz)d
= B(wi,)a @ B(wi,)a ® - - @ B(wi,_,)a @ B(w;,_, )

of crystals, which is given as the composite of combinatorial R-matrices (see [NS5, §2.4]). For
an element 17, @17, ®- - -@mn, € B;, we define nl(k) € B(w;,)a, 1 <k <1 <p,tobe the first factor
(which lies in B(cw;, )a1) of the image of 0, @91 ®- - -@n € B(wy, ) a®@B(wi, ) a®- - -QB(@;, )a
under the above isomorphism of crystals. For convenience, we set nl(l) = for 1 <1 <p.
Furthermore, for each 1 < k < p, take (and fix) an arbitrary element 7, € B(w;, )q such that
fims = 0 for all j € I. Then we set

Di(m ®@m®---@n,) =
P
o Hep @)+ Y Hay o @),
1<k<i<p k=1
Here, Hy, o, : B(w;,)a @ B(w;,)a — Z is the local energy function, which is a unique
Z-valued function on B(w;, )a ® B(w;, )a satistying the conditions [NS5, (H1) and (H2) in
Theorem 2.5.1]. Also, we define a constant D{** € Z by

p
l)iext = Z Hwik Wiy (nlbc ® d(ﬂwik))'

k=1

In [NS5, Theorem 4.1}, we proved that for every n € B(\)q,
Deg(n) = Di(¥(n)) — D;,

where W : B(\)q = B; is the isomorphism of crystals above.

8



Remark 2.4.1. We can verify that the function D; o W : B(\)y — Z is a unique function
on B(\)a satisfying [NS5, (3.2.1)] (with Deg replaced by D; o V) and the condition that
D; o U(cl(my)) = D (see [NS5, Lemma 3.2.1 (1)]).

3 Quantum Lakshmibai-Seshadri paths.

3.1 Parabolic quantum Bruhat graph. In this subsection, we fix a subset J of I;. Set
W()”] = <7”j |j € J> C Wo.

It is well-known that each coset in W, /W) ; has a unique element of minimal length, called
the minimal coset representative for the coset; we denote by Wy C Wy the set of minimal
coset representatives for the cosets in Wy /Wy s, and by |- | = |- |;: Wy — W = Wy /W,
the canonical projection. Also, we set Ag j := Ag N (@ Zaj), A({J = AN (®j€J Zaj),
and p = (1/2) ZaeAg a, py=(1/2) ZaeAng a.

Definition 3.1.1. The parabolic quantum Bruhat graph is a (A§ \ Ag ;)-labeled, directed
graph with vertex set Wy and (Ag \ A ;)-labeled, directed edges of the following form:

w D [wrg) for w e Wi and B € AL\ Af; such that either
(i) £(lwrg]) =l(w)+1, or

(i) £(lwrs]) = £(w) =2(p = ps, BY) +1;

if (i) holds (resp., (ii) holds), then the edge is called a Bruhat edge (resp., a quantum edge).

jedJ

FExample 3.1.2. Assume that g is of type Aél) (and hence Ay and Wy are of type Ajy), and
J = 0. Then the quantum Bruhat graph is as follows, where § = a; + ap € AJ, the highest
root of A,:

WO rrrrmrrr
e
N
T2 271
0
Qy | O O A S
. 0 .
v v
™ T2
TN o
al\ /a2
N P
E -
— Bruhat edge -+ > quantum edge

9



Let x, y € W§. A directed path d from y to z in the parabolic quantum Bruhat graph

is, by definition, a pair of a sequence wy, wy, ..., w, of elements in W and a sequence
Br, B2, -, B of elements in Ay \ Aj; such that in the parabolic quantum Bruhat graph,
d::c:wog—lwlg---?—"wn:y. (3.1.1)

A directed path d from y to x is said to be shortest if its length n is minimal among all possible
directed paths from y to z; let £(y, =) denote the length of a shortest directed path from y to x
in the parabolic quantum Bruhat graph. Also, we define the weight wt(d) € Q¥ = @ il Zaj
of a directed path of the form (3.1.1) by

wi(d):= > B (3.1.2)

1<k<n;

B .
Wh—1 (—k W 18
a quantum edge

We recall the following proposition from [LNS?1, Theorem 6.5].
Proposition 3.1.3. Set A :=cl()\) € Py.

(1) Let w € Wy and 8 € Ag \ A, be such that |wrg] < w in the parabolic quantum
Bruhat graph. We set

wp if |wrg] % w is a Bruhat edge,
wB+9d if |wrg &S owisa quantum edge.

Then, £ € AL, and rev > v for all v € WA such that cl(v) = wA.

re’

(2) Let p, v € WX be such that p > v, and let & € Af, be the positive real root such that
rep = v; recall from Remark 2.2.3 that £ € AJU{—v+ 8|~y € Af}. Let w e Wy be

a unique element in W such that cl(v) = wA, and set

5 {w_1§ if € € AT,
C e i€ =0) ifce{—y+d]vend)

Then, B € Ag \ A%, and |wrg] Lw in the parabolic quantum Bruhat graph; note
that cl(p) = |wrg|A. Moreover, the edge |wrs| < w is a Bruhat (resp., quantum)
edge if € € AT (resp., E € {—y+ 6|7y €AT}).

3.2 Definition of quantum Lakshmibai-Seshadri paths. In this subsection, we fix

a level-zero dominant integral weight A\ € > ., Zsow;, and set A := cl()\) for simplicity of

i€lp
notation. Also, we set

={jel| (A o) =0} C

10



Definition 3.2.1. Let x, y € W{/, and let o € Q be such that 0 < 0 < 1. A directed o-path
from y to x is, by definition, a directed path

xzwof—lwlf—szﬁ?—"wn:y

from y to x in the parabolic quantum Bruhat graph satisfying the condition that
o\, B))eZ foralll <k<n.

Remark 3.2.2. Keep the notation and setting of Proposition 3.1.3(1). Let 0 < 0 < 1 be a
rational number. If an edge |wr;s]| < w satisfies o(A, BY) € Z, then rev > v is a o-chain
for (rev, v). Indeed, we have (v, £¥) = o(wA, wpY) = o(A, 5Y) € Z.

FExample 3.2.3. Assume that g is of type Agl), and A = 2w + wy. Then, J is the empty set,
and hence the corresponding (parabolic) quantum Bruhat graph is the one in Example 3.1.2.
In the figure below, the symbol [a] on an edge indicates that the value of A = cl(\) at the

coroot of the label of the edge is equal to a:

— Bruhat edge =~ ------ > quantum edge

From this, we see that the directed edges rq LN Tor1, Wo SN e, and 79 LN riry are (1/3)-
paths, and hence (2/3)-paths. Also, we see that the directed edges e =% 71, 7179 — wy,
and ror; —5 7o are (1/2)-paths.

Definition 3.2.4. Let us denote by B(\)q (resp., ]@(A)Cl) the set of all pairs n = (z; o) of
a sequence T : Ty, Tg, ..., Ty of elements in W/, with 2, # x4 for 1 <k < s—1, and a
sequence g : 0 =09 < 01 < -+ < g5 = 1 of rational numbers satisfying the condition that
there exists a directed og-path (resp., directed oy-path of length ¢(xyy1, xx)) from xp4q to g
foreach 1 <k < s—1. We call an element of IE%()\)Cl a quantum Lakshmibai-Seshadri path
of shape .
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Example 3.2.5. Keep the notation and setting of Example 3.2.3. We can check that

m = (ra, rar1, 715 0, 1/2,2/3, 1),
e = (r1, e, wo; 0, 1/2, 2/3, 1),
s = (e, wo, 11725 0, 1/3, 1/2, 1)

are quantum LS paths of shape .

Let n = (21, xa, ..., Ts; 00, 01, ..., 0s) be a rational path, that is, a pair of a sequence
T1, Ty, ..., T, of elements in Wy, with x), # z34; for 1 < k < s — 1, and a sequence
0=o09 <01 <---<o0s=1 of rational numbers. We identify n with the following piecewise-
linear, continuous map 7 : [0, 1] - R ®z Py (cf. (2.2.1)):

n(t) = (O'l — O’l,1>$lA —+ (t — O'kfl)l'kA for Ok—1 S t S Ok, 1 S k S S; (321)
=1

here we note that the map Wy — WyA, w — wA, is bijective.
We know the following from [LNS33, Theorem 4.1.1] (see also [LNS32]).

Theorem 3.2.6. With the notation and setting above, we have

B(A)a = B(N)a = B(\)a.

4 Main result.

4.1 Description of the degree function in terms of the parabolic quantum Bruhat
graph. As in §3.2, we fix a level-zero dominant integral weight A € >
J={jel| (A o) =0}, where A :=cl(}).

Let 7 € B(\)a. By Theorem 3.2.6, we can write 1 in the form:

jer, L>owj, and set

~

n=(x1, xa, ..., Ts; 00, O1, ..., 05) € B(A)a.
For each 1 < p < s—1, let d, denote a directed o,-path from x, to z, of length ¢(z,1, z,);
observe that the value (A, wt(d,)) does not depend on the choice of such a directed o,-path
d,. Indeed, if d) is another directed o,-path from z,,, to z, of length £(x,,1, 7,), then
it follows from [LNS®1, Proposition 8.1] that wt(d,) — wt(d,) € Q} = P
J={jel| (A o) =0} by the definition, we have

e Za}’. Since

(A, wt(d,) — wt(d},)) =0, and hence (A, wt(d,)) = (A, wt(d})).

Now, we define

p—1
Uy = T, Up = Tp\ + <Z<A, Wt(du)>> d for2<p<s, (4.1.1)
u=1

12



and set

T, = (11, U, ..., Us; 00, O1, ..., Os).

The following is the main result of this paper; its proof will be given in the next subsection.

Theorem 4.1.1. Keep the notation above. Then, the element 7, defined above is identical
to the element m, € By(\) C B(X) in Proposition 2.3.1. Moreover, we have

s—1

Deg(n) = — » (1 —0,)(A, wt(d,)). (4.1.2)

p=1
Remark 4.1.2. The formula (4.1.2) is identical to the one obtained in [LNS?2, Theorem 4.5],

but the proof given there is completely different from the proof given in the next subsection.

FExample 4.1.3. Keep the notation and setting of Examples 3.2.3 and 3.2.5. Let us compute
Deg(n). It is obvious that ry <=~ 797 (resp., 771 & r1) is a shortest directed path from
ror1 to 1y (resp., from 7 to rory). Because 1y <2 rory (resp., rory & r1) is a quantum edge
(resp., Bruhat edge), it follows from the definition (3.1.2) of the weight of a directed path
that

wt(ry < ror)) = ) and  wt(ror & r1) = 0.

Hence, by Theorem 4.1.1, we have

Des(n) — — (1 _ %) (A, wh(rs € ryr1)) — (1 _ ;) (A, wh(rar 2= 1))

- (1-3)@an-(1-5) wor=-1

=2
Similarly, we have
1 o 2 ;
Deg(nz) = — (1 — o | (A, wt(r <= e)) — (1= 5 ) (A, wt(e ¢— wp)) = 1,
2 N—— 3

———

=0 =06V

Deg(1s) = — (1 - é) (A, wt(e ¢ wp)) — (1 - %) (A, wt(wy <j— rira)) = —2.

4.2 Proof of Theorem 4.1.1. Keep the notation of the previous subsection. First we
claim that 7, € B(\). We will show by induction on p that 7, € WA for all 1 < p < s.
If p = 1, then the assertion is obvious from the definition: 7; = x;A. Assume now that
s—1>p>1,and d, is of the form

dp:a:p:w0<ﬂ—1w1<’8—2w2<ﬂ—3---<6—"wn:xp+1.



For each 1 < k < n, we define & € A/ as follows (see Proposition 3.1.3):

wy O if wg_1 = |wirp, | L wy, is a Bruhat edge,
& = 5 (4.2.1)
wpB + 0 if wy_y = |wgrp, | < wy, is a quantum edge.

Then, for 0 < k£ < n, we obtain

p—1
fip i= T, - TeyTe, Uy = WA + <Z<A, Wt(du)>> S+ Y (A B (4.2.2)
u=1 l€[1, k]q
where [1, klq :== {1 <1 < k| w1 = |wrg,] Lowisa quantum edge}. Indeed, this equa-

tion follows by induction on k. If k = 0, then equation (4.2.2) is obvious by (4.1.1). Assume
that £ > 1; by the induction hypothesis,

p—1
fik = Te, flee1 = Te, Wp_1 A + <Z<A, wt(du)>> AR RO WA ) (4.2.3)

u=1 €1, k—1]q

If wy_q D wy, is a Bruhat edge, then we have [1, k]q = [1, k — 1]4. Also, since & = wySy, it
follows that

Te, We 1\ = WeTg, Wy W1 A = wyrg,wy, ' |wers, |A = wyrg,wy, ' wgrg, A = wi.
Therefore, the right-hand side of equation (4.2.3) is identical to
p—1
WA + <Z<A, wt(du)>> s+ Y (B
u=1 I€[1, Klq

If wy_y <2 wy, is a quantum edge, then we have [1, klq = [1, k — 1]q U {k}. Also, since
& = wiPr + 0, it follows that

P& Wh 1A = Ty B 45 WE1A = Tuy By buy Y Wk 1A = Tuy g, We 1 A —(wr_1 A, wiB)0
—_— —
= wyi A as above
= wiA — ([wrrs, | A, wiB))0 = wpX — (wirp A, wiB))0

Therefore, the right-hand side of equation (4.2.3) is identical to

p—1
wA + (A, B0+ <Z<A, Wt(du)>) s+ D (AB)Y |
u=1 le[l, k—1]q

= WA + (i(A, wt(du)>> s+ Yo g

le(1, k]q
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This proves equation (4.2.2). In particular, for K = n, we obtain

p—1
[ = Tg, "+ TeTe Vp = Wa A + <Z<A, Wt(du)>> o+ D (AB) |9

u=1 le[1,nlq

u=1

= ZTp A+ (i(A, Wt(du)>) 5+ (A, wt(d,))d

= Tpp1A + (i@&, Wt(du)>) d = Upp1

u=1
by the definition (4.1.1) of 7,4;. Since v, € WA by our induction hypothesis, we deduce that
Upt1 € WA, as desired. Also, by Proposition 3.1.3 (1), we see that for 1 <p <s—1,

Up = flo > fi1 > fz >+ > fly = Upsr,

where 1, = ¢, fiz—1 for 1 < k < n by the definitions. Moreover, since d,, is a directed o,-path,
it follows from Remark 3.2.2 that the sequence above is a o,-chain for (7,, Vp11). Thus we
conclude that 7, € B(\).

Because 7, € B(\) as shown above, and because cl(7,) = n and 13 = 1A € Wy C
A— Qg by the definitions, the element 7, satisfies conditions (1) and (3) of Proposition 2.3.1.

Therefore, we deduce from Lemma 2.3.2 that 7, (1) is of the form:
T,(1) =X — B+ (—Deg(n) + L)o
for some 3 € Qf and L € Z>¢. By Lemma 2.3.2, in order to prove that 7, = m,, it suffices to

show that L = 0, or equivalently, — Deg(n) + L < — Deg(n) since L € Z>(. By using (2.2.1),

we see from the definition of 7, that

—Deg(n)+ L = Y (Opt1 — 0p) <Z<A, Wt(du)>> : (4.2.4)

u=1

Now, if we write 7, as

Ty = (Vla Vo, «ooy Vb To, T1y - -+ Tb)a
then we have v, € A — Q¢ + K,0 for some K, € Z, 1 < g < b (see Remark 2.1.2 (2)); observe
that K; = 0 by the definition of 7, (see Proposition 2.3.1(3)), and that 0 = K; < K, <
.-+ < K by Remark 2.2.2. Since cl(m,) = 7, we deduce that there exist 0 = ¢y < ¢; < ¢z <

-+ < ¢y = b such that 7., = o, for 0 < p < s, and hence 7, can be written as:

(V1 ooy Vers Verddy - vy Vegy vy Veu 141y s Ve, = Up};
\ . e > A v
vV VvV Ve
mapped to mapped to mapped to zsA by cl
1A by cl z2\ by cl
0 =70, T1y -y Tey s Teytds -5 Tey s vy Teu 141y ooy Tes = Tp = 1).
~—— ~— ~—~ N————
=00 =01 =092 =0gs
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From this, we compute

b s—1 Cpt1
—Deg(n) = (g —7-0)K,=>_ > (1, — 11K,

q=1 p=0 g=cp+1
s—1 Cp+1

2 Z (g = Tq—1) K¢, 41 since Ky > K, 41 forall ¢y +1 < q < cpq
p=0 g=cp+1
s—1 s—1

— (Tcerl - Tcp)ch+1 = Z(O'p+1 — Up)KCp+1- (425)
p=0 p=0

Therefore, by (4.2.4) and (4.2.5), in order to show the inequality — Deg(n) + L < — Deg(n),

it suffices to show that

P
Kepp1 > Z<A, wt(d,)) forall0<p<s-—1. (4.2.6)
u=1
We show this inequality by induction on p. If p = 0, then the assertion is obvious since
K.,+1 = K; =0 as seen above. Assume that s —1 > p > 0. Take o, 1, ..., ptm € WA such
that

ch:,u0>,ul>"'>,um:ch+l

(for example, take a 7, -chain for (v.,, ve,41)), and let ¢, € Af, be the positive real root such
that pp = re -1, 1 <k <m. For each 0 < k < m, let v;, € W(S] be a unique element in
Wy such that cl(ux) = v A; remark that vo = z,, and v, = x,,;. By repeated application of

Proposition 3.1.3 (2), we obtain a directed path (not shortest in general)
d:xp:voﬂ—lm&vgﬁ-~~<ﬂvm:xp+1

from x,1 to z, in the parabolic quantum Bruhat graph, where v € Af \Aaf sfor1 <k <m
are defined by
v G if ¢, € AJ,
Tk=N , +
0 (G —0) i Ge{—v+0]veAl};

recall that v_; <2~ v, is a Bruhat edge if and only if ¢, € AJ. By the same argument as for

equation (4.2.2), we can show that for 0 < k < m,
He = TCk e TC2TC]-VCP = U]CA + ch5 + <Z<A, ,yl\/>> 6,
1

where the summation above is over all 1 <1 < k for which v;_y = |y, | <L v, is a quantum

edge. In particular, for k = m, we obtain
Veyt1 = flm = Tpa A + K 0 + (A, wt(d))d,
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and hence K. 1 = K., + (A, wt(d)). Here we see from [LNS?1, Proposition 8.1] that
(A, wt(d)) > (A, wt(d,)). Also, by the induction hypothesis (note that ¢,—1 < ¢,),

p—1
Koy > Koy i1 > > (A, wi(dy)).
u=1
Combining these, we obtain
p—1 P
Kepp1 = Ko, + (A, wi(d)) > > (A, wi(dy)) + (A, wi(d,)) = > (A, wt(d,)).
u=1 u=1

Thus, we have proved the inequality — Deg(n) + L < —Deg(n), and hence the equality

T, = Ty, as desired.

Finally, from equation (4.2.4) together with L = 0 shown above, we deduce that

— Deg(n) = i (Ops1 — <Z<A wt(d ) = i Z(UPH - Up)<A7 Wt(du)>

p=1 u=1

—E{Z UQ+1_UQ)}<A wt(d,)) = Z s = ap)(A, wi(dy))

-1

= (1—=0,)(A, wi(dy)).

p=1

Vo)

Thus we have proved formula (4.1.2). This completes the proof of Theorem 4.1.1. n
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