A UNIFORM MODEL FOR KIRILLOV-RESHETIKHIN CRYSTALS I:
LIFTING THE PARABOLIC QUANTUM BRUHAT GRAPH

CRISTIAN LENART, SATOSHI NAITO, DAISUKE SAGAKI, ANNE SCHILLING, AND MARK SHIMOZONO

ABSTRACT. We lift the parabolic quantum Bruhat graph into the Bruhat order on the affine Weyl
group and into Littelmann’s poset on level-zero weights. Also, we establish a quantum analogue of
Deodhar’s Bruhat-minimum lift from a parabolic quotient of the Weyl group. This result asserts
a remarkable compatibility of the quantum Bruhat graph on the Weyl group, with the cosets for
every parabolic subgroup.

The results in this paper will be applied in a second paper to establish a uniform construction of
tensor products of one-column Kirillov-Reshetikhin (KR) crystals, and the equality, for untwisted
affine root systems, between the Macdonald polynomial with ¢ set to zero and the graded character
of tensor products of KR modules.
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1. INTRODUCTION

Our goal in this series of papers is to obtain a uniform construction of tensor products of one-
column Kirillov-Reshetikhin (KR) crystals. As a consequence we shall prove the equality Py(q) =
Xx(q), where Py(q) is the Macdonald polynomial Py(q,t) specialized at t = 0 and X, (q) is the
graded character of a simple Lie algebra coming from tensor products of KR modules. Both the
Macdonald polynomials and KR modules are of arbitrary untwisted affine type. The parameter X is
a dominant weight for the simple Lie subalgebra obtained by removing the affine node. Macdonald
polynomials and characters of KR modules have been studied extensively in connection with various
fields such as statistical mechanics and integrable systems, representation theory of Coxeter groups
and Lie algebras (and their quantized analogues given by Hecke algebras and quantized universal
enveloping algebras), geometry of singularities of Schubert varieties, and combinatorics.

Our point of departure is a theorem of Ion [Ion], which asserts that the nonsymmetric Macdonald
polynomials at ¢ = 0 are characters of Demazure submodules of highest weight modules over affine
algebras. This applies for the Langlands duals of untwisted affine root systems (and type Agi) in
the case of nonsymmetric Koornwinder polynomials). Our results apply to the untwisted affine

root systems. The overlapping cases are the simply-laced affine root systems AS), D,(ll) and Eé,l%s.
It is known [FL1 [FL2, [FSS, KMOU, KMOTU, [ST) Nall [Na2] that certain affine Demazure
characters (including those for the simply-laced affine root systems) can be expressed in terms of

KR crystals, which motivates the relation between P and X. For types Ag) and C’T(Ll), the above
mentioned relation between P and X was achieved in [Le, [LeS] by establishing a combinatorial
formula for the Macdonald polynomials at ¢ = 0 from the Ram—Yip formula |[RY], and by using

explicit models for the one-column KR crystals [FOS|. It should be noted that, in types A%l)

and 07(11)7 the one-column KR modules are irreducible when restricted to the canonical simple
Lie subalgebra, while in general this is not the case. For the cases considered by lon [Ion], the
corresponding KR crystals are perfect. This is not necessarily true for the untwisted affine root
systems considered in this work, especially for the untwisted non-simply-laced affine root systems.

In this work we provide a type-free approach to the connection between P and X for untwisted
affine root systems. Lenart’s specialization [Le] of the Ram—Yip formula for Macdonald polynomials
uses paths in the quantum Bruhat graph, which was defined and studied in [BFP] in relation to the
quantum cohomology of the flag variety. On the other hand, Naito and Sagaki [NS1, [NS2|, INS3, [NS4]
gave models for tensor products of KR crystals of one-column type in terms of projections of level-
zero Lakshmibai—Seshadri (LS) paths to the classical weight lattice. Hence we need to bridge the
gap between these two approaches by establishing a bijection between paths in the quantum Bruhat
graph and projected level-zero LS paths. For crystal graphs of integrable highest weight modules
over quantized universal enveloping algebras of Kac-Moody algebras, Lenart and Postnikov had
already established a bijection between LS paths and their alcove model [LP1]. This bijection was
refined and reformulated in [LeSh| using Littelmann’s direct characterization of LS paths [Li] and
Deodhar’s lifting construction for Coxeter groups [De].

In this first paper we set the stage for the connection between the level-zero LS paths [NSI,
NS2|, INS3, INS4] and the quantum alcove model [Lel]. We begin by establishing a first lift from
the parabolic quantum Bruhat graph (PQBG) to the Bruhat order of the affine Weyl group. This
is a parabolic analogue of the fact that the quantum Bruhat graph can be lifted to the affine
Bruhat order [LS|], which is the combinatorial structure underlying Peterson’s theorem [P]; the
latter equates the Gromov-Witten invariants of finite-dimensional homogeneous spaces G/P with
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the Pontryagin homology structure constants of Schubert varieties in the affine Grassmannian.
We obtain Diamond Lemmas for the PQBG via projection of the standard Diamond Lemmas
for the affine Weyl group. We find a second lift of the PQBG into a poset of Littelmann [Li
for level-zero weights and characterize its local structure (such as cover relations) in terms of the
PQBG. Littelmann’s poset was defined in connection with LS paths for arbitrary (not necessarily
dominant) weights, but the local structure was not previously known. Finally, we prove the tilted
Bruhat theorem, which is a quantum Bruhat graph analogue of the Deodhar lift [De] for Coxeter
groups. This will turn out to be important in our second paper [LNSSS|, where we establish the
connection between LS paths and the quantum alcove model. Our proof uses the novel notion of
quantum length which relies on the fact that the (parabolic) quantum Bruhat graph is strongly
connected using only simple transpositions; see [HST]. The theorem ultimately follows from the
application of the Diamond Lemmas for the quantum Bruhat graph.

The paper is organized as follows. In Section [2| we set up the notation for untwisted affine root
systems and affine Weyl groups. In Section [3| we give the definitions of stabilizers of orbits of
the affine Weyl group and derive properties of J-adjusted elements, where .J is the index set of a
parablic subgroup. The (parabolic) quantum Bruhat graph is introduced in Section 4] and the lift
to the Bruhat order of the affine Weyl group is given in Section |5 (see Proposition . This gives
rise to the Diamond Lemmas in Section In Section [6] we state and prove our characterization
of Littelmann’s level-zero weight poset (see Theorem and show that the parabolic quantum
Bruhat graph is strongly connected using only simple transpositions (see Lemma . Finally in
Section [7| we prove the tilted Bruhat Theorem (see Theorem [7.1]).
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2. NOTATION: UNTWISTED AFFINE ROOT DATUM

Let I,y = I U {0} (resp. I) be the Dynkin node set of an untwisted affine algebra g, (resp. its
canonical subalgebra g), (ai; | 7,5 € Iu) the affine Cartan matrix, Wyt (resp. W) the affine (resp.
finite) Weyl group with simple reflections r; for i € Ins (vesp. i € I), Xaf = Z0 & D;c;  ZA; (resp.
X = @,c; Zw;) the affine (resp. finite) weight lattice, Xy = Homy (X, Z) the dual lattice, and
(-, ) : X} x Xar — Z the evaluation pairing. Let X have dual basis {d} U{c; | i € Is}. The
natural projection cl : X, — X has kernel ZAg ® Z6 and sends A; — w; for i € 1.

Let {o | ¢ € It} C Xar be the unique elements such that

(2.1) (o), aj) = ay for i,j € Iy
(2.2) (d, aj) = dj0.
The affine (resp. finite) root lattice is defined by Qar = @, Zai (resp. Q = @,c; Za;). The

set of affine real roots (resp. roots) of gu.¢ (resp. g) are defined by ® = Wye{a; | i € L}
(resp. ® = W{a; | i € I}). The set of positive affine real (resp. positive) roots are the set
Pt = paf 0 Dicr,, Z>oc (resp. ®t = &N P, Z>oes). We have @ = &3+ 1) $3'~ where
21~ = ™ and & = T L O~ where & = —PT.
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The null root § is the unique element such that § € ), L Z~opa; which generates the rank 1
sublattice {\ € X,¢ | (o, A) =0 for all i € I¢}. Define a; € Z~¢ by

(2.3) 0= Z A; ;.

1€ LL¢
We have § = ag + 0, where 6 is the highest root for g, and
(2.4) Mt = o L (D + Zo 0).

The canonical central element is the unique element c € ;¢ Lt Zsocy which generates the rank
1 sublattice {u € X5 | (1, i) = 0 for all i € Ig}. Define a; € Zso by ¢ = 37, a/ay. Then
ay =1 [Kac]. The level of a weight A € X, is defined by level(\) = (¢, ).
Wt acts on Xp¢ and X} by
rid =\ —{a), Ny
= (n, as)o
for i € Ing, A € Xgp, and p € Xavf. The pairing is Ws-invariant:
(wp, wA) = (1, A) for A € Xur and pu € X%

Since the action of Wy on Xyr is level-preserving, the sublattice X gf C Xar of level-zero elements
is Wye-stable. There is a section X — ng given by w; — A; —level(A;)Ag for i € 1.

For B € ®* let w € Wy and i € I be such that 8 = wa;. Define the associated reflection
r3 € Wyt and associated coroot Y € X by

(2.5) rg = wryw
(2.6) BY = wa;.
Both are independent of w and i. Of course r_g = rg. We have
rsd=A— (8", N3 for A € Xy¢
rap=p— (1, B)BY for p € Xy}.
There is an isomorphism
(2.7) Wa =W x Q.

Consider the injective group homomorphism Q" := @,; Za; — Wy¢ from the finite coroot lattice
into W,¢, denoted by p +— t,. Then wt,w! = ty, for w € W. Under the map (2.7), for a € ®
and n € Z, we have

Tat+nd = TalnaVv
T T@t_g\/

the latter holding since ag = § — 0.

Let W, = W x XV be the extended affine Weyl group where XV = @, ;
lattice of g. Let I® C I, be the subset of special or cominuscule nodes, the set of nodes i € I*f which
are the image of 0 under some automorphism of the affine Dynkin diagram. There is a bijection
from I* to XV /Q" given by i — w4+ Q" where wy := 0 and Q¥ = @,-; Za; is the finite coroot
lattice. For each i € I® there is a permutation 7; of XV /QV (and therefore a permutation of I?)
defined by adding —w; + @". The induced permutation of I extends uniquely to an automorphism
7; of the affine Dynkin diagram. The group Aut®(I*f) of special automorphisms is defined to be
the group of 7; for i € I°. It acts on Xap, X5, Qar, QY = Dicr,, Za', and Wy by permuting L
on basis elements and for Wy¢, indices of simple reflections.

Zw, is the coweight
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Define v; € W by the length-additive product
(2.8) wy = v;wg for i € I*®

where wg € W and w()] € Wy are the longest elements in W and the subgroup W; of W generated
by r; for j € J = I\ {i} respectively. In particular vy = id. Then there is an injective group
homomorphism

Auts(Iaf) — W,
Ti = Uity for ¢ € I°.

Aut®(I*) acts on W, by conjugation. This action may be defined by relabeling indices of simple

reflections: 7771 = r, ;) for all 7 € Aut®(1*) and i € I*. As such we have W, 2 Aut®(I*) x W;.

There is an injective group homomorphism

Aut*(I*f) - W

(2.9) (")
Ti > V;.

Lemma 2.1. For every i € I°, a; =1 and «o; occurs in 6 with coefficient 1 for i € I°\ {0}.

Proof. For untwisted affine algebras ag = 1 [Kac]. The lemma follows since Aut®(I*f) acts transi-
tively on I® and fixes J. ([l

Lemma 2.2. For every i € I°

(2.10) 0(v;) = (W), 2p).

Proof. Fix i € I°. Since 6 is the highest root, it follows from Lemma that if a; occurs in a

positive root then its coefficient is 1. Consequently the right hand side of (2.10)) equals the number

of positive roots that contain «;. This is the complement of the number of positive roots in the

parabolic subsystem for J = I\ {i}. But this is equal to £(wg) — £(wg) = £(v;). O
3. ORBITS OF LEVEL-ZERO WEIGHTS

3.1. Wys-orbit and W-orbit. The action of W,s on X gf is given by

(3.1) Wty = wA — (u, \)d

forweW,pe@V,and \ € ng.

Lemma 3.1. For a dominant weight X\ € X = X% /Z§ we have Wogh = W in X% /Z5.

Proof. This follows immediately from (3.1)). O

3.2. Stabilizers. Let A € X be a dominant weight, which will be used several times in this paper,
so the notation below applies throughout. Let W be the stabilizer of A\ in W. It is a parabolic
subgroup, being generated by r; for ¢ € J where

(3.2) J={iel|{a),\) =0}

Let Q} =D, Za! be the associated coroot lattice, W the set of minimum-length coset repre-
sentatives in W/W;, &5 = (IDj U @7 the set of roots and positive/negative roots respectively, and

pPJ = (1/2) Zae@j Q.

Lemma 3.2. The stabilizer of X in Wy under its level-zero action on X = ng/Z(S, s given by the
subgroup of elements of the form wt, where w € Wy and p € Q" satisfies (u, ) = 0.

Proof. This follows immediately from the definitions and Lemma [3.1 0
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3.3. Affinization of stabilizer. Let J = |_|fn:1 I,, have connected components with vertex sets
I, I,...,I;. The coweight lattice X is the direct sum eF_, X} where X} is the coweight
lattice for the root system defined by the component I,,. Define Jf = L., If;f, where Iaf =I,U
{0,,} and 0,, is a separate additional affine node attached to I,,. Define (Wy),s = Hmzl(ij)af,
where Wy, and (W7, )ar are the finite and affine Weyl groups for the root subsystem with Dynkin
node set I;,. Under this isomorphism rg,, = ry, t_gv where 0, is the highest root for I,,.

Define

(3.3) PUT = (B | cl(B) € By} = BT U (Zogd + D), OYF = ¥
(3.4) (W )ap = {x € Wae | 28 > 0 for all g € 3T 1.

Lemma 3.3. [LS, Lemma 10.1] wt, € (W) if and only if, for all « € ®F, wa > 0 implies that
(i, o) =0 and wa < 0 implies that (i, o) = —1.

Proposition 3.4. [LS, Lemma 10.5] [P] Given w € Wy there ewist unique w1 € (WY). and
wo € (Wy)as such that w = wywe. If w € W, then w; € W is the minimum-length representative
of the coset wWj.

Define T . Waf — (WJ)af by
(3.5) w = W,

with w; as in Proposition Note that for € Wy, x € (W), if and only if 7;(z) = .
Let W_; be the set of minimum-length coset representatives in Wag/W.

Proposition 3.5. [LS| Proposition 10.8] [P] Let x € Wyt and p € Q. Then

(1) my(av) =my(x) if v € (Wy)at.
(2) mg(W) C W C (W)t
(3) my(Wye) C W
(4) 7TJ(ﬂCtu) —7TJ( )WJ(tu)-
We shall employ the explicit description of 7 in [LS, Lemma 10.7]. The element p € QY can be
written uniquely in the form

k
(36) H = Z Ciw; — ¢J Z wjvm )

i€I\J m=1

where ¢;(p) € QY and each jy, € I, is a cominuscule node. The element 4 is first separated into
the part in X} and the part not in it, and then one considers the projection of the part in X}/ to
XY /QY, takes a canonical lift (the last sum). Then ¢;(u) € QY is the correction term. We write

2y = an LV jl’" where vj,, € Wp,, C Wy is defined in (2.8)). Then for w € W and p € Q¥ we have
(3.7) Wj(wt#) = '/TJ('LU)']TJ(t#) = 7TJ(U]>Z“t/H_¢J(M).
Remark 3.6. By Proposition [3.5] the map
QY — Aut*(J*) c Wy
p— 2y

(3.8)

is a group homomorphism.
Denote by ¥; C Aut®(J*) € W the image of the homomorphism (3.8):
(3.9) Yy={2€W,|z=z, for some p € Q"}.



LIFTING THE PARABOLIC QUANTUM BRUHAT GRAPH 7

3.4. J-adjusted elements. We say that u € QY is J-adjusted if ¢ (1) = 0 or equivalently
(3.10) Tr(ty) = Zuty.
This notion gives a nice parametrization of the set (W),

Lemma 3.7. Letw € W7, z € Wy, and pu € QV. Thenwzt, € (W )at if and only if p is J-adjusted
and z = z,. In particular every element of (W*)s can be uniquely written as wmy(t,) = wzut,
where w € W7 and p € QY is J-adjusted.

Proof. wzt, € (WY)u if and only if wzt, = 7;(w2t,) = mj(wz)m(t,) = wry(t,) from which the
result follows. O
Lemma 3.8. Let p € QY and consider (3.6). The following are equivalent:
(1) w is J-adjusted.
(2) For every component I, of J, either
(a) (u, ;) =0 for all i € I, (that is, jm = Om € 1), or
(b) there is a unique j € I, such that (i, oj) # 0, and in this case j = jp, and (1, o, ) =
—1.
(3) (u, a) € {0,—1} for all « € ¥,

Proof. Given [LS| Lemma 10.7], (1) and (2) are equivalent. Suppose (2) holds. Let o € . Then «
is a positive root in the subrootsystem @\ of ® for some component I,,, of J. Let a = Zie I, b; ;.
Since j, € I, is cominuscule, <wjvm , 0m) = 1 where 0, € ®} is the highest root. Therefore
bj,. € {0,1}. Since b; =0 for i € I, \ {jm}, (3) follows.

Conversely, suppose (3) holds. Let I,,, be a component of J. Applying (3) to 6,, and to each of
the «; for i € I,,, we see that (2) must hold. O

Lemma 3.9. For p € QY, p is Wy-invariant if and only if p is J-adjusted and z, = id.

Proof. The first condition holds if and only if no fundamental coweight w;” occurs in pu for i € J,
which for the expression (3.6)) means that ¢;(u) = 0 and j,, = 0y, for all m. But this holds if and

only if m;(t,) = t, by (3.7). O
Lemma 3.10. Let u € QV be J-adjusted. Then
(3.11) (o) =~ 200,

Proof. The proof reduces to considering each component I,,, of J. Note that —u pairs with roots of
I,, like a fundamental cominuscule coweight by Lemma[3.8/and the result follows by Lemma[2.2] [

Lemma 3.11. For every J-adjusted element p € Q¥ and v € Wy, z, = zy,.
Proof. We have z,t, = m;(t,) = ms(vt,v~ ") = ms(ty,), which implies the result. O

Lemma 3.12. Given o € 1 and x = wt,, € War withw € W and p € QV, let Lo(x) be the number
of roots o+ né € Mt with n € Z, which = sends to ®~. Then

(3.12) lo(z) = |x(wa € D7) + (1, ).
Here x(S) =1 4f S is true and x(S) = 0 if S is false.
Proof. This follows from z(+a + nd) = twa + (n — (u, £a))d. O

Lemma 3.13. Let w € WY, 2 € Wy, and i € QY be such that (i, o) <0 for all a € @\ @¥ and
x=wzt, € (W”)a. Then p is J-adjusted, z = z,, and

(3.13) () = (. 2p— 2p5) — C(w).
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Proof. By Lemma 3.7 we need only prove the length condition. We have £(z) = >_ .o+ la(z). Fix
a € ®t. Since x € (W), if a € ®F then £y () = 0. Let o € @1\ @F. By Lemma we have
lo(wzt,) = —x(wza € @7) — (i, o). Summing this over a € @+ \ % we have

U(x) = —(u, 2p —2pg) + Z —x(wza € ®7).
acdt\ &7

But z € W so it permutes the set & \ <I>JJ“. Moreover w € W so wfbj C ®*. The lemma
follows. O

Let u € QY. We say that u is antidominant if
(3.14) (, ay <0 for all a € &,
Say that p is strictly J-antidominant if it is antidominant and
(3.15) (w, a) <0 for a € @1\ @7.
Say that u is J-superantidominant if p is antidominant and
(3.16) (n, a) <0 for a € T\ @F.
In the notation of (3.6]), the condition (3.16)) means that ¢; < 0 for alli € I\ J.

Remark 3.14. If J = (0, then the J-superantidominant property becomes the superantidominant one
in [LS]. If p is superantidominant, then (3.6) and (3.7) show that, in the projection 7;(t,) = z,t.,

the element v is J-superantidominant.

Lemma 3.15. Let z € X5 (see (3.9)). Then there is a J-superantidominant, J-adjusted element
pe QY such that z = z,.

Proof. By assumption there is a v € QY such that m;(t,) = 2ty 4, ). Since v = ¢ (v) € QY, by
we have 7;(t,) = id. We have m;(t,+y) = ms(t,)m;(t,) = zt, 1 so that v + v is a J-adjusted
element of QY with z,4, = z. Let n € Q¥ be J-superantidominant and W-invariant, so that
zy = id. Then v + v+ n is the required element. O

Lemma 3.16. Let w € WY and let p € QY be J-adjusted and strictly J-antidominant. Then
wzut, € W

Proof. By [LS, Lemma 3.3 wt, € W_. We have m;(wt,) = mj(w)m;(t,) = wz,t, € W by
Proposition O

4. QUANTUM BRUHAT GRAPH

The quantum Bruhat graph was first introduced in a paper by Brenti, Fomin and Postnikov [BEP]
and later appeared in connection with the quantum cohomology of flag varieties in a paper by
Fulton and Woodward [EFW]. In this section we define the quantum Bruhat graph and its parabolic
analogue, and prove some properties we need.

Say that o € T is a quantum root if £(ry) = (o, 2p) — 1.

Lemma 4.1. [BFP, Lemma 4.3] [M, Lemma 3.2] For any positive root a € ®T, we have £(ry) <
—1+4 (", 2p). In simply-laced type all roots are quantum roots.

Lemma 4.2. BMO|] « € @ is a quantum root if and only if
(1) « is a long root, or

(2) a is a short root, and writing a =Y, ¢;a!

;> we have ¢; = 0 for all © such that «; is long.

Here for simply-laced root systems we consider all roots to be long.
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321

231

213

FIGURE 1. Quantum Bruhat graph for S3

4.1. Regular case. The quantum Bruhat graph QB(W) is a directed graph structure on W that
contains two kinds of directed edges. For w € W there is a directed edge w — wry, if & € &1 and
one of the following holds.
(1) (Bruhat edge) w < wry is a covering relation in Bruhat order, that is, £(wr,) = ¢(w) + 1.
(2) (Quantum edge) f(wry) = £(w) — £(ry) and « is a quantum root.
Condition (2) is equivalent to
(2) l(wry) = (w) +1—(a¥, 2p).
An example is given in Figure [1, where the quantum edges are drawn in red and «;; = o; + ;41 +
.

4.2. Parabolic case. Let QB(W) be the parabolic quantum Bruhat graph. Its vertex set is W7,
There are two kinds of directed edges. Both are labeled by some v € &\ <I>}r. We use the notation
|w] to indicate the minimum-length coset representative in the coset wWj.

(1) (Bruhat edge) w — |wry| where w < wry. (One may deduce that wr, € W7.)
(2) (Quantum edge)

(4.1) (|wra]) = €(w) +1—{a", 2p —2p).
Condition (2) is equivalent to
(2) wre <& w is a quantum edge in QB(W) and wratey € (W7 ).
This equivalence may be deduced from [LS| Lemma 10.14] and the proof of [LS, Theorem 10.18].

The arguments there rely on geometry, namely, the quantum Chevalley rule and the Peterson-
Woodward comparison theorem. An example of a parabolic quantum Bruhat graph is given in

Figure [2]

4.3. Duality antiautomorphism of QB(W”). Let wg € W be the longest element. There is an
involution on W defined by w +— wow. It reverses length in that (wow) = ¢(wy) — £(w). It also
reverses Bruhat order in W: v < w if and only if wgv > wow. The map w — wwq also has the same
properties. In particular w — w* = wowwy is a group automorphism of W which preserves length.
Define the involution * on the Dynkin diagram I by wgr;ywg = 73+ or equivalently woo; = —ay=.
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2413

Q14

3412 1234

13 &Qg /zzs

1324

ﬂ4 \113

1423 2314
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FIGURE 2. Parabolic quantum Bruhat graph for Sy with J = {1,3}

Then * is an automorphism of I. The map w — w* can be computed on reduced words by replacing
each r; by 7;=.
Define the map w — w® on WY by w® = [wow]. Let wy € W be the longest element.

Proposition 4.3. The map w — w® is an involution on W+ such that

(1) w° = wowwy .

(2) l(w°) = L(wo) — L(wi) — L(w) = |2\ @ | — £(w).
’LUJ
(3) v L owis an edge in QB(W) if and only if w° <——0£ v° is an edge in QB(WY). Moreover
both edges are Bruhat or both are quantum.

In particular this involution reverses arrows in QB(W7) and preserves whether an arrow is quantum
or not.

Proof. For o € <I)JJr we have wb]oz € ®;. Since w € w, wwb]a € ®~. Then woww()]oz c o,
Therefore wowwyg € W7 and w® = wowwy. This implies (1).

Since elements of W permute @}, Inv(w) and Inv(w®) are subsets of @\ ®¥. Note that for
a € t\ & o € Inv(w) if and only if wa € @, if and only if wowwywia € ®*, if and only
if wja € @7\ @1 \ Inv(w®). Therefore the map o — wya defines a bijection from Inv(w) to
(@ \ @F) \ Inv(w®). This implies (2).

Let v = wrg. Then v° = wovwy = wowwiwyrswg = w°ry,7g, that is, w® = v°r 1. Since

Be @\ @Y, wiB e d\@F. Let x be 0 or 1 according as the edge v & 1w is Bruhat or quantum.
By (2) we have

((w®) = %\ | — £(w)
=07\ ®F[ - (£(v) = 1+ x(8", 20— 2p,))
=L(v°) +1—x(B8", 2p—2py)
= £(v°) + 1 = x(wi 8", 2p = 2p;)
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where the last equality holds by Lemma [4.4] This proves the existence of the required arrow in

QB(WY). 0
Lemma 4.4. For any z € Wy,

(4.2) 2(2p = 2pg) =2p —2py.

Proof. z € W; permutes the set ®T \ @}r, whose sum is 2p — 2p ;. ]

5. QUANTUM BRUHAT GRAPH AND THE AFFINE BRUHAT ORDER

In this section we consider the lift of the parabolic quantum Bruhat graph to the Bruhat order
of the affine Weyl group (see Theorem [5.2)). This is used in Section to establish the Diamond
Lemmas for the parabolic quantum Bruhat graph.

5.1. Regular case. The following result is [LS, Proposition 4.4].

Proposition 5.1. Let pp € QV be superantidominant and let x = wty, with w,v € W. Then
Y = Trypatns < ¥ if and only if one of the following hold.

(1) l(wv) = l(wvry) —1 and n = (p, a), gwing y = wryaty,.

(2) L(wv) = L(lwvra) =1+ {a, 2p) andn =1+ (i, a), giving Yy = Wryaty(urav)-

(3) L(v) =L(vre) + 1 and n =0, giving y = Wryatvr,pu-

(4) L(v) = L(vra) +1—=(a", 2p) and n = —1 giving Yy = Wryatyr, (uta¥)-

Note that if we impose the condition that both z and y are in W then v = id and only Cases
(1) and (2) apply.

5.2. Embeddings QB(WY) < W,¢. We shall give a parabolic analogue (Theorem below) of
Proposition for W_;. Theorem is proved in the same manner as Proposition but the
latter cannot be directly invoked to prove the former, since J-superantidominance does not imply
superantidominance.

Let Q7 C Wyt be the subset of elements of the form wm;(t,) with w € W and p € QV strictly
J-antidominant (see (3.15)) and J-adjusted. Define Q5° similarly but with strict J-antidominance
replaced by J-superantidominance. We have Q% C (WJ)amea_f. Impose the Bruhat covers in QF
whenever the connecting root has classical part in ® \ ®;. Then QF is a subposet of the Bruhat
poset Wys.

Theorem 5.2. Every edge in QB(W?) lifts to a downward Bruhat cover in Q%, and every cover
in QF projects to an edge in QB(W?’). More precisely:
(1) For any edge |wry| <~ w in QB(WY), 2z € X (see (3.9)), and p € QY that is J-
superantidominant and J-adjusted with z = z, (which exists by Lemma , there is a
covering relation y < x in QF where

r=wzt,, Y=2argz=Wralyvat,, a= 2 o+ (x+ (u, z27ra))d e oM

and x is 0 or 1 according as the arrow in QB(WY) is of Bruhat or quantum type respectively.
(2) Suppose y < x is an arbitrary covering relation in Q. Then we can write x = wzt, with
weW’, 2= 2y € Wy, and p € QY J-superantidominant and J-adjusted, as well asy = xr,
with v = 2 ta+nd € ®, o € @Y\ ®T, and n € Z. With the notation x :=n— (i, z 'a),
we have
xe€{0,1}, y=z"Tla+ (x+(u, 2 'a))s €

1
furthermore, there is an edge wrqz <—= wz in QB(W) and an edge |wry| < w in
QB(WY), where both edges are of Bruhat type if x = 0 and of quantum type if x = 1.
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Remark 5.3. The affine Bruhat covering relation considered in part (2) is completely general, subject
to both elements being in Q7 and the transition root having classical part in @\ @ .

Proof. (1) Since o € @7\ @ ¥ we have z71a € @7\ ®7F. By Lemmasand z € (W )usNW.
We have
Y =xry = ’U)Ztlurz—lat(x+<uyz—1a>)a\/
= Wrezty—14vty
= Wratyav 2ty
my(y) = mr(wratyavz)ms(t,)

= my(wratyav)zty

= Wratyav 2ty

=Y
using Proposition the assumption on y, and (2') of the definition of QB(W) in the case x = 1.
We conclude that y € (W7),s. Let i € I. We have ya; = wzr -1 (o — (p+ xztaV, «;)8). Ifi¢ J
then the J-superantidominance of p implies that yo; € ®**. Suppose i € J. Then «o; € <I>j and

ya; € ®* by the definition of y € (W”),;. We have shown that y € W To prove z >y we need
only show that ¢(x) — ¢(y) = 1. Suppose x = 0. Since y and x are in W, by [LS, Lemma 3.3] we

af’
have
Uz) —L(y) = (ty) — Lwz) — L(t,) + L(wraz)
= —l(w) —l(z) + L(wry) + (2)
=1.

Suppose x = 1. We have z = wn;(t,) and y = |wra |7y (t,4.-14v). By Lemma we have

Uz) — €y) = —6w) — {1, 20— 2p5) + Lwra)) + (u+ 21, 20— 20)
=1—{(a", 20— 2p5) + (", 2(2p — 2py))
by condition (2) of the case y = 1 of the arrow in QB(WY). By Lemma it follows that
l(x) — ¢(y) =1 as required.

(2) Let n = x + (u, z ') where x € Z.

We have y = wrazt, y,-14v. Since y € W, u+ xz oY
By [LS, Lemma 3.2] we have

1= () — €(y)
= (=(p, 2p) = l(w2)) = (—(n+xz""a", 2p) = L(wzr.1,))
= U(wzr,-1,) — L(w2) + x{z " e, 2p)
By Lemma {4.1f we deduce that x € {0,1}.

Suppose x = 0. Then y = wrqzt, and {(wzr,-1,) — l(wz) = 1, that is, wz < wzr,-1, = wWryz.
This gives the required Bruhat cover in QB(W). Since y € (W), we have 7;(y) = y and
wrazt, = |wrqz|my(t,) = |wrq]zt, using Proposition We deduce that wr, € W”/. By
length-additivity it follows that wrq <= w is a Bruhat arrow in QB(W 7).

Otherwise we have x = 1. Then y = wratovzt, = wrazt,  ,-14v and £(wzr,-1,) = L(wz) +1 —
(z71a", 2p), which yields the required quantum arrow in QB(W).

Since y € (W7)at we have

is antidominant by |LS, Lemma 3.3].

wratovzt, =y = m(y) = mr(wratqvz)mr(t,)

= my(wratev)zt,
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from which we deduce that wratev € (W7)u and that oV is J-adjusted.

By Remark and Lemma we have 2,1 ,-1,v = 2u2,-14v = ZuZav = 2Zqv. Since aVis J-
adjusted we have wroz = 77 (wra)2qvz = Tj(Wra)z,4,-14v and the last product is length-additive.
Therefore

U(my(wra)) = Hwraz) — £(2,42-14v)
=l(wz)+1—(z"ta¥, 2p) — (2yq2-10v)
= U(w) + 1+ £(z) — Uparar) — (0¥, 29)
=l(w)+ 1+ (z71a", 2p5) — (z71a", 2p)
=l(w)+1-(z"ta", 20— 2p))
=lw)+1—(a", 2p—2py)

using Lemma that p and p+2"1a" are J-adjusted, and Lemma This proves the existence
of the required edge in QB(W). O

Ezample 5.4. Let g be of type Ay and J = {1}. Then QB(W") is given by

r1r2
a1+07'
T9 a2
;\ ;
id
where the quantum arrow is dotted. In Q; C Wy, let 4 = —6wy and v = —3wy — Y. We have
r =rit,
tu = t—6w2V
55—T1(a2)
60—
rat,, r2(r1ty)
65—a1—as 46—7r1(an+a2)
7’17’2tu T’ﬂ"g(?"lty)
5o—az 45-r1(az)

v :
T = rorirat, '
rorira(rity) =t_s.y

We have a single chain running from ¢_g,y down to t_z,y. The diagram is broken at ¢{_,, which
appears at the bottom on the left and the top on the right. If the bottom element is removed from
each side then one obtains an upside-down copy of QB(WJ ). In this case the quantum arrows
transition to a different copy of QB(W*). The left hand copy has z = id and the right hand copy
has z = r; where in this situation ¥ is generated by r;. The poset {25 is an infinite chain that
wraps down onto the 3-cycle given by QB(W”) with two flavors of lifts, one for z = id and the
other for z = ry.
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Warning: generally not every affine cover is produced by left multiplication by a simple reflec-
tion, nor is a general quantum cover always induced by left multiplication by ry (although we shall
see that left multiplication by ¢ always induces a quantum arrow).

We say that a walk in the directed graph QB(W ) is locally-shortest if any segment of the walk
not containing a repeated vertex is a shortest path.

Corollary 5.5. Downward saturated chains in Q5 project to locally-shortest walks in QB(W).
Conversely, shortest paths in QB(WY) are projections of downward saturated chains in QF.

Proof. Say xo > x1 > --- > xy is a saturated Bruhat chain in Q7. Let mj(x;) = w;zit,, where
w; € WJ, zi € Wy, and p; € QV. Then Theorem asserts that wg — w1 — -+ — wy is a
locally-shortest walk in QB(W ).

Now let u = ug — u1 — --- — uy = v’ be a shortest path in QB(W 7). We apply Theoremto
the edge ug — uq with p = pg J-superantidominant and W -invariant. The element xg = ugt,, lifts
ug since my(t,) = t,. Then the Proposition produces a cocover x1 = uj21t,, of xg with 2y € £;. In
general we have a descending Bruhat chain zo > 21> >x; 1 = u;_121t,, , with z;_; € ¥; and
we apply the Proposition to obtain a cocover x; = u;zt,,; of x;_1 with z; € ¥; and by induction
the required affine chain is produced. O

Corollary 5.6. For each z € ¥ there is a copy of QB(W) inside QB(W), embedded by w — wz
such that the edge label o is sent to the root 2 ‘o, and Bruhat and quantum edges are sent to the
same kind of edge.

Proof. For every z € ¥, we take an edge |wrq | < w in QB(W7), lift it to wzty, > wrqzt, for some

v, and project to an edge wryz Q wz in QB(W); the lift is based on Theorem (1), and the
projection on Theorem (2). O

Remark 5.7. Lifting quantum edges causes a “phase shift” by an element z € ¥ ;. Theorem is
just general enough to lift in the presence of such a shift. If one tries to twist by a z € W that is
not in ¥ then the affine element of the form x = wzt, no longer lies in the set (W7),¢ and lifting
the edge of QB(W ) starting from x is not possible in general.

5.3. Trichotomy of cosets.
Lemma 5.8. [Dc] Let W be a Weyl group, Wy C W a parabolic subgroup, v € WY andr € W a

stmple reflection. Then one of the following holds.

(1) If rv < v then rv € WY and roW; < oW).
(2) If rv > v and v 'rv € Wy then roW; = oWj.
(3) If rv > v and v~'rv € Wy then rv € W7 and roW; > vWj.

Lemma 5.9. Let v € W and o € ®T. Let A\ € X be a dominant weight (cf. Sectz’on and the
notation thereof, e.g., Wy is the stabilizer of \).
(1) Let (@¥, vA) < 0. Then v'a € @\ ®; and rqvWy < vW,.
(2) Let (", vA) =0. Then v la € ®; and rooWy = oW).
(3) Let (¥, vA) > 0. Then v'a € @\ @7 and rqvWy > vW,.
The proof of the above lemma is easy using standard techniques for Weyl groups (see for exam-
ple [BB| Proposition 2.5.1]).

5.4. Quantum edges induced by left multiplication by suitable reflections.
Proposition 5.10. [De] Let w € WY and j € I. Then exactly one of the following holds.

1
(1) wlay; € @\ ®5. In this case rjw € W and there is a Bruhat edge w <——= riw in
QB(WY).
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(2) wlay € ®. In this case w™lay € ®F and |rjw] = w.

-1,
(3) wlay; € OF\ ‘Iﬁ. In this case rjw € W7 and there is a Bruhat edge rjw &Y win
QB(W).

Proposition 5.11. Let w € WY. Then exactly one of the following holds.

o1
(1) w0 € @\ ®. In this case there is an edge |row) sy of quantum type in QB(W 7).
(2) w0 € ®;. In this case w0 € ®F and [row]| = w.

—1
(3) w10 € T\ ®F. In this case there is an edge w el lrow| of quantum type in QB(WY),
where z = z,,~1gv .

Proof. The three cases correspond to those in Lemma [5.9 with v = w and a = 6. The conclusion
in Case (2) is immediate from the definition of w € W”. By exchanging the roles of w and |ryw],
it suffices to prove the existence of the edge in (1). Let w6 € &~ \ @7.

Choose any p € QY that is J-superantidominant and W-invariant. We have m;(t,) = t, and
z = wt, € W; N (W), We have

(5.1) e ag = —w 0+ (1+ (u, —w10))s € &

since w1 € ®~. We conclude that > y := roz = rowt,,_,,-19v. Since x € W it follows that
y € W as well. Let 3 € @j”. Suppose y3 € ® . Since z € (W7),¢ we have 28 = royl3 € @I,
Since 7 has the sole inversion «y, it follows that 28 = agor z tag = S € QD?}H. But this contradicts
(5.1). Therefore y € (W),

By Theorem the required quantum edge exists in QB(W ). [l

Corollary 5.12. For everyy € WHﬂ(@JF\(I)}r), 2y is J-adjusted and for everyy € WHNP~\ @7,
—V is J-adjusted.

Proof. Follows from the existence of the edges in QB(W 7). O

5.5. Diamond Lemmas for QB(W”). We recall the Diamond Lemma for Coxeter groups and
the Bruhat order.

Lemma 5.13. [H] Let W be any Cozeter group, v,w € W, and r a simple reflection.

(1) Suppose v <w, rw < w and v # rw. Then rv < v and v < rw.
(2) Suppose v >w, rw > w and v # rw. Then rv > v and rv > rw.

In the following diagrams, a dotted (resp. plain) edge represents a quantum (resp. Bruhat) edge
in QB(W?). We always refer to the parabolic quantum Bruhat graph on W/, Given w € W7 and
v € ®*, define 2,2’ € W by

(5.2) row = |row|z, rolwry| = |rolwry]]2" = [rowry |2’
We are now ready to state the Diamond Lemmas for the parabolic quantum Bruhat graph.

Lemma 5.14. Let a be a simple root in ® , v € <I)+\<I>j, andw € WY. Then we have the following
cases, in each of which the bottom two edges imply the top two edges in the left diagram, and the
top two edges imply the bottom two edges in the right diagram.
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(1) In both cases we assume v # w™la and have 1o |wr. | = rowry = [rqwr, .

ro|wr, ] 1 lwr | 1
'y/' wﬁv]_ « / —lwry T e
(5.3) TaW lwrs | w To|wry ]
w‘k / —wla /
w TqW
(2) Here we have ro|wry] = [rqwr,y] in both cases.
To|wry | 1 |wr ] 1
YT ‘%MJ_ a v T ‘\—LWWJ’ a
(5.4) raw’. |wrs | w To Wy ]
wla . 7 —wla B 7
w TaW

(3) Here z,2' are defined as in (5.2)). In subcase (5.5)) (resp. (5.6)) we assume that (w=160,~")

is nonzero (resp. zero). In all cases, we have wry = [wr].

|rowrs | Lwry ]
o V...—Lwr—yj’m / v."z/LwrWJ_le
65 el [or) v [rour
Cw [row |
| rowr- ] Lwry ]
y v..‘—Lwrvjfle / v.'.?/meJ—W
(56) Lo L) v [rowr,)
i A i 4
W |row]

(4) Here we assume v # —w~'0 in all cases, and z,2' are defined as in (5.2)). In subcase (5.7)
(resp. (5.8)) we assume that (w=10,~Y) is nonzero (resp. zero).

| rowr- | |wr |
y v, —|wry]Tl0 v . v._.z’Lwr,YJ*19
(5.7) |row | lwr ] w ; |rowry |
_w*10 'Y zw*le."- A\(

w .LTGU)J
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[rowrs | |wr ]
2 . v..’ftwrwj’la N V...Z,I_’wT»YJ719
(5.8) |row] |wr | w |rowrs ]
v . . v M - . v
—w-lo “/ zwl0 ey
“w |row]

Remark 5.15. (1) The left diagram of (5.3) of Lemma is the classical Diamond Lemma
,

(2) The right diagrams in (5.3)), (5.4), (5.5), (5.6) , and (5.8) are relabelings of the left
diagrams in (5.3)), (5.4)), (5.7), (5.6), (5.5, and (5.8)), respectively, and vice versa. For instance, we
can obtain a right diagram by labeling w the leftmost vertex in the corresponding left diagram,

and by recalculating all the other vertex and edge labels.

Proof of Lemma[5.14] By Proposition[4.3|only the left diagrams need to be established. In all cases,
the bottom half of a diamond in QB(W*) is lifted to the affine Bruhat order using Theorem [5.2](1).
There the diamond is completed using the usual Diamond Lemma [5.13] for the affine Weyl group.
The affine diamond is pushed down to QB(W ) using Theorem @ (2).

Consider the left diagram in (5.4). By Theorem (1), the quantum edge |wr,| < w lifts
to an affine Bruhat cover y < z in QF where z = wt,, p is J-superantidominant with z, = id,
Yy = wrytywiy, = ars, and 7 = v+ (1 + (u, 7))6 € @, Since rqw > w and row € WY, it
follows that rox < x. Moreover this covering relation is the affine lift into 5 of the Bruhat edge

oW Lla w. The elements r,x and y are distinct since they have different translation components.

By the Diamond Lemma for the affine Weyl group, we have roz > roy and y > r,y. The latter

cover implies that roy € Q. Theorem (2) yields the top half of the left diagram in (5.4).
Consider the bottom half of the left diagram in (which is also the same half diagram in

1
(5.6)). The quantum edge |[row | S99 40 lifts to the affine cover in Q% given by roxr < x where

r = wt, and rox = rewt,_,,—19v. The Bruhat edge wr, & w lifts to the affine cover in QF
given by wryt, = xry < wt, where ¥ = v + (i, 7)6. One may verify that rox # xry. By the
Diamond Lemma for the affine Weyl group, we have roz > roxry and xry > rorry. Arguing
as in the proof of Proposition and using that xry € QF, one may show that roxry € QF.
By Theorem (2) we obtain edges in QB(W”) which complete the diamond, with the only
remaining issue being the type of the edge [row| — |rgwr,]. It is quantum or Bruhat depending
on whether the translation elements in the affine lift roz > roxry are different or the same. Since
TOXTH = TWI~ L,y —1(pv) WE SEe that the translation element changes in passing from 7oz to roxry
if and only if (w=1(6Y), v) # 0, as required.

The cases for the diagrams (5.7) and (5.8]) are similar to those for (5.5)) and (5.6)). O

6. THE LEVEL-ZERO WEIGHT POSET

In [Li], Littelmann introduced a poset related to Lakshmibai-Seshadri (LS) paths for arbitrary
(not necessarily dominant) integral weights. We consider this poset for level-zero weights. Littel-
mann did not give a precise local description of it. Our main result in this section is a characteri-
zation of its cover relations in terms of the parabolic quantum Bruhat graph.

Fix a dominant weight A in the finite weight lattice X (cf. Section and the notation thereof,
e.g., Wy is the stabilizer of ). We view X as a sublattice of X%. Let X% ()\) be the orbit of A
under the action of the affine Weyl group Wy.
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Definition 6.1. (Level-zero weight poset [Li]) A poset structure is defined on X%(\) as the tran-
sitive closure of the relation

(6.1) p<rgp = (u,B) >0,
where € ®! . This poset is called the level-zero weight poset for .
Remarks 6.2.

(1) Assume that W is trivial, and we set p = w\ for w € Wy. Then, for § € &+, we
have 1 < rgp in the level-zero weight poset if and only if w_lrﬁ < w™! in the generic
Bruhat order < on Wy introduced by Lusztig [Lul. Indeed, this equivalence follows from
the definitions of these partial orders by using [So€, Claim 4.14, page 96]. The generic
Bruhat order also recently appeared in [Lal.

(2) We can define the poset X% (—\) on the orbit of the antidominant weight — in the same
way, using (6.1). The posets X% () and X%(—\) are dual isomorphic, in the sense that,
for pu,v € X%()), we have

p<v < —u>—-U.
Therefore, all the statements in this section can be easily rephrased for X% (—\).

An example of ng()\) is given in Figure @ As we can see from this example, ng()\) is not a
graded poset in general.

Littelmann [Li] introduced a distance function on the level-zero weight poset. Namely, if p < v
in X%(\), then dist(y, V)E| is the maximum length of a chain from p to v. Clearly, covers correspond
to elements at distance 1.

Lemma 6.3. [Li, Lemma 4.1] Let u,v € X%(N).

(1) If p < v and o is a simple root in ®* such that (u, o) >0 but (v,a") <0, then p < rov
and dist(p, rov) < dist(u, v).

(2) If p < v and o is a simple root in ® such that (u, o) > 0 but (v,a") <0, then rop < v
and dist(rop, v) < dist(u, v).

(B3) If w < v and « is a simple root in ®F such that (u,aV), (v,av) > 0 (respectively
(u, ¥y, (v,aV) <0), then dist(p,v) = dist(rop, rav).

We label a cover < v = rgp of X Sf()\) by the corresponding positive real root 5. Preliminary
results about the covers of X% (\) were obtained by Naito and Sagaki.

Lemma 6.4.

(1) [NS4, Remark 2.10 and Lemma 2.11]. For untwisted types, a necessary condition for p < v
to be a cover in X% () is that v =rgp with B € ®+ or f € § — O

(2) [NS4, Remark 2.10 (2)] Let u,v € X%(X) be such that v = rou for a simple root o in &2
such that {p, ") > 0. Then dist(u,v) = 1.

We consider the standard projection map cl from X2%(A) to the orbit of A under the finite Weyl
group (by factoring out the & part). We identify WA ~ W/W; ~ W, and consider on W’/
the parabolic quantum Bruhat graph structure. Note that, by contrast with ng()\), the edges of
the latter are labeled by positive roots v € ®T (of the finite root system) corresponding to right
multiplication by r,. We use solid arrows to denote covers in the Bruhat order, whereas dotted
arrows denote quantum edges in the parabolic quantum Bruhat graph on W7,

Our main result is that the level-zero weight poset is an affine lift of the corresponding parabolic
quantum Bruhat graph. This is illustrated in Figure |§|, where the edges of the (parabolic) Bruhat
graph (i.e., the slice of the level-zero weight poset with no 4, onto which we project) are shown in
red. Projecting all vertices onto the red part, one obtains the quantum Bruhat graph of Figure

IThe notation in [Li] is dist(v, ).
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200 + A1+ (=3)Aa + (—1) 0 Ao+ (=3) A1 + 202+ (=1)0  (=3)Ao+2A1 + Ao+ (—2)6

| ==

BAo+ (=) A1+ (=2) Ay (=) Ao+ (=2) A1 +3A2+ (—=1)6  (=2)Ao+3A;1 + (1) Ao+ (—

Mot (=3)AL +280  (=3)Ao+2A1 + Ao+ (—1)§

16

200 + A1+ (—3) Ay
_— \

—1)A +

—2)Ay+ 6

(=3)Ao+2A1 + Ay 2M0+ A1+ (=3)A2+6 Ao+ (=3) A1 +2A2 +0

/

3o+ (—1) Ay + (—2) A2 + 26 (=D Ao+ (=2)A1 +3M2 4+ (—2)Ao+3A1+ (1) A2+ 6

\ [~/

200+ A1+ (—3) Ay + 26 Ao+ (=3) A1 +2A5 + 26 3) Ao+ 2A1 +Ax+ 6

F1cURE 3. Slice of the level-zero weight poset for type Aél) and weight 2A1 + As — 3A¢.

Theorem 6.5. Let p € X%(\) and w := cl(u) € W7, If p < v is a cover in X%(X) labeled by
B € &t then w — cl(v) is an up (respectively down) edge in the parabolic quantum Bruhat graph
on W labeled by w™'p € ®T\ @j (respectively w=(B — 6)), depending on B € ®F (respectively

Bes—dt). Conversely, if w — wry =w'  (respectively w e |wr., | =w" ) in the parabolic

quantum Bruhat graph for v € ®T \ <I>j, then there exists a cover p < v in X%(\) labeled by wry
(respectively § + wy) with cl(v) = w'.

The proof of Theorem is given in the remainder of this section.

6.1. Outline of the proof. Let us begin by giving a brief outline of the proof. To relate the cover
relations in the level-zero weight poset X Sf(/\) and the edges in the parabolic quantum Bruhat graph,
we use the so-called Diamond Lemma on X gf()\) to successively move a cover p <rgu “closer” to a
cover j1<rqu for a simple root a in ®*. For simple roots, the statement of Theorem is proved in
Section[6.2] The Diamond Lemma in the level-zero weight poset is the subject of Section[6.3] Recall
that the Diamond Lemmas for the parabolic quantum Bruhat graph were treated in Section
In Section [6.4] we prove some further statements related to the Diamond Lemmas for the parabolic
quantum Bruhat graph that we need for our arguments. We conclude in Section [6.5 with the main
argument, based on matching the diamond reductions in the level-zero weight poset with those in
the parabolic quantum Bruhat graph.

6.2. Results for simple roots. In this section, we characterize a cover relation p < v in X%(\)
when p and v are related by an affine simple reflection.

We start with a simple lemma. Since some versions of it will be needed beyond this section, we
collect all of them here.

Lemma 6.6. Let o be a simple root, B a positive root (both in ®), and p = wt \ with w € W’
and 7 € QV. Let v € ®T be given by B = wy + kJ.
(1) We have

(p) =w,  crgp) = [wry].
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(2) If a # o, assume that row € W7, d.e., cl(u) # cl(rau). Then we have

| | raw = lraw| if o # ag
¢ (Toz,ul) B LT@U)J ifa = Qp.
(3) If a # g, assume that ro|wr, | € W7, d.e., cl(rgu) # cl(rqrsu). Then we have
ralwry] = [ralwry]] if a # ag
| rowr~ ] ifa=aqq.

cl(rargp) = {

Proof. We have
(6.2) = wt; A =wA — (\,7)6.
So cl(u) = w. Similarly, we have

|lroqw] if a # ap
cl(rgp) = cl(Tuytarwyvwtz (X)) = [wry |, and  cl(rop) = _
lrow] if @ =ay.

In addition, if @ # «ag, then |rqow] can only be w or row, by Lemma but the first case cannot
happen by the assumptions of the lemma. The calculation of cl(rqrgu) is similar, by also noting
that, if o # ap, then |rqwry| = [ro|wry]]. O

Lemma 6.7. Let u,v € ng()\) be such that v = rou for a simple root o in ®. Then p < v is
a cover in X%(N) if and only if cl(u) — cl(v) is an up (respectively down) edge in the parabolic
quantum Bruhat graph on WY labeled by w™a (respectively —w™10), where w = cl(u) € W7,
depending on o # « (respectively o = ay ).

Proof. Since « is a simple root, we have by Lemma (2) that dist(u,v) =1 if p < v. So in this
case i< v is equivalent to u < v. Letting p = wt,(\) with w € W7 and 7 € QV, we have cl(u) = w,
by Lemma (1). Let us first assume that a # ag. Then

(V) = (wh, o) = (N, wa"),
where for the first equality we used (6.2]). Hence
p<rop & {(pa’)>0 & wlaed\ @7 & w<row in WY,

where the last equivalence is based on Lemma The last condition is equivalent to cl(u) — cl(v)
being an up edge in the parabolic quantum Bruhat graph, by Lemma (2). This proves the claim
for a # ay.

Now assume a = qq. Similarly to before

<M7av> = <w)‘7av> = <’LU)\, _9V> = _<)\7w—19\/>’
where we used g = —60 + 6, or o + Y = ¢. Hence

p>rep S {(a’)>0 & wloed \ ;.

e . . . - 0 .
By Proposition [5.11} the last condition is equivalent to the fact that w RN |row] is a down

edge in the parabolic quantum Bruhat graph. Also note that cl(rop) = |rpw], by Lemma (2).
This proves the claim for a = ag. O
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6.3. The Diamond Lemma in the level-zero weight poset. In this section we investigate the
Diamond Lemma in the level-zero weight poset X2 ().

Lemma 6.8. Let 1 € X%(\) and p < rgp in X% (N\), where B € @+, Then there evists a simple
root o in ® (in fact, o # o if B € ®) such that (B,a") >0, and either

(1) p<rap or (2) rargp<rgp
is a cover in X%(\).

Proof. We pick a simple root « in the decomposition of 3 such that (3, ") > 0. This clearly exists,
and in fact o # g if 5 € .
By Definition we have (u, 8Y) > 0. We claim that either

(6.3) (n,0V) >0 or  (u,—rpa’) = —(rgu,a’) > 0.
Indeed, the reflection formula
rga’ =a’ —(8,a")BY
v

implies that o — rga” is a positive multiple of 5Y. Now (6.3)) follows since (u, ") > 0. We
conclude the proof by combining (6.3)) with Lemma (2). O

Next we state the Diamond Lemma for the level-zero weight poset.

Lemma 6.9. Let o be a simple root, B # a a positive root (both in @), and p € ng(/\). In the
left diagram, the bottom two covers imply the top two covers, while the top two covers imply the
bottom two covers in the right diagram.

TaTplb

”‘/'\ /\

(6.4) TaTpl

N N

Proof. We start by assuming that the bottom two arrows are covers in the left diagram. Set
v := rgp. By definition, we have (u,a¥) > 0 and (i, 8Y) > 0. We first show that (v,a") > 0,
which implies that we have the cover v < r,v, by Lemma (2). Indeed, if (v,a¥) < 0, then
Lemma (2) would imply dist(rop,v) < dist(u,v); since dist(u,rv) = 1, it would follow that
vV = rol, which is impossible, since a # .

Turning to the remaining edge of the diamond, we clearly have r u < r,v, as

rav = rrp(rap) and  (raraf’) = (1, 8") > 03

note that r,0 is a positive root, as o # . The hypotheses of Lemma (3) apply, so we have
1 = dist(u, v) = dist(rop, rov). We conclude that we have the cover rou < rqv.

The proof for the right diagram is similar, where we now assume that the top two arrows are
covers. More precisely, in order to prove that the bottom arrows are covers, we use Lemma (1)
for the left one, and then Lemma (3) for the right one. O

6.4. More on the Diamond Lemmas for the PQBG. Recall the Diamond Lemmas for the
parabolic quantum Bruhat graph on W from Section Recall that given w € W7 and v € &,
define 2,2’ € W by

row = |row|z, rolwry ] = [rglwry] |2 = |rowry |7’

We need an analogue of Lemma
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Lemma 6.10. Let w € W7, and let w oowry or w - |wry] in the parabolic quantum

Bruhat graph (where v € ®T \ <I>}') Define 3 € ®+ by

wy if w — wry
(6.5) B =
S+wy if w- . lwry | .

There exists an affine simple root a (in fact, « # g if w s wry ), such that (3,a") >0, and
we have the edge in the parabolic quantum Bruhat graph indicated either in case (1) or (2) below,

where 2’ is defined as in (5.2):

wla . —|wr, ] " la
W ——> TW if o # ag To Wy ] Sk Lwr | if @ # ap
(1) I . (2) 2 wry |10 .
W »oveees > L’r‘ewJ ’Lf o= ao 5 Lrowr’yJ ............. > Lw’,”,YJ Zf o = ao .

Remark 6.11. In (6.5), if w e |wry] , then wy € ®~ for the following reason. Observe that

((lwry]) < €(w) — 1 since v € T\ ®¥. Now suppose, by contradiction, that wy € ®*. Then, we
have wry > w in the usual Bruhat order on W. Therefore, by [BB, Proposition 2.5.1], we obtain
|wry| > |w| = w, which implies that ¢(|wry|) > ¢(w). This is a contradiction. This proves that
wy € .

Proof. Let p:= wA, where A € X gf is the fixed dominant element in the finite weight lattice whose
stabilizer is W;. We claim that 4 < rgu in X%(\), which means that (u, 3Y) > 0. Indeed, since
v € ®+t\ @7 it follows from (6.5) that in both cases we have

(1, 87) = (WA, wy”) = (\,7") > 0.
We now apply Lemma to deduce the existence of a simple root o in ®2f (in fact, o # « if
w —» wry ) such that (8,aV) > 0, and either

(1) p<rop or (2) rargu <rgp

in X%(\). By Lemmal6.7 and Lemma cases (1) and (2) can be rephrased as cases (1) and (2)
in the lemma to be proved, respectively. O

Note that we do not need all the cases of the diamond Lemma for the PQBG, for instance
the one where all four edges are down edges. By stating that we have a certain edge in the parabolic
quantum Bruhat graph, we implicitly assume that both its vertices are in W+,

6.5. Main argument. We address separately the direct (=) and the converse (<) statements.
Recall that the height of a root is the sum of the coefficients in its expansion in the basis of simple
roots.

Proof of (=) in Theorem[6.5] Consider the cover u < v = rgp in X%(\) labeled by 3, and let
w := cl(u). We proceed by induction on the height of 8. If 5 is a simple root, the conclusion
follows directly from Lemma If 5 is not a simple root, we apply Lemma this gives an
affine simple root a # (3 with (3,a") > 0, which also satisfies condition (1) or (2) in the mentioned
lemma. Depending on these two cases, by Lemma we have one of the two diamonds in (in
X%(N). Let 8" :=ro3. We will need the fact that 8 and 4" are in @ or § — ' (not necessarily
both in the same set), by Lemma (1).

Assume that we have the left diamond in , as the reasoning is completely similar for the
right diamond (we simply interchange the statements of the form “bottom implies top” and “top
implies bottom” provided by Lemmas and . Lemma tells us that, by projecting its
edges pointing northwest (labeled by the simple root «) via the map cl, we obtain two up edges
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or two down edges in the parabolic quantum Bruhat graph (depending on a # «ag or o = ay,
respectively). Moreover, by Lemma the four vertices of the projected diamond and its top
left edge are labeled as in left diamond in (or , which has the same labels), and ,
respectively, where ~ is defined as in Lemma 6.6} indeed, if 4’ is defined with respect to 8’ and row
as -y is defined with respect to § and w in Lemma then 7/ = ~ in the first case, and 7/ = z(v)
in the second case. Since (3,a") > 0, the height of 3’ is strictly smaller than the height of 3; so by
induction we know that the top left edge of the projected diamond is an up or down edge in the
parabolic quantum Bruhat graph, depending on 3’ € ®* or 3’ € § — ®T, respectively.
By Lemma we have one of the following three cases:

(6.6) (Be®T,a+# ), (BES—DT, a # ap), (BEI—PT, a=ap).

By calculating 3/ = r,3, we deduce that, in the mentioned three cases, we have

(6.7) B e dt, fed—ot, e dt,

respectively. For the last computation, let 3 = § — 8 and write

(6.8) B'=ra0(6 = B) = rot_gv(6 — B) = —rgB+ (1 — (3,0"))d;

here the coefficient of § needs to be 0 or 1, as noted above, but the second case cannot happen since
(6.9) (B,0") = (B,a") #0.

Hence, in the three cases in and , the top two edges of the projected diamond (and
their vertices) are as in the left diamonds in , , and , respectively. By Remark
these three diamonds coincide, up to relabeling, with the right diamonds in , , and ,
respectively. Therefore, we can apply the statements in Lemma associated with the latter
diamonds (stating that their top two edges imply their bottom two edges) to deduce that the
projection of the edge u < v is as claimed, namely an up edge in the first case, and a down edge in
the last two cases (in the parabolic quantum Bruhat graph). Note that the condition v # |w ™'«
needed in the first case is satisfied since § = |w~| in this case and 8 # «a; here |a| = £a depending
on whether « is positive or negative. In addition, the condition (w=16,~v") = (8, wy") # 0 needed
in the third case is precisely . This concludes the induction step. O

Now let us turn to the converse statement.

Proof of (<) in Theorem . Assume that cl(x) = w and we have the edge in the parabolic quan-
tum Bruhat graph w 2, wry =w' or w e |wr| =w' . Defining § as in (6.5), we claim

that v := rgpu satisfies the conditions in the theorem. Indeed, note first that cl(v) = w’, by Lemma
(1). We now proceed by induction on the height of 3. If 3 is an affine simple root, the conclusion
follows directly from Lemma If 3 is not a simple root, we apply Lemma this gives an
affine simple root o # 3 satisfying (8,a") > 0 and either condition (1) or (2) in the mentioned
lemma. Assume that condition (1) holds, as the reasoning is completely similar if condition (2)
holds (we simply interchange the statements of the form “bottom implies top” and “top implies

bottom” provided by Lemmas and [6.9).
By Lemma [6.10] we have one of the following three cases:

(6.10) (Bedt a#ag), (Bes—dT, a# ), (Bes—dT, a=a).

By Lemma we have the left diamonds in (5.3)), (5.4), and (5.7, respectively. Note that the
conditions v # w'a and ¥ # —w~'0 needed in the first and third cases, respectively, are satisfied

since 8 # «, where we recall the definition of 3 in (6.5)); in addition, the condition (w=16,~v") # 0
needed in the third case follows from (3,a") > 0, cf. above. Let ' be defined as in (6.5)) for
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the top left edge of these diamonds. It is not hard to check that in all cases B = ro . For instance,
letting 8 = § — 3 in the third case (where § = —wy € ®1), we have

B = |row]z(y) = rowy = —r¢B =10, (0 — B);

here the last equality follows from and above, as well as the well-known fact that (3, 6")
can only be 0 or 1if 3 # 6 (which is clearly true).

Since (83, a") > 0, the height of 8’ = r,/3 is strictly smaller than the height of 3. Therefore, we
can use induction (together with the calculation of cl(rqou) from Lemma (2)) to deduce that we

have a cover ,

Tafl s TRTall = TaT gl

in X%(\). On the other hand, by Lemma we can see that rgu and rorgp project to the
vertices of the top right edge of the left diamonds in (5.3)), (5.4), and (5.7)), depending on the case.
Therefore, by Lemma [6.7] we also have the cover

TeH - TaTppt

in X%(\). We now proved that we have the top two edges in the left diamond in . As B # a,
we can now apply the statement of Lemma corresponding to the right diamond in (which
is just a relabeling of the left one) to deduce that we have the cover p<rgu labeled by 3 in X% (\).
This concludes the induction step. ]

6.6. Connectivity of the parabolic quantum Bruhat graph and quantum length. In this
subsection we show that the parabolic quantum Bruhat graph is strongly connected when using
only simple reflections. For the quantum Bruhat graph, this result is [HST, Theorem 4.2].

We use the following notation:

_ Q lf’L#O, T 1f2750,
o 1= S; 1=
—0 ifi=0, rg ifi=0.

Also, in this subsection we do not draw quantum edges in the parabolic quantum Bruhat graph by
dotted lines.

Lemma 6.12. For each u, v € W7, there exist a sequence w = xq, x1, ..., Tn = v of elements of
WY and a sequence iy, is, ..., in € I U{0} such that xpyq = |Sijp1 Tk] with $;;1&ik+1 € P\ <I>}'
for each 0 <k <n-—1.

Remark 6.13. Keep the notation in the lemma above. We see from Lemma and Lemma (2)
that

1~ 1~ 1 ~ 1~
Zq 1ai1 x4 laig T2y _q Tp_1%in
U = o X1 ———> —— Tp—1 —————> Ty =

in the parabolic quantum Bruhat graph. In particular, the parabolic quantum Bruhat graph is
strongly connected using only simple reflections (i.e., for each u, v € W, there exists a directed
path from u to v in the parabolic quantum Bruhat graph, where the edges correspond to multiplying
on the left by simple reflections).

We are now ready to define the notion of quantum length of an element in W. This will be used
in the proof of the tilted Bruhat Theorem

Definition 6.14. Let u € W. We see from Lemma (with J = 0 and v = e, where e is the

identity in W) and Remark that there exist a sequence u = Tg, X1, ..., Tn = v of elements of
W and a sequence iy, iz, ..., i, € I U{0} such that
zg ta, EIRTR L@, e, 1@y,

U = T T ——> e — Xy ———— Iy =¢€
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in the quantum Bruhat graph. We define the quantum length gf(u) of u to be the minimal of the
length n of such sequences.

Proof of Lemma[6.12] Let A be a dominant weight such that {j € I | (ajv, A) = 0} = J; note

that the stabilizer of A in W is identical to W, and hence WA = W/W; = W, Set = uX and
v :=vA. We see from [AK| Lemma 1.4] that there exists i1, io, ..., i, € I U{0} such that

{Sin oSSt =V,

<a%€+1,sik--~si2silu>>0 foral0< k<n-—1.

For each 0 < k < n, we define z;, € W’ to be the minimal coset representative for the coset

containing s;, - - - 4,;,; note that zo = v and =, = v. It is obvious that x4 = | xy| for every
0 <k <n-—1. Also, because

Sipy1

<az\'2+1 ) ﬂj‘k)\> = (OZXC_H y Sig Tt 81‘281'1/0 > 0,

it follows immediately that x;laik ., € ®T\ @7, Thus we have proved the lemma. O

7. TILTED BRUHAT THEOREM

Given u € W the u-tilted Bruhat order on W [BEP] is defined by w; <, w2 if there is a shortest
path in the quantum Bruhat graph QB(W) from u to wy that passes through w;. More precisely,
if we denote by ¢(w; — ws) the length of a shortest directed path from w; to wo in the quantum
Bruhat graph QB(W), then for u, wi, wy € W,

Wy Ky w2 = L(u— w) =L(u— wy) + Lw; — ws).

It was shown in [BFP] that this is a partial order. In [LS, Theorem 4.8] it was reproved by showing
that (W, <) is (dual to) an induced subposet of the affine Bruhat order.

Here we prove a property of the wu-tilted Bruhat order with respect to any parabolic subgroup
Wi C W of the finite Weyl group.

Theorem 7.1 (Tilted Bruhat Theorem). For every u,z € W and any parabolic subgroup W; C W,
the coset zWj contains a unique <.-minimal element.

The tilted Bruhat theorem is a quantum Bruhat graph analogue of the Deodhar lift [De] (see
also [LeShl Proposition 3.1]) which states that if 7 € W/W; and v € W such that vW; < 7 in
W /Wy, then the set

{weW |v<wand wW;=r71}
has a Bruhat-minimum.
We start by stating a weaker version of Theorem which is easily proved.

Proposition 7.2. Fiz u,z € W. There exists a unique element x € zW; such that the distance
(u — x) attains its minimum value.

Proposition suffices for our main application in [LNSSS|], namely for bijecting the models
for KR crystals based on projected LS-path and quantum Bruhat chains. However, an explicit
construction of this bijection depends on an algorithm for determining x = xg € 2zW; minimizing
¢(u — x); such an algorithm is given in the proof of Theorem The proof of Proposition
relies on the shellability of the quantum Bruhat graph with respect to a reflection ordering on the
positive roots [Dy], which we now recall.

Theorem 7.3. [BFP)] Fiz a reflection ordering on ®7.

(1) For any pair of elements v,w € W, there is a unique path from v to w in the quantum Bruhat
graph QB(W) such that its sequence of edge labels is strictly increasing (resp., decreasing)
with respect to the reflection ordering.
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(2) The path in (1) has the smallest possible length {(v — w) and is lexicographically minimal
(resp., mazimal) among all shortest paths from v to w.

The proof of Proposition [7.2] is immediate once we have the following two easy lemmas. These
are in terms of a reflection ordering whose top (also called an initial section) consists of the roots in
®* \ &%, while its bottom is a reflection ordering on @}'. Such an order was constructed in [LeShl,
Section 4.3] in terms of a dominant weight A\ whose stabilizer is W;. The roots in ®* \ @}r are
ordered according to the lexicographic order on their images in Q" via the injective map

1

O[HW(C]_,...,CT),

where oV = c1a) +- - -+ ¢, expresses a” in the basis of simple coroots (on which we fix an order).
For the roots in <I>}r, we choose any reflection ordering.

Lemma 7.4. Assume that {(u — x), as a function of x € zWy, has a minimum at x = xy. Then
the path from u to xo with increasing edge labels has all its labels in ®T \ (I)}'.

Proof. The mentioned path has length ¢(u — z¢), by Theorem (2). Assume that it has at least
one label in @}r. By the structure of our particular reflection ordering, all of these labels must be
at the end of the path. This means that the tail of the path starting with some x; # zy consists
entirely of elements in zW;. Since ¢(u — 1) < £(u — x(), we reached a contradiction. O

Lemma 7.5. Assume that the paths with increasing edge labels from u to two elements xg,x1 in
2Wy have all labels in &\ ij. Then xg = x1.

Proof. Assume xg # z1. The induced subgraph of QB(W) on zWj, to be denoted QB(zW), is
isomorphic to QB(Wj) under the map w +— |[z]w for w € W (this is immediate from definitions
and the length-additive factorization of the elements in zWjy). Thus, by Theorem [7.3| (1), we can
consider the path from zg to x; in QB(zW ) with increasing edge labels (in @j) By concatenating
this path with the one from u to zg in the hypothesis (whose labels are in @ \ @}r), we obtain a
path with increasing edge labels from u to z1. But this path is clearly different from the one in
the hypothesis between the same vertices. This contradicts the uniqueness statement in Theorem

7.3 (1). O
Proof of Proposition [7.2] This is immediate by combining Lemmas [7.4] and O
Next we prepare for the proof of the tilted Bruhat Theorem

7.1. Preliminaries. We use the following notation:

N o ifi#0, ri if i #0,
a; = S; =
0 ifi=0, ro if i =0.

Also, we denote the identity of W by e.

Remark 7.6. Let w € W, and i € T U {0}. If w™'q; is positive, then we have
w_lai
w —— S;W
in the quantum Bruhat graph by Theorem m Here, this arrow is an up arrow (resp., down arrow)
if i # 0 (resp., i = 0).
Lemma 7.7. Let wy, wy € W, and let i € I U{0}. Assume that wl_l&i is positive, and wglai 18
negative.

(1) If there exists a directed path from wi to we of length a, then there exists a directed path
from s;w1 to wy of length a — 1.
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(2) If there exists a directed path from wy to wa of length a, then there exists a directed path
from wy to s;we of length a — 1.

Proof. We give a proof only for part (1); part (2) can be shown similarly. We prove the assertion
by induction on a. Assume that a = 1; we show that s;w; = wy. Let v be the positive root such

that w; —= wy = w;7, (this arrow is either an up arrow or a down arrow). Then, by Remark
we have in the quantum Bruhat graph,

S;wW1

wl_l&l

’w147>UJ2

where the arrow from w; to s;w; is an up arrow (resp., a down arrow) if ¢ # 0 (resp., i = 0).
Suppose that ~ # wfl&i. Then, by Lemma (use the left diagram in part (1) or (2) if ¢ # 0,
and use the left diagram in part (3) or (4) if ¢ = 0; note that z = e), we have

S; W1 4’\/> S; W9

wfl&i wglﬁi

wlng

We should note that the arrow from ws to s;we in the diagram above is an up arrow (resp., a down
arrow) if ¢ # 0 (resp., if ¢ = 0). However, we deduce from Remark along with the assumption
that w2_162i is negative, that if i # 0 (resp., ¢ = 0), then there exists an up (resp., down) arrow from
s;wa to wa, which is a contradiction. Thus we have v = wl_lﬁi, and hence s;w; = wiry = wo.
Now, assume that a > 2, and let
wlszLmL---an:wg

be a directed path from w; to we of length a. If 73 = wfl&i, then 1 = s;wi. Thus we have a
directed path

S; W1 = X1 i>"'i)$a:w2
of length a — 1. Assume that v; # wy 1&;. By the same argument as above, we have

1
S; W1 L» S; L1
wflai xflaz‘

w - - - Ty =W
! T 1 72 Ya a 2

Because the arrow from x7 to s;z1 in the diagram above is an up arrow (resp., a down arrow) if
i # 0 (resp., if i = 0), it follows that xl_l&i is positive. Applying the induction hypothesis to x1
and wg, we obtain a directed path from s;z1 to we of length a — 2:

Siw1 SiT1
. N .. .. Jdirected path of length a — 2
wy Qg Ty
S
wl > xl ) > x(l = w2

7 72 Ya
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Concatenating this directed path with s;wq BLN s;x1, we obtain a directed path from s;wq to wo of
length a — 1. Thus we have proved part (1) of the lemma. O

7.2. Proof of the tilted Bruhat Theorem We prove Theorem by induction on gf(u).
If g¢(u) = 0, then u = e. We know from [BFP) p.435] that the e-tilted Bruhat order <. on W is
just the Bruhat order on W. Hence, for each z € W, the minimal coset representative in zWj is
the unique <.-minimal element. Therefore the assertion holds.

Assume that ¢f(u) > 0. Let u = xg, x1, ..., T, = e be a sequence of elements in W satisfying
the condition in Lemma with n = ¢f(u). Put v := x;; note that ¢f(v) = gf(u) — 1. Thus the
inductive assumption is:

Theorem is true for this v (and arbitrary z € W).

Assume that v = s;u for some i € I U{0}. Since u~'a; is positive, it follows from Remark
that

uTla

(7.1) u % v = siu,

where this arrow is an up arrow (resp., a down arrow) if i # 0 (resp., ¢ = 0).
Case 1. Assume that z7'a; € A~ \ A7; note that (zy)'@; is negative for all y € W.

By the inductive assumption, there exists a unique minimal element in the coset zW; with
respect to <, which we denote by min(zWj, <,). Let x € W be such that

min(zWy, <) = zz.
Let us show that zz € zWj is a unique minimal element in the coset zW; with respect to <,,, that
is,

min(zWy, <) = zz.
Let y € W; be an arbitrary element in W ;. There exists a shortest directed path from v to zy that

passes through zx:
V= 2T = > 2y,

Concatenating u — v of (7.1]) and this directed path, we obtain a directed path

(7.2) UV = 20— = 2Y

of length ¢(v — zy) + 1. Let us show that this directed path is shortest. Suppose that ¢(u —

zy) < (v — zy) + 1. Recall that u~'a; is positive, and (zy)~'a; is negative. By Lemma (1),

we obtain a directed path from s;u = v to zy whose length is equal to ¢(u — zy) — 1. Hence,
lv—zy) <lu—zy)—1<llv—zy)+1—-1=40v— 2y),

which is a contradiction. Therefore, the directed path is shortest.
Case 2. Assume that 2 'aq; € A*\A}r; note that (zy)~'a; is positive for all y € W, which implies
that zy — s;zy by Remark

By the inductive assumption, there exists a unique minimal element in the coset s;zW; with
respect to <, which we denote by min(s;zW}, <,). Let 2 € W; be such that

min(s;zWy, <) = S;2x.
Let us show that zax € zWj; is a unique minimal element in the coset zW; with respect to <u;
min(zWjy, <) = 2.

Let y € W be an arbitrary element in W ;. We construct a directed path from u to zy that passes
through zx as follows: First, we construct a directed path from u to zx. Concatenating v — v
of and a shortest directed path from v to s;zx, we obtain a directed path from u to s;zx of
length /(v — s;zx) + 1:

U=V = —> 82T
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Because u~1@; is positive and (s;2zx) ~!a; is negative, it follows from Lemma(2) that there exists
a directed path from u to zz of length {(v — sjzz) + 1 — 1 =4(v — s;zx):

zZx
Jdirected path -
of length ¢(v — s;zx) '
u - . S;2x

Next, we construct a directed path from zz to zy. Concatenating zx — s;zx and a shortest directed
path from s;zz to s;zy, we obtain a directed path from zz to s;zy of length £(s;zx — s;zy) + 1:
directed path L S

of length (v — s;2x) e ' R . Concatenation of directed paths

. N
U - - > S;2T R - 5;2Y

Because (zz)~'q; is positive and (s;zy) 1a; is negative, it follows from Lemma (2) that there
exists a directed path from zx to zy of length ¢(s;zx — s;zy) + 1 — 1 = l(s;zx — 8;2y).
Jdirected path
of length £(s;zx — s;zy)
directed path v
of length (v — s;zx) e "

'S

u" - e >~ S;2T R > Si2Y

Concatenating the directed paths above, we obtain a directed path from wu to zy of length /(v —
sizx) + U(s;zx — s;zy) = L(v — s;zy) (recall that s;zx <, s;zy by the definition of x € W) that
passes through zzx.

Let us show that this directed path is shortest. Suppose that {(u — zy) < l(v — s;2y).
Concatenating a shortest directed path from w to zy and the directed path zy — s;zy, we obtain
a directed path from u to s;zy of the form:

U —> = 2Y — S;2Y;
—_———
shortest
note that its length is /(u — zy) + 1. Because u~'a; is positive, and (s;zy)~'a@; is negative,
it follows from Lemma (1) that there exists a directed path from s;u = v to s;zy of length
lu— 2y)+1—1="L(u— zy). Since (u — zy) < (v — s;zy), this is a contradiction.
Case 3. Assume that 2~ '@; € Ay; note that s;2W; = 2W;.
By the inductive assumption, there exists a unique minimal element in the coset zW; with

respect to <,, which we denote by min(zWj, <,). Let x € W be such that

min(zWy, <) = zz.
Subcase 3.1. Assume that (z2) '@; € AT. Let us show that
min(zWy, <) = 2.

Take an arbitrary y € Wj.
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3.1.1. Assume first that (zy) 'a; € A7 . Then we can check in exactly the same way as in Case 1
that concatenating u — v of ([7.1)) and a shortest directed path from v to zy that passes through
zx gives a shortest directed path from u to zy:

UV = 28— - =2y
~—
(7.1) shortest

3.1.2. Assume next that (zy)~'a; € AT, Concatenating u — v of (7.1)) and a shortest directed
path from v to zx, we obtain a directed path from u to zx of length (v — zx) + 1:

U=V = 2.
~ —
(7.1) shortest

Because (zz)~'a; is positive, and (s;zy)~'a; is negative, we see by applying Lemma (2) to a
shortest directed path from zx to s;zy that there exists a directed path from zx to zy of length
Uzx — sjzy) — 1:

zZ
Fdirected path v Yy
of length £(zz — s;2zy) — 1 e
Uu v v 2T : e S;2Y

Concatenating these directed paths, we obtain a directed path from w to zy that passes through
zx; its length is equal to

(l(v — zx)+ 1)+ (l(zx — sizy) — 1) = (v = zx) + L(zx — $;2Y)

=/
=Ll(v — s8;2y);

recall that zz <, s;zy. We can show in exactly the same way as in Case 2 that this directed path
is shortest.

Subcase 3.2. Assume that (zz)"'@; € A7. Let us show that

min(zWy, <) = s;zz.

Take an arbitrary y € Wj.
3.2.1. Assume that (zy)~'@; € A;. Concatenating u — v of (7.1) and a shortest directed path
from v to zx, we obtain a directed path from w to zz of length ¢(v — zx) + 1:

U=V — 2T,
~ ——

(7.1) shortest
Because u~'q; is positive, and (zz)~1q; is negative, it follows from Lemma(2) that there exists
a directed path from u to s;zx of length {(v — zz) +1—1 =4(v — zx):

SizZx

¥

Fdirected path
of length ¢(v — zz) P
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Concatenating this directed path, s;zz — zx, and a shortest directed path from zx to zy, we obtain
a directed path from u to zy that passes through s;zx:

directed path . Sizd )
of length £(v — 2z) e . e . Concatenation of directed paths

N

u" R - 2T R - 2Y

The length of this directed path is equal to
lv—zx)+ 1+ Ll(zx — 2y) = L(v — 2y) + 1;

recall that zz <, zy. We can show in exactly the same way as the argument in Case 1 that this
directed path is shortest.
3.2.2. Assume that (zy) 'a; € A'}. By the same argument as in 3.2.1, we have

S; 2T
Jdirected path . v
of length ¢(v — zz) e
u = - - 2T

Concatenating s;zx — zx and a shortest directed path from zz to s;zy, we obtain a directed path
from s;zz to s;zy of length ¢(zx — s;zy) + 1:

82T
directed path - )
of length ¢(v — zz) e e _ Concatenation of directed paths
. - ~
U - R - 20T e - S;2Y

Since(s;zx)~ta; is positive, and (s;zy)~'@; is negative, it follows from Lemma (2) that there

exists a directed path from s;zx to zy of length ¢(zz — s;zy) + 1 — 1 = l(zx — s;2y):
Jdirected path
of length £(zax — s;2y)

SiZ e - 2y
directed path v ¢ .
of length £(v — zx)
.
u' > e > 2T e ‘Sizy

Concatenating these directed paths, we obtain a directed path from w to zy that passes through
s;zx; its length is equal to

Uv = zx) + L(zx — sizy) = L(v — s;2Y) (o zx %y Si2Y).

We can show in exactly the same way as the argument in Case 2 that this directed path is shortest.

Thus we have proved Theorem [7.1] O
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