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ABSTRACT. We establish the equality of the specialization Py(z;q,0) of the Macdonald poly-
nomial at ¢ = 0, with the graded character X (z;q) of a tensor product of “single-column”
Kirillov-Reshetikhin (KR) modules for untwisted affine Lie algebras. This is achieved by pro-
viding an explicit crystal isomorphism between the quantum alcove model, which is naturally
associated to Macdonald polynomials, and the projected level-zero affine Lakshmibai-Seshadri
path model, which is intimately related to KR crystals.

1. INTRODUCTION

We prove the equality of the specialization Py(zx;¢q,0) of the Macdonald polynomial at ¢ = 0,
with the graded character X, (z;q) of a tensor product of “single-column” Kirillov-Reshetikhin
(KR) modules [KR] for untwisted affine Lie algebras. The proof is to connect two known com-
binatorial models: the quantum alcove model coming from the Macdonald specialization [LL1],
and a series of works by Naito and Sagaki [NS1, INS2, INS3, [NS5, INS6] on the projections of
level-zero affine Lakshmibai-Seshadri (LS) paths and X (z;¢). The latter is combined with the
prequel paper [LNSSSI], which gives a precise characterization of Littelmann’s level-zero weight
poset [Li] in terms of the parabolic quantum Bruhat graph [BFP] [Pl [LS] which originated from
(small) quantum cohomology of partial flag manifolds.

The context of this project has its origins in Ion’s observation [lon| that when the affine
simple root «ag is short (which includes the duals of untwisted affine root systems) Py(z;q,0)
is an affine Demazure character (see [Sa] for type A). On the other hand, Fourier and Lit-
telmann [FL] showed that for simply-laced affine Lie algebras, these Demazure characters are
graded characters of tensor products of KR modules, and hence of local Weyl modules for
current algebras, making use of results in [NS2]. Combining [Ion] and [EL] one deduces the
equality Py = X, in the simply-laced cases.

Braverman and Finkelberg [BF2] have shown that for simply-laced affine root systems, the
characters Wy (z;q) of the duals of the current algebra modules, called global Weyl modules,
coincide with the characters of the spaces of global sections of line bundles on quasi-maps spaces,
which arise in the study of quantum cohomology and quantum K-theory of the flag manifold. In
simply-laced types the characters W) (x; q) are equal to X (x;¢) (which is the graded character
of a local Weyl module) times an explicit product of geometric series whose ratios are powers of
q [CFK]. The characters ¥ (z; q) are called g-Whittaker functions due to their appearance in the
quantum group version of the Kostant-Whittaker reduction of Etingof [E] and Sevostyanov [Se]
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FIGURE 1. Outline

for the g-Toda integrable system. The characters Wy (z;q) are eigenfunctions of the g-Toda
difference operators and their generating function yields the K-theoretic J-function of Givental
and Lee [BF1].

Finally, the quantum alcove model arises in Lenart and Postnikov’s conjectural description of
the quantum product by a divisor in quantum K-theory [LP]. We summarize the connections
discussed above in Figure

Combinatorial models for all nonexceptional KR crystals (not just of column shape) were
given in [FOS]. The quantum LS path model and the quantum alcove model uniformly describe
tensor products of column shape KR crystals, for all untwisted affine types. More precisely,
these models realize the root operators on the aforementioned tensor product, and also give
efficient formulas for the corresponding energy function [HKOTY]. (The energy can be viewed
as an affine grading on a tensor product of KR crystals [NS6, [ST].) Another application of
the quantum alcove model, currently under investigation in [LL2], is a uniform realization of
the combinatorial R-matrix (i.e., the unique affine crystal isomorphism commuting factors in a
tensor product of KR crystals).

There have been several developments related to the work in this paper. Based on our re-
sults, an interpretation of the ¢-Whittaker functions Wy (x;¢) above is given in [INS, NS7], in
terms of the crystal bases of level-zero extremal weight modules over quantum affine algebras.
On another hand, our work was used in [CSSW] to provide the character of a stable level-one

Demazure module associated to type B,(ll) as an explicit combination of suitably specialized
Macdonald polynomials. In addition, our results were used in a crucial way by Chari and Ion
in [CI, Theorem 4.2] to show that Macdonald polynomials at ¢ = 0 are characters of local Weyl
modules for current algebras. Based on this, they prove a Bernstein-Gelfand-Gelfand (BGG)
reciprocity theorem for the category of representations of a current algebra. In a related work,
Khoroshkin [Kho] exhibits a categorification of Macdonald polynomials, by realizing them as
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the Euler characteristic of bigraded characters for certain complexes of modules over a cur-
rent algebra. This realization simplifies considerably if BGG reciprocity holds (the mentioned
complexes become actual modules concentrated in homological degree zero).

The paper is organized as follows. In Sections |2 and |3 we review the Lakshmibai-Seshadri
(LS) and the quantum Lakshmibai-Seshadri path model, respectively. Theorem shows that
the set of projected level-zero affine LS paths B()). is the same as the set of quantum LS
paths QLS(\), where A is a (level-zero) dominant integral weight. This fact is also proven
in [LNSSS2] in a somewhat roundabout way, by providing an explicit description of the image
of a quantum LS path under root operators and showing that the set of quantum LS paths is
stable under the action of the root operators. (Quantum) LS paths carry a grading by a degree
function (which is closely related to the energy function on KR crystals). We provide an explicit
formula for the degree function of quantum LS paths in Theorem in terms of the parabolic
quantum Bruhat graph. For KR crystals, there exist the head and the tail energy functions. In
Section [5] we relate the tail energy with the tail degree function using the Lusztig involution.
It was conjectured in [HKOTT] and proven in [FOSI| for all nonexceptional types, which KR
crystals are perfect. Since here we provide explicit models in terms of quantum LS paths of
the single column KR crystals for exceptional types, we verify the conjectures of [HKOTT] for

exceptional simply-laced types in Section @ (except for two Dynkin nodes for type Eél)). In
Section [7] the quantum alcove model and its crystal structure are defined. In Section [§ we show
that there is a bijection between quantum alcove paths and quantum LS paths by exhibiting a
forgetful map and its inverse. We show that up to Kashiwara operators fy at the end of their
strings, there is an affine crystal isomorphism between the quantum alcove paths and tensor
products KR crystals. Section [9] contains the main application of this work: by showing that
the energy/degree function under the affine crystal isomorphism maps to a height function in
the alcove path model, we show that the character of tensor products of single column KR
crystals is equal to the Macdonald polynomial evaluated at ¢ = 0 (see Corollary . We
conclude in Section [L0| with the proof of Lemmas from various sections.

We follow the same conventions and notation as in [LNSSSI].
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2. LAKSHMIBAI-SESHADRI PATHS

In this section we review Lakshmibai-Seshadri paths and the corresponding affine crystal
model. As summarized in Theorem [2.7] and Remark the crystal of level-zero projected LS
paths is isomorphic to KR crystals.

2.1. Basic notation. Let g,r be an untwisted affine Lie algebra over C with Cartan matrix
A = (a;5)i, jer- The index set I, of the Dynkin diagram of g, is numbered as in [Kac, Section
4.8, Table Aff 1]. Take the distinguished vertex 0 € Iy as in [Kac|, and set I := I \ {0}.
Let by = (@] el (Coz}/) ® Cd denote the Cartan subalgebra of g.r, where {a}/}j er, C Dat
is the set of simple coroots, and d € bh,¢ is the scaling element (or degree operator). Also,
we denote by {aj}jelaf C b% := Homc(has, C) the set of simple roots, and by A; € b,
J € I, the fundamental weights; note that a;(d) = d;0 and Aj(d) = 0 for j € L. Let
d=> jel 00 € by and ¢ = > el a}/ajv € bar denote the null root and the canonical central
element of ga¢, respectively. The dual weight lattice X} and the weight lattice X, are defined
as follows:

(2.1) Xp=| Pz | ©Zd Chy and Xe= | @ ZA; | ®Z5 C b
jelaf jelaf

It is clear that X,¢ contains Q. := @jelaf Zaj, and that X, = Homy (XY, Z). Let g be the

classical subalgebra of g.r and denote the finite weight lattice by X = @,.; Zw;, where w; are
the fundamental weights associated to g. The natural projection cl : X,y — X has kernel Z§
and sends A; — aY Ao — w; for i € I.

Let Wyt (resp. W) be the affine (resp. finite) Weyl group with simple reflections r; for i € Iy
(resp. i € I). Wy acts on X,¢ and X} by

rid =X — (o), Ny
rife = =, ag)a
for i € Ins, A € Xy, and p € X;. We denote by ¢ the length function in Wy (resp. W).

The set of affine real roots (resp. roots) of gar (resp. g) are defined by ® = Ws {oy | i € Ly}
(resp. ® = W{a; | ¢ € I}). The set of positive affine real (resp. positive) roots are the set
Pt = @af N Dicr,, Z>o0qi (resp. @+ = dNP,; Z>oc;). We have P = @+ | ¥~ where
- = 9+ and & = &+ U P~ where ¢~ = —d+.

We have § = ag + 0, where 6 is the highest root for g, and
Pt =t (B + Zog0).

The level of a weight A € Xt is defined by lev(A\) = (¢, \). Since the action of Wy on Xy¢
is level-preserving, the sublattice ng C Xaf of level-zero elements is Wys-stable. There is a
section X — ng given by w; — A; —lev(A;)Ag for i € I.

Finally, we briefly review the level-zero poset (see [LNSSS1) Definition 6.1]). Fix a dominant

weight A in the finite weight lattice X and let W is the stabilizer of \. More precisely, W is
the parabolic subgroup generated by r; for ¢ € J where

J={iel|{a, \) =0}
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Let QY = @, Za; be the associated coroot lattice, W the set of minimum-length coset rep-
resentatives in W/Wy, &5 = <I>}r L @7 the set of roots and positive/negative roots respectively,
and p; =33, co+ @ We also use Q¥ = QY and p = p;.

J

We view X as a sublattice of X%. Let X% ()) be the orbit of A under the action of the affine
Weyl group Wy.

Definition 2.1. (Level-zero weight poset [Li]) A poset structure is defined on X%()\) as the
transitive closure of the relation

(2:2) p<rgp & (B, pm) >0,
where 8 € ® . This poset is called the level-zero weight poset for \.
2.2. Definition of Lakshmibai-Seshadri paths. In this subsection, we fix a dominant inte-

gral weight A € X. We recall the definition of Lakshmibai-Seshadri (LS) paths of shape A from
[Lil Section 4]. Let X% ()) be the level-zero weight poset for A (see [LNSSS1], Definition 6.1]).

Definition 2.2. For u, v € X%(\) with v > pu and a rational number 0 < b < 1, a b-chain
for (v, ) is, by definition, a sequence v =& > & > - > &, = p of covers in X%(A) such that
b(’yl\g/, &) €EZ for allk = 1,2, ..., n, where vy, € Pt s the corresponding positive real root
for §e—1 > &

Definition 2.3. An LS path of shape X is, by definition, a pair m = (v; b) of a sequence
vy > vy > - > vg of elements in ng()\) and a sequence b : 0 = by < by < -+ <bg =1
of rational numbers satisfying the condition that there exists a by-chain for (v, vyy1) for each
u=1,2,...,s—1.
Denote by B(\) the set of all LS paths of shape A. We identify an element
™= (Vl, Vo, ..., Vs; by, b1, ..., bs) EB()\)
with the following piecewise-linear, continuous map = : [0,1] — R ®z ng:

p—1
(2.3) w(t) = (bg = bg—1)vg+ (t —bp_1)y, for by 1 <t<b, 1<p<s.
g=1

Remark 2.4. Tt follows from the definition of an LS path of shape A that 7, := (v; 0, 1) € B()\)
for every v € X% (\), which corresponds to the straight line 7, (t) = tv, t € [0,1].

Recall that X% /Zé = X. Denote by
Rz X% - Rz XG/RIZR®z X

the canonical projection; remark that cl(X% (X)) = WA = W (see [LNSSSI, Lemma 3.1]). For
m € B(A), we define cl(m) by: (cl(7))(t) := cl(n(t)) for ¢ € [0,1]; note that cl(m) is a piecewise
linear, continuous map from [0, 1] to R ®z X. Then we set

B(A)a := {cl(7r) | e IB%()\)};

an element of this set is called a projected level-zero LS path.
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2.3. Crystal structures on B()\) and B(\)y. As in the previous subsection, let A € X be a
dominant integral weight. We use the following notation:

a; ifi#0, r;  ifi#0,
(2.4) &z = 7& S; = 7&
-0 ifi=0, rg ifi=0.

Following [Li], we give B(\) and B(\)q crystal structures with the weight lattices X% and
cl(X%) = X, respectively. Here we focus on the crystal structure on B(\)q; for the crystal
structure on B(\), in the argument below, replace n € B(\)q with 7 € B(A), and then replace
aj € ® and s; € W with a; € P2t and T € Was.

Let 7 € B(A)o. We see from [Li, Lemma 4.5a)] that n(1) € cl(X%) = X. So we set
wt(n) :=n(1) € X.
Next we define root operators e; and f; for j € I,y = IU{0} as follows (see [Li, Section 1]): Set

25) H(t) = H](t) := (&, n(t)) for t€0,1],
m =mj :=min{ H](t) | t € [0,1]} .
It follows from [Li, Lemma 4.5d)| that all local minima of H(¢) are integers; in particular,
m € Z<g. If m = 0, then e;n := 0, where 0 is an extra element not contained in B(\)¢. If
m < —1, then set
t1 :==min{t € [0,1] | H(t) = m},

to :=max{t € [0,t1] | H(t) =m+1}.
Remark 2.5.

(1) Recall that all local minima of H (t) are integers by [Li, Lemma 4.5d)]. Hence we deduce
that H(t) is strictly decreasing on [tg, t1].

(2) Because H(t) attains the minimum m at t = ¢y, it follows immediately that H(¢t; +¢) >
H(ty) for sufficiently small £ > 0.

(3) We deduce that H(tg —e) > H(tg) for sufficiently small € > 0. Indeed, suppose that
H(tp—e) < H(tp). Then the minimum m’ of H(t) on [0, o] is less than H(tp) = m+ 1.
Since all local minima of H(t) are integers, we obtain m’ = m. However, this contradicts
the definition of t1; recall that ty < t1.

Define e;jn for j € I by:

n(t) if 0 <t <t
(2.6) (e;m)(t) = ¢ n(to) +s;(n(t) —n(to)) if to <t <ty
n(t) + a; ift; <t<1,

where s; € W is the reflection with respect to a; € ®. We see from [Li, Corollary 2a)] that
e;n € B(A)a. The definition of fjn € B(X)qg U {0} is similar (see also [NS6, Section 2.2]). In
addition, for n € B(\)q and j € L, we set

(2.7) gj(n) :==max{n >0 | ern # 0}, ©;(n) :=max{n >0 | fin # 0}.
We see from [Li, Section 2] that the set B(\). together with the map wt : B(\)¢q — X, the root

operators e;, f;, j € Iy, and the maps €;, ¢;, j € Iy, becomes a crystal with cl(ng()\)) ~ X
the weight lattice.



A UNIFORM MODEL FOR KR CRYSTALS II. PATH MODELS AND P =X 7

Remark 2.6. It is easily verified that
wt(cl(m)) = cl(wt(m)) for m € B(A),
cllejm) = ejcl(m) and cl(fjm) = fjcl(m) for m € B(A) and j € Ly,
gj(cl(m)) =¢j(m) and @j(cl(n)) = @j(m) for m € B(X) and j € Iy.

We know the following theorem from [NSI1, [NS2| INS3].
Theorem 2.7.

(1) For each i € I, the crystal B(w;)a is isomorphic to the crystal basis of W(w;), the
level-zero fundamental representation, introduced by Kashiwara [Kas].
(2) The crystal graph of B(\)q is connected.
(3) Let i = (i1, d2, ..., 1p) be an arbitrary sequence of elements of I (with repetitions
allowed), and set \; := w;, + wji, + -+ + wi,. Then, there exists an isomorphism
T : B(A)a — B(wiy)a ® B(wiy)a @ -+ ®@ B(wy, )a of crystals.
Remark 2.8. Tt is known that the fundamental representation W(w;) of level-zero is isomorphic

to the Kirillov-Reshetikhin (KR) module Wl(l) in the sense of [HKOTT), Section 2.3] (for the
Drinfeld polynomials of W (w;), see [N, Remark 3.3]). Also we can prove that the crystal basis
of W(w;) = Wl(z) is unique, up to a nonzero constant multiple (see also [NS4, Lemma 1.5.3]); we
call this crystal basis a (one-column) KR crystal, and denote by B%!. By the theorem above,
the crystal B(\). of projected level-zero LS paths of shape A is a model for the corresponding
tensor product of KR crystals.

In this paper we use the Kashiwara convention for the tensor product. More precisely, for
two crystals By and Bs, the tensor product By ® Bs as a set is the Cartesian product of the
two sets. For b = b ® by € B; ® Ba, the weight function is simply wt(b) = wt(b1) + wt(b2). In
the Kashiwara convention the crystal operators are given by

b1 ® fi(ba) if €i(b2) > @i(b1),

(b1 ®bg) =
filbr @ b2) {fi(bl) ® by otherwise,

and similarly for e;(b), where ¢; and ¢; are defined as in (2.7).

3. QUANTUM LAKSHMIBAI-SESHADRI PATHS

In this section we review quantum Lakshmibai-Seshadri paths, which were defined in [LNSSS1]
in terms of the parabolic quantum Bruhat graph. The main result of this section is Theo-
rem which shows that projected level-zero LS paths are quantum LS paths. In [LNSSS2]
this is proved in a different fashion using root operators.

3.1. The parabolic quantum Bruhat graph. The quantum Bruhat graph was first intro-
duced in a paper by Brenti, Fomin and Postnikov [BEP] motivated by work of Fomin, Gelfand
and Postnikov [FGP] in type A. It later appeared in connection with the quantum cohomology
of flag varieties in a paper by Fulton and Woodward [EW].

We denote by QB(WJ ) the parabolic quantum Bruhat graph. Its vertex set is W, There are
two kinds of directed edges. Both are labeled by some o € & \ <I>j,r. We use the notation |w |
to indicate the minimum-length coset representative in the coset wW. For w € W there is a
directed edge w — |wry] if a € @+ \ &1 and one of the following holds:
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(1) (Bruhat edge) w<wr, is a covering relation in Bruhat order, that is, {(wr,) = ¢(w)+1.
(One may deduce that wr, € W)
(2) (Quantum edge)

(3.1) |wra]) = L(w) +1 = (¥, 20— 2py).

We define the weight of an edge w —— |wry] in the parabolic quantum Bruhat graph to be
either " or 0, depending on whether it is a quantum edge or not, respectively. Then the weight
of a directed path p, denoted by wt(p), is defined as the sum of the weights of its edges.

3.2. Definition of quantum Lakshmibai-Seshadri paths. In this subsection, we fix a
dominant integral weight A € X. Set J := {j € I | (af, \) = 0}, so that W is the stabilizer
of A. Given a rational number b, we define QB,,(W’) to be the subgraph of the parabolic
quantum Bruhat graph QB(W) with the same vertex set but having only the edges:

(3.2) x5y with (7Y, bA) = b(yY, \) € Z.
Definition 3.1. A quantum Lakshmibai-Seshadri (QLS) path of shape X is a pair n = (z; b)
of a sequence x : x1, To, ..., Ts of elements in W with x, # Xy for 1l <u<s—1and a

sequence b 1 0 =by < by < --- < bg =1 of rational numbers satisfying the condition that there
exists a directed path from x,+1 to xy in QBbW\(WJ) foreach1 <u<s—1.

Denote by QLS()) the set of QLS paths of shape A\. We use the notation x N y to indicate
that there exists a directed path from x to y in QB,,(W*); so we can write the element

n = (z1, x2, ..., Ts; bo, b1, ..., bs)
in QLS(A) as follows:
(3.3) 1 pi o L Ts o 22 Ts 1 = Ts .

Since W can be identified with W\ under the canonical bijection w — w\, we will sometimes
think of the elements x; as weights. Moreover, we identify 5 with the following piecewise-linear,
continuous map 7 : [0,1] - R®z X:

p—1
(3.4) n(t) = (bg — bg-1)xgA + (t = bp_1)aph for by 1 <t <by, 1<p<s.

g=1
Remark 3.2. Tt follows from the definition of a QLS path of shape A that n, := (z;0, 1) €
QLS(\) for every @ € W, which corresponds to the straight line n,\(t) = tz), t € [0,1]. We
can easily see that cl(m,) = 1, for v € X2 (A); recall that cI(X% (X)) = WA

3.3. Relation between LS paths and QLS paths. We now establish the correspondence
between projected level-zero LS paths and quantum LS paths. As before, A € X is a fixed
dominant integral weight.

Theorem 3.3. B()\)g = QLS()\) under the identification cl(X2%(N)) = WA.

In order to prove this theorem, we need the following lemma.
Lemma 3.4. Let 0 < b < 1 be a rational number.

(1) Let p, v € X%(N). If there exists a b-chain for (v, w), then there exists a directed path
from cl(p) to cl(v) in QB (W7).
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(2) Let w, w' € W7, If there exists a directed path from w to w' in QB (W), then for
ea(cf; 1 G,ng()\) with cl(u) = w, there exists a b-chain for (v, p) for some v € X%(X) with
cl(v) =w'.

Proof. (1) It suffices to show the assertion in the case that v is a cover of p, i.e., p<<v in X% (N).
Let 3 € ®** be such that rgu = v and (3", u) € Z. Then, 3 € ®* or 3 € §—®* (see [LNSSSI],
Lemma 6.4 (1)]). Set w := cl(u) € WA = W/, If 8 € &, then it follows from [LNSSSI,
Theorem 6.5] that v := w™'3 € &\ &} and cl(u) = w 2 cl(v) in QB(W7). In addition, we
see that b(yY, A) = b(8Y, ) € Z, which implies that cl(;) = w = cl(v) in QByy (W*). Similarly,
if 3 € §—®", then it follows from [LNSSSI, Theorem 6.5] that v := w™(8 — §) € T\ @7
and cl(p) = w = cl(v) in QB(WY). We see that b(yY, \) = b(8Y —¢, p) = b(3Y, p) € Z, which
implies that cl(u) = w - cl(v) in QByy(W*). Thus we have proved part (1).
(2) Fix p € X% () such that cl(u) = w. Assume that

_ 71 72 Yu o
W=y —T1 — Ty =W
is a directed path from w to w’ in QB,,(W7). We show the assertion by induction on the
length u of the directed path above. Assume first that u = 1; for simplicity of notation, we set
v :="1. Set

wy if w5 w is a Bruhat edge,

§+wy if w5 w is a quantum edge.
It follows from [LNSSS1, Theorem 6.5] that § € P+ and p < rgpu =: v. Also, we see that
cl(v) = w'. In addition, (3", u) = b{y¥, \) € Z. Thus, u < v is a b-chain for (v, p). Assume
that w > 2. By our induction hypothesis, there exists a b-chain for (¢, u) for some ¢ € X% (N)
with cl(§) = xy—1. Also, by our induction hypothesis, there exists a b-chain for (v, £) for some

v € X%(\) with cl(v) = , = w'. Concatenating these b-chains, we obtain a b-chain for (v, ).
Thus we have proved the lemma. O

Proof of Theorem[3.3 First, let us show that B(\)q C QLS()). Let
™= (Vla V2, -y Vs—1, Vs bo, b1, bay ..oy bs—1, bs) € E(A)

We show cl(m) € QLS(\) by induction on s. If s = 1, then the assertion is obvious by Re-
mark [3.2] Assume that s > 1. Set

7T/ = (VQ, ey Us1, Vg bo, bg, ey bs—h bs).
Then we see that 7' € B(A), and hence cl(7') € QLS(\) by our induction hypothesis. Write
cl(n') as:

Cl(ﬂ-/) = (y17 Y2, -5 Yu; Co, C1y - - -y Cy—1, Cu)

for some y1, y2, ..., Yy € W’ and 0 = ¢y < ¢1 < --+ < cy—1 < ¢, = 1; we should remark
that 0 < by < by < ¢; and y; = cl(v2). The inequality bs < ¢ comes from the fact that
Cl(?Tl)(t) = tCl(l/Q) for t € [O,bg] and Cl(ﬂ'/)(t) = by CI(VQ) + (t — bg) Cl(l/g) for t € [bg,bg].
Therefore,

(a) if cl(r2) # cl(v3), then the first turning point ¢; of cl(#’) is equal to ba.
(b) if cl(r2) = cl(v3), then the first turning point ¢; of cl(n’) is greater than bs.
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If cl(v1) = cl(vz), then it follows immediately that cl(7) = cl(n’), and hence cl(7) € QLS(A).
Assume that cl(v1) # cl(va) = y1; set 21 := cl(v1) € WA = W, Because there exists a bj-chain
for (v1, 1) by the definition of an LS path, we deduce from Lemma [3.4(1) that there exists a
directed path from y; = cl(v2) to z1 = cl(v1) in QB ,(W). Therefore, we see that

(T15 Y1, Y25 -5 Yus €0, b1, €1y ooy Cumts Cu)
is a QLS path of shape A, which is identical to cl(7). Thus we obtain cl(7) € QLS(\), as
desired.

Next, let us show the opposite inclusion, i.e., B(\)g D QLS(A). Let

n = (z1, x2, ..., Ts—1, Ts; bo, b1, ba, ..., bs_1, bs) € QLS(A).

We show by induction on s that there exists m € B(\) such that cl(w) = n. If s = 1, then the
assertion is obvious by Remark Assume that s > 1. We see that

7’/ = (1’2, ceey Ts—1, Tsy b07 b27 ey bs—lv bs)
is contained in QLS()). Hence, by our induction hypothesis, there exists 7’ € B(\) such that
cl(n") = n'. Write ' as:

' = (Mb M2y ooy Hus €Oy CLy -e vy Cy—1, CU)
for some 1, po, ..., fy € ng()\) and 0 = ¢g < 1 < -+ < ¢yu_1 < ¢, = 1; we should remark
that 0 < by < by < ¢1 and cl(p1) = x2. Because there exists a directed path from xo = cl(u)

to 1 in QBy, (W), it follows from Lemma (2) that there exists a bj-chain for (v, p1) for
some v € X%(A) with cl(v1) = 1. Therefore,

7= (U1, f1y 2y -« oy fa i €Oy D1, C1y ooy Cu—1, Cy) € B(A).
It can be easily seen that cl(r) = 1. Thus we have proved the opposite inclusion, thereby
completing the proof of the theorem. O

4. FORMULA FOR THE DEGREE FUNCTION

Throughout this section, we fix a dominant integral weight A € X, and set J := {z el
(), \) = 0}. We define the degree function on projected level-zero LS paths in Section
and recall the relation with the energy function on KR crystals in Theorem Theorem [4.6]
is the main result of this section and provides an explicit expression for the degree function as

sums of weights of shortest paths in the parabolic quantum Bruhat graph.

4.1. Weights of directed paths. We know the following proposition from [LNSSS1, Propo-
sition 8.1].

Proposition 4.1. Let x, y € W”/. Let p and q be a shortest and an arbitrary directed path
from x to y in QB(WY), respectively. Then there exists h € QY such that

wt(q) — wt(p) =h mod QY.
In addition, if q is also shortest, then wt(q) = wt(p) mod QY.
Let z, y € W”. By Proposition the pairing of A and the weight of a shortest directed

path from x to y does not depend on the choice of a shortest directed path from x to y. Define
wty(z = y) to be the pairing of A and the weight of a shortest directed path from z to y.

The following is a corollary to [LNSSS1), Lemma 7.7].
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Corollary 4.2. Let wy, wo € WY, and j € L.
(1) If (@}, wiX) > 0 and (@, w2 X) <0, then

Wt)\(LSjle = wg) = Wt)\(wl = wz) — (5j70<&;/, wl)\>.

(2) If (@}, wiX) < 0 and (@, waA) < 0, then

WtA(szle = LSj'[UQJ) = Wt)\(wl = w2) — j,0<&}/a wl)\> + 6]-,0(&% wg)\>

(3) If (@], wiX) > 0 and (@, w2\) <0, then

wty(w = I_SijJ) = wty (w1 = we) + (5j,0<&}/, wa ).

Proof. We give a proof only for part (1); the proofs for parts (2) and (3) are similar. Let p be
a shortest directed path from w; to wy. Then it follows from [LNSSS1, Lemma 7.7 (3) and (5)]
that there exists a shortest directed path p’ from |s;x] to ws such that

wt(p') = wi(p) — 8 0wy 'y
Hence,
wia([sjwi | = wa) = (wi(p'), A) = (wt(p), A) — §;,0(w; '@y, A)
= Wt)\(wl = U)Q) - j,0<a}/v wl)‘>'

Thus we have proved the corollary. O

4.2. Definition of the degree function. Let us recall from [NS6l Section 3.1] the definition
of the degree function

Deg = Deg) : B(A)a — Z<o.
Denote by Bg(A) the connected component of B(\) containing the straight line ) = (\; 0, 1).
Also, for m = (11, ..., vs; by, ..., bs) € B(\), we set ¢(m) := 11, and call it the initial direction
of m; note that «(m) = w(e)/e for sufficiently small ¢ > 0. We know from [NS6l Proposition
3.1.3] that for each 1 € B(\), there exists a unique 7, € Bo(\) satisfying the conditions that
cl(m,) = n and t(m,;) € A— Q4. Then it follows from [NS6, Lemma 3.1.1] that m,(1) € XY is of
the form:

(1) =A-B+KJ

for some # € Q4 and K € Z>o. We define the degree Deg(n) € Z<g of n € B(\)q by:

(4.1) Deg(n) = —K € Z<.
Remark 4.3. Tt is known (see, e.g., [NS6, Proposition 4.3.1]) that for each n € B(A)q, there
exist ji, jo, ..., ji € Iaf such that e e, - - - €, = ny. Therefore, we deduce from [NS6, Lemma

3.2.1] that Deg = Deg, : B(\)o — Z<o is a unique function satisfying the following conditions:

(i) Deg(nx) = 0;
(ii) for n € B(\)q and j € Iy with e;n # 0,

Deg(n) — 1 if j =0 and ¢(eon) = (1),
(4.2) Deg(e;n) = { Deg(n) — (ag, ¢(n)) —1 if j =0 and t(eon) = so(c(n)),
Deg(n) if j #0,

where ¢(n) := n(e)/e for sufficiently small £ > 0.
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4.3. Relation between the degree function and the energy function. Write A as A =

Wiy + Wiy + -+ wy, with iy, dg, ..., i € 1. By Theorem (3), there exists an isomorphism
(4.3) v B()\)d = B(wz‘l)d X B(wiQ)cl XX B(w,-p)d =:B

of crystals. Here we should recall from Remark that B(w; ) is isomorphic to the one-column
KR crystal B%!. Also, recall from Section that we are using the Kashiwara convention for
tensor products in this paper. So, following [HKOTY] Section 3] and [HKOTT, Section 3.3]
(see also [SS] and [NS6, Section 4.1]), we define the energy function D = Dp : B — Z<o on B as
follows. First, for each 1 < k, I < p, there exists a unique isomorphism (called a combinatorial
R-matrix)
Ry B(wiy)a @ B(wi))e — B(wi,)a @ B(wi, )a
of crystals. Also, there exists a unique Z-valued function (called a local energy function)
Hy o B(wiy, )o @ B(wi,)a — Z satisfying the following conditions (H1) and (H2):
(H1) For n @ m € B(wi),)el ® B(w;, ) and j € I such that e;(n, @ n;) # 0,

Hy(ej(me @ m)) =
Hy (e @m) +1
if j =0, and if eg(nr @ M) = eoni @ M, eo( @ Nk) = €0 @ M,

Hy(m@m) — 1
if j =0, and if eg(np @ m) = M @ eony, €0 © M) = M @ €onk,

Hy i (ne ®my) otherwise,
where we set 7, @ 1y, := Ry (nr @ m) € B(wi,)a @ B(wiy, )l
(H2) Hyi(Nw;, @ Mwy,) = 0.
Now, for each 1 < k <[ < p, there exists a unique isomorphism
B(wi, )t @ B(wiy 1) @ -+ @ B(wi,_, )t @ B(wy, )l
Z B(wiy)el @ Blwiy )l @ -+ - @ B(wiy_y)el © B(wi,_, el

of crystals, which is given by composition of combinatorial R-matrices. Given n; @ 11 ® -+ ®

m € B(wiy)el @ B(wiy,,)a ® - - @ B(wy, )1, we define nl(k) € B(wj,)a to be the first factor of the
image of N ® Nr11 ® - -- ® m; under the above isomorphism of crystals. For convenience, we
set nl(l) = for m € B(wj,)a, 1 <1 < p. In addition, for each 1 < k < p, take (and fix) an
arbitrary element 77;: € B(wj, )a such that fjmb€ = 0 for all j € I. Then we define the energy
function D = Dp : B = B(wi, ) ® B(wiy)a ® - - @ B(ws, )l — Z by:

Dm@n®@- Q) =

p
k
(4.4) > Hlme o)+ H(nf @ ).
k=1

1<k<I<p

Remark 4.4. The energy function D above corresponds to the “right” energy function D in
[LeS, Section 2.4]; we should remark that the order of tensor products of crystals in [LeS] is
“opposite” to that in this paper. In this paper, we call the energy defined in the head
energy since the tensor factors move towards the head (or first) tensor factor.
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We know the following theorem from [NS6, Theorem 4.1.1].
Theorem 4.5. Using the same notation as above, for every n € B(\)q, we have
(4.5) Deg(n) = D(¥(n)) — Dext,
where Deyxt € 7 18 a constant defined by
P
Dex == Y Hi (0}, ® 1y, )-
k=1

4.4. Formula for the degree function. Let n € B(\)q. Because B(\) = QLS(X) by Theo-
rem [3.3] we can write 7 as:

n:(ml,xz,...,xs;bo, bl,...,bs)GQLS()\)
for some 1, xa, ..., xs € W/ and 0 = by < by < --- < by = 1; note that ¢(n) = x1 \.

Theorem 4.6. With the same notation as above, we have the following equality:

s—1

(4.6) Deg(n) = — Y (1 — bg) wha(zpr1 = zp).
k=1

Proof. For n € QLS(\) = B(\)q, we define F(n) by the right-hand side of (4.6)). It suffices to
show that F satisfies conditions (i) and (ii) in Remark [4.3] i.e.,

(1) F(m) =0;
(ii) for n € B(A)q and j € Ly with e;n # 0,

F(n) -1 if 7 =0 and t(egn) = ¢(n),
(4.7) F(ejn) = F(n) —{(ag, «(n)) —1 if j = 0 and w(eon) = so(+(n)),
F(n) if j 0.

It is obvious that F' satisfies condition (i). Let us show that F' satisfies condition (ii). Let
n € B(A)a and j € I be such that e;n # 0. We deduce that the point ¢; = min{¢ € [0,1] |
H]"(t) = m?} is equal to b, for some 0 < u < s. Let 0 < v < u be such that b,_1 < tg < by;
recall that tg = max{t € [0,#1] | Hl(t) = m] + 1}. Tt follows from the definition of the root
operator e; that e;n € QLS(A) can be written as follows:

b by — t by by b, =t by,
T Ee L xy_ E= o, <= |sj2y | <= [SjTy41] 2 1870 = Tyt1 A2 .

(a) (b)

Here, if b,_; = to, then we drop (a) from the diagram above; note that in this case, x,_1 #
|sjay] since (&Y, z,-1\) <0 and (&), sjz,\) = —(a, ,A) > 0 by Remark (1), (3). Also,
if |sjxy] = @yy1, then we replace (b) by zuq1 (or |sjz,]) in the diagram above. We should

remark that ¢(e;n) = s;ju(n) if and only if m = m? =1 (see (2.5)) and tg = by = 0.
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Now, by the definition of F, we have

v—2 u—1
6]77 {Z 1-— bk Wt)\ Tht1 = .Tk) + R+ Z 1-— bk) WtA(£8]$k+1J = {ijkJ)
k=1 k=m
=:Uq =:U2
s—1
(4.8) + (1 — bu) Wt)\(xu_H = LS]‘JJUJ) + Z (1 — bk) Wt)\(l‘k_H = l‘k)},
_T'U k=u+1
=:Us
where
(1 = by—1) Wtr(zy = xp—1)
+(1 — to) Wt)\(lsj‘.%'yj = l‘v) if tg #£ by_1,
(4.9) R:=
(1 - bv—l) Wt)\(LS]’JJUJ = CEv_l) if v >1and ty = b,_1,
0 if’()zlal’ldto:b():o,

\

and if u = s (resp., v = 1), then wty(zy41 = |s;2]) in Us (resp., wty(z, = xy—1) in R) is
understood to be 0; notice that the equality (4.8)) is valid even when |s;jz,| = zy4+1. Also, in

(4.9), notice that

(4.10) wtA([5j@0] = 20) = —6j,0(a], o).

First, let us show that if v > 1 and ¢y = b,—1 (cf. the second case of (4.9)), then
(411) R = (1 — bvfl) Wt)\(l‘v = CL',U,1) — (1 — t0)5j70<&}/, l'v)\>

Recall that (&, z,-1)) <0 and (&}, s;z,\) = —(&, ©,A) > 0 by Remark (1), (3). Thus,

J M
applying Corollary - ) to wy = szxvj and wo = x,_1, we obtain

R= (1 - bvfl) Wt)\(L‘ijvJ = l'vfl)

= (1 — bv—l) Wt)\(l‘y = xv_l) — (1 — bv_l)éj 0< .%'v)\>
= (1 — bv_l)Wt)\(iﬁv = -7}1;—1) — (1 — t0)5]7 <~j7 acv)\>,

as desired. Combining (4.9)), (4.10), and (4.11]), we obtain
v—1

D (1= b)) wta(@rgr = k) — (1 —t0)35,0(@, z0A) if to # 0,
(4.12) U =% = !

0 if tg = 0.

Next, we remark that the function Hjn(t) is strictly decreasing on [to, t1] (see Remark(l)),
which implies that (@, zxA) < 0 for all v <k < u. By Corollary (2), we have

Wt)\(£$jl’k+1j = szxkj) = th(ka = xk) (SJ 0< .%'k+1>\> + 5] 0< xk)\>
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for each m < k < u — 1. Therefore,

u—1 u—1
U; = Z(l — bk) Wt)\(ﬂjk_H = a:k ] OZ 1 — bk j s $k+1)\ +5]0 Z 1 — bk < l‘k)\>
k=v k=v

= b1 (L=br—1)(@Y 2 )

u—1
= (1= b)) wta(@pa1 = @) + 55,0(1 — by) (@), 2uX)
k=v
(4.13)
u—1
— 80 D (be = be—1) (@), zeA) — 8j,0(1 = bu—1)(@), zuN).
k=v+1

Finally, let us show that

(4.14) Us = (1 — by) wha(zus1 = @u) — 85,0(1 — bu) (@], z4A),

where if u = s, then wt) (241 = x,) is understood to be 0. If u = s, then the equality obviously
holds. Assume that u < s. Then, since (&, z,A) < 0 and (&} acuﬂ)\) > 0 by Remark .
the equality (4.14 - ) follows immediately from Corollary - (applied to wy; = 441 and wy =

Substituting (4.12)), (4.13)), (4.14) into (4.8]), we deduce that

u—1
Flejn) = =Y (1= bp) Wa(zp1 = 23) =T
k=1
=F(n)
+5j,0{(bv to) (@), zoA) + Z (b — bg—1) fEkM},
k=v+1
=V
where
{0 if tg # 0,
J;, 0< , T1A) = 650 ( , u(n)) iftg=0.

Here, observe that
V = H](b,) — Hj(to) = H] (t1) — H](to) = m] — (m] +1) = -1.
Thus we have shown that F satisfies (4.7]), thereby completing the proof of Theorem O

5. TAIL DEGREE FUNCTION AND TAIL ENERGY FUNCTION

Throughout this section, we fix a dominant integral weight A € X, and set J := {z el]
(af, A) = 0}. Here we define the tail analogue of the head degree and energy function of the
previous section using the Lusztig involution. In Theorem we prove the tail analogue of the
relation between the degree and energy function.
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5.1. Lusztig involution on B(\).. For each n € B(\)q, we define n* : [0,1] - R®z X by
n*(t) =n(l —t) —n(1) for t € [0,1]. We see that if n = (u1, p2, ..., pts; bo, b1, ..., bs), then
(5.1) N = (—fusy, —fhs—1y «-oy —f1; L —bg, 1 —bs—1, ..., 1 —bp);

note that —p, € W(=X) = W(—wo\) for 1 < u < s, where w, is the longest Weyl group
element. It is easily checked that n* € B(—wo\)q. Also, we see that wt(n*) = n*(1) = —n(1) =
—wt(n), and from [Li, Lemma 2.1¢)| that

(5.2) ()" = fim™s  (fim)” = ey for j € Ly

Let us denote by o : I — I the Dynkin diagram automorphism for g induced by the longest
element wo, € W, ie., woa; = —ag ;) for j € I. If we set o(0) := 0, then o : Iyt — Iy is
the Dynkin diagram automorphism for the affine Lie algebra g.s. Now, o acts as —w, on the
integral weight lattice X and also on the Cartan subalgebra b of g; note that o(0) = 6, and

08j = S4(j50 on X and on b

for j € I,¢. Hence there exists a group automorphism, denoted also by o, of the Weyl group W
such that o(s;j) = s,(;) for all j € Ls; notice that £(o(w)) = £(w) for w € W, and 0(ra) = 7(a)
for a € ;. The following lemma is easily shown.

Lemma 5.1.

(1) If w e WY, then o(w) € W,
(2) Let 0 < b < 1 be a rational number. For wy, ws € W’ and g € &+ \ &F,

. = ﬁ . o
wq 2, wy in QB (W7) = o(w) 75 o(wz) in QByyn) (W )
In addition, the types (i.e., Bruhat or quantum) of these two edges coincide.

For n € B(\)1, we define a(n) by (o(n))(t) = o(n(t)) for t € [0,1]. Then, o(n) € B(o(\))a =
B(—woA)a. Indeed, if n € B(A)a = QLS(A) is of the form

(5.3) n=(x1, xo, ..., Ts; by, b1, ..., bs)
with z1, o, ..., s € W7, then
(5.4) o(n) = (o(z1), o(x2), ..., o(xs); bo, by, ..., bs);

we can easily check by using Lemma that o(n) € QLS(c(A\)) = B(c(A))e- In addition, we
have

wt(o(n)) = o(wt(n)),  olen) =eszo(n),  o(fin) = fogyon)
for n € B(\)q and j € Ly.

For each n € B(\)1, we set S(n) := o(n*); by the argument above, we see that S(n) € B(A)q.
Furthermore, it is easily checked that S is an involution on B(\)¢, which we call the Lusztig
involution (see also [LeS| for the affine version of the Lusztig involution in type C') such that

(5.5) wt(S(n)) = —o(wi(n),  Slegn) = foySm),  S(fim) = es(;)S(n)
for n € B(\)q and j € Is. We remark that if 7 is of the form , then
Sn) = (lo(zswo)], [o(zs—1wo)], ..., [o(z1we) |51 —bsy 1 —bs—1, ..., 1 —bo)

(5.6) = (|woxs], |WoTs—1], .., |Wwom1]; 1 —=bs, 1 —bg_1, ..., 1= by).
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5.2. Tail degree function. We define the tail degree function Degg\aﬂ : B(A) — Z<o by

Degt®l(n) = Deg,(S(n)) for n € B(\)a, where Degy : B(\)a — Z<g is the degree function
defined in Section (4.2l

Remark 5.2. Let n € B(A\)a. As in [NS6, Proposition 3.1.3], we can show that there exists a
unique 71'5 € By(A) satisfying the conditions that cl(w#) = n and /ﬁ;(ﬂ'#) € A — @4, where for
= V1, ..., Vs; bo, ..., bs) € B(N), we set k(m) = vg, and call it the final direction of 7. We
see that ﬁ#(l) € XY is of the form: 72(1) = A — 3+ K4 for some 3 € Q.+ and K € Z<,. Then,

. n
K = Degf\aﬂ(n).

Proposition 5.3. Let n = (x1, xa, ..., Ts; by, b1, ..., bs) € B(A)a = QLS(A). Then,
s—1

Degi™ () = — Z bk WA (Tg+1 = o).
k=1

Proof. Tt follows from Theorem and (j5.6) that
s—1

Degl(n) = = {1 (1 = boop) } wia(lwors—r] = [wos—ks1])
k=1

s—1
==Y bpwta(|work) = [wowpi1)).

k=1
Also, it follows from [LNSSST) Proposition 4.3 (3)] that if the weight of a shortest directed path
from |woxy | to |womky1] is equal to € € QV, then the weight of a shortest directed path from
Try1 to m is equal to wl€Y € QV, where w! is the longest element of Wj. Since w/\ = A by
the definition of .J, we have wt)(|wozk | = |WoTky1]|) = Wtr (k41 = zx). Thus we have proved
the proposition. O

5.3. Tail energy function. As in Section write A as A = wy; + wj, + -+ + wy, with
11, 12, -« -, ip € I, and let

U B(A)a = B(wi; ) @ B(wiy)a ® - @ B(wi,)a = B

be the isomorphism of crystals; recall again that B(w;)q = B! as crystals. Following [LeS,
Section 2.4], we define the tail energy function D*! = D@l : B — Z.y on B as follows. For
each 1 <k <[ < p, there exists a unique isomorphism

B(wiy, o1 ® B(wiyyy)a ® -+ @ B(wi,_;)a ® B(w;, )a
= B(wik+1)d ® B(wik+2)d @ Q@ IB(("Jiz)cl ® B(wik)d

of crystals, which is given by composition of combinatorial R-matrices. Given ny @ Nx+1 ® -+ ®

m € B(wiy,)a @ B(wiy,,)a ® -+ @ B(wy,)el, we define n,il) € B(wj, )a to be the last factor of the

image of np ® Mra1 ® - -+ ® n; under the above isomorphism of crystals. In addition, for each

1 <k < p, take (and fix) an arbitrary element nlﬁg € B(wj, )a such that em,ﬁc =0 forall j €I
Then we define the tail energy function D! = DItEBaﬂ 1B = B(wi,)a®B(wiy)a®- - -@B(wi, )a — Z

by:

p
. l_
(5.7) D @ne--an)= > Hi (™" @m) + ) Hy (! @)
1<k<I<p k=1
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Also, we define a constant D%l € Z by

ext

(5.8) DR = Z Hy ke (uowin, @ 1})-
k=1

Now, set B := B(wi, )t @ B(wi,_; )l @ - - - @ B(wj, )e1, and define S : B — B by:

(5.9) Sm @ @mnp) = S(p) @ ®@8(m)
form®@---®@n, € B=DB(w)a®B(wiy)a® - ®@B(w;,)a. Then we deduce that
(5.10) wt(S(n)) = —o(wt(n)),  Sle;n) = foySm),  S(fim) = ex;SN)

forn € B and j € I,s.

Proposition 5.4 (cf. [LeS, Proposition 2.6]). For everyn € B = B(wi, )a @ B(wiy)e ® - -+ ®
B(wi,)c1, we have

Dg'(n) — D&Y = Dg(S(n)) — Dext.
Proof. Observe that f;S (nk) = 0 for every j € 1 by . Because the right-hand side of the
equation above does not depend on the choice of nk € B(wzk)cl by Theorem we may assume
that 7}, = S(n,ﬁ) for each 1 < k < p. Also, notice that n., = S(Nwew, ) for 1 <k < p. We can
show the assertion in exactly the same way as [LeS|, Proposition 2.6]. For simplicity of notation,

we set By := B(wj, )a and I@k i= B(wi,_j)el for 1 <k < p; notice that

B=B1®-~-®Bp, @:@1@)...@@1).
For each 1 < k < I < p, consider the following diagram:

~

By @ Bpy1 ® --- @ By Brt1®-- @B @By

(5.11) s s

IBgp—l-‘,-l Q& IEp—k ® ]Ep—k—‘rl —— IEp—.’c—‘,—l ® I/ép—l—‘rl K& IE;p—k: .

Here the vertical S’s are defined in the same manner as (5.9). Because the same commutative
relations as hold for these S’s, we deduce from the connectedness of the crystals appearing
in the diagram above (see Theorem (2), (3)) that the diagram above is commutative. Also,
we can show in exactly the same manner as for [LeS| (2.6)] that for each 1 < k, [ < p,

(5.12) Hy (e @ ) = Hip(S(m) ® S(ne))  for every my @ my € By

Now,let n =m @2 @ --- ®@n, € B, and set 7,41 := S(nk) € @p_k+1 for 1 < k < p; note
that S(n) =m ® - -- @ np. By the commutative diagram (5.11]), we see that
Sty = 17[()’:;:11) for 1 <k <1<p.
Hence we obtain

Hyg(p101 @ 70 200) = Hin(Stm) @ St ™)) = Hea(nl ™V @m) by G12);

remark that Hj is the local energy function on I@p_l+1 ® @p_k+1. Similarly,

Hig(m @ 12 0) = Hen(S(f) © S(P) = Hig(n?) @ nl).
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Furthermore, since S(1wow,, ) = N, , we have

Hi (1 © oy, ) = Hie k(SO @ S e, )) = Hik (Mo, ® 715)-
Combining these, we deduce that

D () = DEYm @ mp @ -+ @ 1p)

P
l_
= 3 By o)+ B @ f)
1<k<I<p k=1

p
~ ~(p—14+2 b o ~(1
= Y Hy(lpin ®m§’ik+1)) +) Hk,k(nk®n§3k+1)
1<k<I<p k=1

= D5( ® 7} @+ @7,) = Dz(S(n))

and
. p p
DS =" Hi (s, @) = D Hik (0 © sy, ) = Dot
k=1 k=1
Thus we have proved the proposition. O

5.4. Relation between the tail degree function and the tail energy function.

Theorem 5.5. Keep the notation and setting at the beginning of Section |5.3l For each n €
B(A)e, we have

Degie!(n) = DR (W (n)) — Dl

ext *

Proof. As in the previous subsection, set B := B(wi,)a ® B(wi, ;) ® -+ @ B(ws, )1, and let
U : B()\)g — B be the isomorphism of crystals given by Theorem (3) By the connectedness

of the crystals (see Theorem [2.7(2), (3)) and (5.F)), (5.10]), we have the following commutative
diagram:
B(\a ——> B
(5.13) s s
IB3()\)cl T) E
Now, we see that

Degi!(n) = Degy(S(n)) = Dg(¥(S(n))) — Dext by Theorem
= D]E(S(‘I’(W))) — Doyt by "
= D]FBaﬂ(‘I’(U)) - Dgiiﬁ by Proposition [5.4]

Thus we have proved the theorem. (|
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6. PERFECTNESS AND CLASSICAL DECOMPOSITION

The notion of perfectness plays an important role for level-zero crystals. It ensures for
example that the Kyoto path model is applicable, which gives a model for highest weight affine
crystals as a semi-infinite tensor product of Kirillov—Reshetikhin crystals. Let us define perfect
crystals, see for example [HK]. Given a crystal B and b € B, we need the definition

ed) =Y eid)A; and (b)) = Y pi(b)A;
i€l i€l
with £;(b) and ¢;(b) as defined in (2.7]). Furthermore, denote by Y;}Z ={\¢€ Y:f | lev(\) = ¢}

the set of dominant weights of level ¢, where Y;rf = Der, Lo

Definition 6.1. For a positive integer £ > 0, a crystal B is called a perfect crystal of level £, if
the following conditions are satisfied:

(1) B is isomorphic to the crystal graph of a finite-dimensional U;(g)—module.

(2) B® B is connected.

(3) There ezists a A € @;cy  ZAi, such that wt(B) C A+3 ;1 Z<oi and there is a unique
element in B of classical weight X.

(4) Vbe B, lev(e(b)) > ¢.

(5) VA e Y:fé, there exist unique elements by, b™ € B, such that

e(bp) = A = p(bY).

We denote by B the set of minimal elements in B, namely
Bumin = {b € B | lev(e(b)) = ¢}.
Note that condition (5) of Definition ensures that e, ¢ : Bpin — Y;}E are bijections.
Recall from Section that 0 = > ., ajo; € b and ¢ = 37, afay € hup. Define
¢r = max{ g%, ag }.

Conjecture 6.2. [HKOTT] Conjecture 2.1] The Kirillov-Reshetikhin crystal B™*® is perfect if
and only if Z is an integer. If B™* is perfect, its level is -

For all nonexceptional types this conjecture was proven in [FOSI]. Given the explicit mod-
els for B™! for all untwisted types in this paper and their implementation into SAGE [Sage)
Sage-comb|, we have verified Conjecture also for untwisted exceptional types when s = 1.

For type G(l), perfectness was also treated in [Y].

Theorem 6.3. Conjecture holds for B™! for types Ggl), 4(1), Eél), Eél) for all Dynkin nodes,
and type Eél) for all nodes (except possibly 5,8 in the labeling of [HKOTT]). In addition, the
graded classical decompositions of [HKOTY], Appendix A] were verified (except for type Eél)).

For the other nodes in type Eél) the program is currently too slow to test it.

Proof. Point (1) of Definition[6.1]follows from Remark[2.8] Point (2) can be deduced from [Kas.
Points (3)-(5) were checked explicitly on the computer using the implementation of level-zero
LS paths in SAGE [Sagel [Sage-comb] (version sage-6.1 or higher), see for example
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sage: C = CartanType([’E’,6,1])

sage: R = RootSystem(C)

sage: La = R.weight_space() .basis()

sage: LS = CrystalOfProjectedLevelZeroLSPaths(La[1])
sage: LS.is_perfect()

This showed that B™! is perfect

e for all nodes of type Eé17) and the nodes specified in the theorem for type Eél);

e the first 2 nodes of Fil) (long roots);

e the second node of G;l) (long root).

This confirms the perfectness claim of the theorem. The graded classical decompositions
of [HKOTY] Appendix A] were also confirmed by computer. O

7. THE QUANTUM ALCOVE MODEL

Now let us recall the quantum alcove model [LL1]. Throughout this section we refer to roots
and weights in the corresponding finite lattices. Fix a dominant integral weight A € X.

7.1. The objects of the model. We say that two alcoves are adjacent if they are distinct and

have a common wall. Given a pair of adjacent alcoves A and B, we write A ., Bfor sed
if the common wall is orthogonal to 8 and (3 points in the direction from A to B. Recall that
alcoves are separated by hyperplanes of the form

Hpy = {pebp | (87, 1) =1},
where hp = R ®@ X. We denote by rg; the affine reflection in this hyperplane.

Definition 7.1. [LP] An alcove path is a sequence of alcoves I1 = (Ag, A1,..., Ap) such that
Aj_1 and A; are adjacent, for j =1,...,m. We say that II is reduced if it has minimal length
among all alcove paths from Ay to Ap,.

Let Ay = A, + A be the translation of the fundamental alcove A, by the weight A\. The
fundamental alcove is defined as

As={pebr|0<{a’,u)<1 forallac ®'}.
Definition 7.2. [LP] The sequence of roots (51, B2, ..,Bm) is called a A-chain if

Ag=A, a2 g —a

is a reduced alcove path.

A reduced alcove path II = (Ag = Ao, A1,..., Ay = A_)) can be identified with the cor-
responding total order on the hyperplanes Hg _;, to be called A-hyperplanes, which separate
A, from A_y (i.e., are subject to 8 € ®1 and 0 < [ < (8", \)); we refer here to the sequence
Hpg, _;, for i = 1,...,m, where Hg, _;, contains the common wall of A;_; and A;. Note also
that a A-chain (f1,..., Bn) determines the corresponding reduced alcove path. Indeed, we can
recover the corresponding sequence (I1,...,0y), to be called the height sequence, by setting
li == |{j <i|Bj = Bi}|. Therefore, we will sometimes refer to the sequence of A-hyperplanes
considered above as a A-chain. Let 7; :=rg, and 7; :=1rg, ;.
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Remark 7.3. An alcove path corresponds to the choice of a reduced word for the affine Weyl
group element sending A, to A_) [LP, Lemma 5.3]. Another equivalent definition of an al-
cove path/A-chain, based on a root interlacing condition which generalizes a similar condition
characterizing reflection orderings, can be found in [LPIl Definition 4.1 and Proposition 10.2].

We will work with a special choice of a A-chain in [LPIl Section 4], which we now recall.

Proposition 7.4. [LP1] Given a total order I = {1 <2 < --- <r} on the set of Dynkin nodes,
one may express a coroot 3V =31 | cio) in the Z-basis of simple coroots. Consider the total
order on the set of A-hyperplanes defined by the lexicographic order on their images in Q"1

under the map
1
7.1 Hs —( .
( ) ﬁ, l'_></3\/7)\>(7cl7 7C'I‘)
This map is injective, thereby endowing the set of \-hyperplanes with a total order, which is a
A-chain. We call it the lexicographic (lex) A-chain.

The objects of the quantum alcove model are defined next.

Definition 7.5. [LL1] Given a A-chainT' = (51,...,Om), a finite subset A = {j1 < jo < -+ < js}
of Im] :=={1,...,m} (possibly empty) is an admissible subset if we have the following path in
the quantum Bruhat graph on W:

7.9 1/8j1> . ﬁj% e /673; 6j55 e .
(7.2) T 1T Tj Ty - - T

The weight of A (not necessarily admissible) is defined by
(7.3) wt(A) = =75, ... 75, (=A).
We let A(T') be the collection of all admissible subsets of [m)].

Remark 7.6. If we restrict to admissible subsets for which the path (7.2]) has no down steps,
we recover the classical alcove model in [LP, [LP1].

7.2. Root operators in the quantum alcove model. We continue to use the notation in
Section Fix a A-chain I' = (1, ..., Bn) and the corresponding reduced alcove path II. In this
section, we recall from [LL1] the construction of (combinatorial) root operators in the quantum
alcove model, namely on the collection A(I") of admissible subsets of [m].

Let A = {j1 < jo <---<js} be an arbitrary subset of [m]. The elements of A are called
folding positions. We “fold” 1I in the hyperplanes corresponding to these positions and obtain
a “folded alcove path”. Like II, this can be recorded by a sequence of roots, namely I'(A4) =

(717’727 s 77m)a here

(74) Yi ‘= leTj2 e ’I”jk (Bz) y

with jj, the largest folding position less than i. We define v := rj,75, ...7;,(p). Upon folding,
the hyperplane separating the alcoves A;_1 and A; in II is mapped to

(7.5) H\'yi\,fl;“ =TTy - - T (Hp, -1,) 5

for some !, which is defined by this relation. Here we write |a| := sgn(a)a, where sgn(a) is

the sign of the root a.
Given A C [m] and « € @, we will use the following notation:

Io=I,(A) :={ie[m]|v=+a}, I,=I4(A):=1I,U{cc},
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and [° = (sgn(a)a’,wt(A)). The following graphical representation of the heights 1! for
i € I, and [° is useful for defining the root operators. Let

1 ifigA,

I, = 11 <ig< - <ip<m<ipr] =00t and g; :=
o =1 "= "t J Tl ifieA

If « € ®T, we define the continuous piecewise linear function g, : [0,n + %] — R by

) sgn (i, ifte(k—l,k—%),k:l,...,n
(7.6) 9a(0) = =3, ga(t) = 1 isen(vi,) ifte(k—35,k),k=1,...,n
sgn({@¥,700))  if t € (n,n+ 3).

If a € &7, we define g, to be the graph obtained by reflecting g_, in the z-axis. By
[LP1][Propositions 5.3 and 5.5], for any a we have

1 1
(7.7) sgn(a)lé = Jo <k: — 2> Jk=1,...,n, and sgn(a)iZ® := (o, wt(A)) = ga <n + 2) .
Let A now be an admissible subset, so A € A(T"). Let ¢;; be the Kronecker delta function.
Fix p in I,¢, so @, is a simple root if p > 0, or —0 if p = 0, see (2.4). Let M be the maximum
of gg,. Let m be the minimum index 7 in I, for which we have sgn(&p)l;“ = M. It was proved
in [LL1] that, if M > 6,0, then either m € A or m = oo; furthermore, if M > 6,0, then m has

a predecessor k in I3, and we have k ¢ A. We define

(A\{m})U{k} M >d,0
0 otherwise .

(7.8) fp(A) = {

Now we define e,. Again let M := maxgg,. Assuming that M > (a,,wt(A)), let k be the
lA

maximum index i in Iz, for which we have sgn(a,)I;

in fap. Assuming also that M > 0,0, it was proved in [LLI] that £ € A, and either m ¢ A or
m = oo. Define

= M, and let m be the successor of k

(7.9)

A\ {kHu{m} if M > <a;)/,wt(A)) and M > dp0
ep(4) = 0 otherwise.

In the above definitions, we use the convention that A\ {co} = AU {oco} = A. For an example,
we refer to [LLI][Examples 3.6-3.7].

The following theorem about the (combinatorial) root operators was proved in [LLI].

Theorem 7.7. [LLI|[Theorem 3.8]

(1) If A is an admissible subset and if f,(A) # 0, then fy(A) is also an admissible subset.
Similarly for ey(A). Moreover, f,(A) = A" if and only if ep(A’) = A.
(2) We have wt(fp(A)) = wt(A) — ap. Moreover, if M > 6,0, then

pp(A) =M —dp0,  ep(A) = M — (&, wt(4)),
while otherwise p,(A) = ¢ep(A) = 0.

Remark 7.8. Let A = {ji < --- < js} be an admissible subset, and w; := rjrj,...7;,. Let
M, m, k be as in the above definition of f,(A), assuming M > 6, 9. Now assume that m # oo,
and let a < b be such that

Ja <k <Jag1 < <Jp=m < jJp41;
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ifa=0o0r b+ 1> s, then the corresponding indices j,, respectively jp11, are missing. In the
proof of Theorem in [LL1J, it was shown that f, has the effect of changing the path in the
quantum Bruhat graph

l=wy— ... 2 Wy = We1 — ... = Wp—1 — Wp — ... — Wy
corresponding to A into the following path corresponding to fy(A):
l=wp— ... = Wy — SpwWe — SpWat1 — ... — SpWp—1 = Wp — ... — Ws,

see (2.4]). The case m = oo is similar.

8. THE BIJECTION BETWEEN PROJECTED LS PATHS AND THE QUANTUM ALCOVE MODEL

The main result of this section is the crystal isomorphism between the quantum LS paths of
Section [3] and the quantum alcove model of Section [7] as stated in Theorem [8.10]

8.1. The forgetful map. Fix a dominant integral weight A\, and recall from Sections [3.2] and
the notation related to quantum LS paths and the quantum alcove model, respectively. We
will also use the notation QLS(—\) for QLS(—woA).

We will now define a forgetful map from the quantum alcove model based on a lex A-chain
Tex = (B1,- .-, Bm) (see Proposition , namely from A(\) := A(['ex), to the set of quantum
LS paths QLS(—)). Given an index ¢ € [m], we let t; := I;/(3’,\), where [; is the height
defined in Section [7} Note that 0 < t; < t9 < .-+ < t,,, by the definition of I". Consider an
admissible subset A = {j1 < jo < -+ < js}, and let

{OZCLO <ap < - <ap} = {tjl Sth <... Sth}U{O}.
Let 0 = ng < ni < ... <nyp1 = s be such that ¢;, = a; if and only if ny < h < ngqq, for
k=0,...,p. Define Weyl group elements u for h =0,...,s and wg for k =0,...,p by ug := 1,
up = Ty ... 7j,, and wy = Up, . Let also pp := wr(A). For any k = 1,...,p, we have the
following path in the quantum Bruhat graph QB(W):

1 . Brj+1 B +2 Brgyq _
(8 ) Wg—1 = Unk ” unk+1 e ’I,Lan_l = Wk .

We claim that this is a path in QB,, ,(W). Indeed, for ny < h < ngy1, we have

ak(ﬂj\/h,)Q = l‘h S 2207
by the definition of a, = tj,. By Lemma below, for each edge u; — wu;41 in the path ({8.1])
there is a path from |u;] to |u;y1] in QBak)\(WJ). Therefore, we have |wy_1| == |wy], or

equivalently —ju,_1 <2= —juj,. We conclude that

(8.2) —MO&—MI&--‘&—M)

is an LS path in QLS(—X). We denote it by II(A), and the dual LS path defined in (5.1)) by
IT*(A).

We now state Lemma [8.1] which is the main ingredient in the above construction. We need
the b-Bruhat order on W, denoted <j, which is defined by a condition completely similar
to (3.2]) applied to the covers in Wy¢. This lemma will be proved in Section below.

Lemma 8.1. Let w 5 wr,, be an edge in QB (W) for some b, which is viewed as a path q.
Then there exists a path p from |w] to |wry] in QBy\(W7) (possibly of length 0), such that

wt(p) = wt(q) mod QY.
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Remarks 8.2.

(1) The special case of the lemma corresponding to the b-Bruhat order on W and W (i.e.,
the subgraphs of QB,, (W) and QB (W) with no down edges) was proved in [LeSh,
Lemma 4.16]. For b = 0, i.e., the usual Bruhat order, the latter result is well-known;
see, e.g., [BBl Proposition 2.5.1].

(2) Based on the strong connectivity of the quantum Bruhat graph (cf. Theorem [.3|below),
the lemma implies the same property for the parabolic quantum Bruhat graph. Note
that this was proved by different methods (and, in fact, in a slightly stronger form)
in [LNSSS1 Lemma 6.12].

8.2. The inverse map. Next we prove that the forgetful map in Section[8.1], from the quantum
alcove model to quantum LS paths, is a bijection, by exhibiting the inverse map. We will use
the shellability of the quantum Bruhat graph QB(W) with respect to a reflection ordering on
the positive roots [Dy], which we now recall. We denote by /(v — w) the length of a shortest
directed path from v to w in QB(W).

Theorem 8.3. [BEP] Fiz a reflection ordering on ®7.

(1) For any pair of elements v,w € W, there is a unique path from v to w in the quantum
Bruhat graph QB(W) such that its sequence of edge labels is strictly increasing (resp.,
decreasing) with respect to the reflection ordering.

(2) The path in (1) has the smallest possible length {(v — w) and is lexicographically mini-
mal (resp., maximal) among all shortest paths from v to w.

In [LeSh, Section 4.3], we constructed a reflection ordering <, on ®* which depends on \.
The bottom of the order <) consists of the roots in <I>+\<I>}r. For two such roots a and (3, define
a < 8 whenever the hyperplane H(, o) precedes Hg ) in the lex A-chain (see Proposition .
This forms an initial section [Dy] of <. The top of the order <) consists of the positive roots
for the Weyl group W, and we fix any reflection ordering for them. We refer to the reflection
ordering <) throughout this section.

Remark 8.4. Given a A\-hyperplane Hg _;, we call the first component of the vector associated
with it in , namely [/(3Y,\), the relative height of Hg ;. Tt is not hard to see that, in the
lex A-chain, the order on the A-hyperplanes Hg _; with the same relative height is given by the
order < on the corresponding roots 5. We will use this fact implicitly below.

Recall from [LNSSS1, Proposition 7.2] that the distance £(v — x) has a unique minumum as
a function of x € wWy, for fixed v,w € W. We refer also to [LNSSS1, Theorem 7.1], stating
that the mentioned minimum is, in fact, the minimum of the coset wW; with respect to the
v-tilted Bruhat order <, on W [BEP]; therefore, it makes sense to denote it by min(wWy, <,),
although we will not use this stronger result.

Lemma 8.5. Consider o,7 € W/ and wy € Wy. Let Tw’; = min(tWy, 25w, )-

(1) There is a unique path in QB(W) from ow; to some x € TW; whose edge labels are
increasing and lie in ®1\ <I>j,r. This path ends at Tw';.

(2) Assume that there is a path from o to T in QByy\ (W) for some b € Q. Then the path
in (1) from ocwy to Tw'; is in QB (W).
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Proof. The first part is just the content of [LNSSS1, Lemmas 7.4 and 7.5], based on the results
recalled above. For the second part, we start by considering a second path in QB(W) from cw
to 7w}, beside the one given by (1). This path is formed by concatenating the following:

e a path from cwj; to o with only down edges and all edge labels in <I>j (for instance
simple roots in ®;);

e a path from o to 7 constructed from the path in QB(WJ ) between the same two
elements by replacing each edge u > |urq| with u —— ur, (cf. [LNSSSI, Condition
(2") in Section 4.2]) followed by a path from ur, to |ur, | with only down edges and all
edge labels in <I>JJr (for instance simple roots in @ ;);

e a path from 7 to 7w’; with only up edges and all edge labels in @}r.

By Theorem (2), we know that the first of the two paths above is a shortest one (from
owy to Tw';). Furthermore, by the hypothesis, the second path is in QB (W) (any edge in
QB(W) labeled by a root in ®% is by default in QB (W)). So we can apply Lemma 8.6 below
and deduce that the first path is also in QByy(W). O

Let us now state Lemma which will be proved in Section below.

Lemma 8.6. Consider two paths in QB(W) between some v and w. Assume that the first one
is a shortest path, while the second one is in QBy\(W), for some b. Then the first path is in
QB (W) as well.

We now construct the inverse of the forgetful map in Section [8:I] We begin with a quantum
LS path in QLS(—X), which is written in the form

a
(8.3) 00 =2 01 == ... =5 0,

where 0; € WY/ and 0 = ap < a1 < ... < ap < 1, cf. (8.2). We will now associate with it an
admissible subset (see Definition , i.e., a lex increasing sequence of A\-hyperplanes, and the
corresponding path in QB(W') defined in ([7.2]).

We start by defining the sequence w_1,wo,...,w, in W recursively by w_; = 1, and by
w; = min(o;Wy, =y, ,) for i = 0,...,p. Note that wy = 0g. For each i = 0,...,p, consider
the unique path in QB(W) with increasing edge labels (with respect to <,, c¢f. Theorem 8.3])
from w;_1 to w;. Note that the path corresponding to i = 0 is, in fact, a saturated chain in the
Bruhat order on W7. By and Lemma for any i, the edges of the corresponding path
are in QB,, (W) and no edge label is in ®*. We define the path in the quantum alcove model
corresponding to the quantum LS path by concatenating the paths constructed above, for
1=0,...,p. The corresponding sequence of A-hyperplanes is defined by associating with a label
(3 in the path from w;_1 to w; the A-hyperplane (3, —a; (3", \)); this is indeed a A-hyperplane:
a;i{BY,\) is an integer, and we have 0 < a;(8Y,\) < (8Y,\), as 0 < a; <1l and B € @7\ @7, so
(BY,\) > 0. The constructed sequence of A\-hyperplanes is lex increasing because the sequence
(a;) is increasing and the edge labels in the path from w;_1 to w; increase (with respect to <y).
So we constructed an admissible sequence, which is now associated with the quantum LS path
in (8.3).

Proposition 8.7. The forgetful map A — 11*(A) is a weight-preserving bijection from A(\) to
QLS(A).

Proof. We need to show that the maps in Sections|8.1]and are mutually inverse. The crucial
fact to check is that the map II followed by the backward one is the identity. This follows from



A UNIFORM MODEL FOR KR CRYSTALS II. PATH MODELS AND P =X 27

the uniqueness part in Lemma (1). To prove that the map IT* preserves weights, we note
that the proof of [LeSh|[Proposition 4.18] carries through in our setup. O

8.3. The crystal isomorphism of A(\) and B. We will now prove that, up to the fy arrows
at the end of a string, we can view A(\) as a model for the tensor product of KR crystals B

via the bijection U= 0o IT*, see (4.3).

Definition 8.8. Let b — fi(b) be an arrow in B. It is called a Demazure arrow if i # 0, or
i =0 and eo(b) > 1. It is called a dual Demazure arrow if i # 0, ori =0 and po(b) > 2.

Remark 8.9. In the case when all of the tensor factors of B are perfect crystals (see Definition
, the subgraph of B consisting of the dual Demazure arrows is connected. Recall the
discussion in Section [ about which column shape KR crystals are perfect.

We now state the main result of this section, relating the crystal structures in the quantum
LS path model and the quantum alcove model.

Theorem 8.10. Consider the root operator e, (and the corresponding map €,) for quantum LS
paths, as defined in Section and the root operator f, in the quantum alcove model defined
in Section [1.2, Given A in A(N\), we have f,(A) # 0 if and only if ep(IL(A)) > 6p0; in this
case, we have

ep(I1(A)) = TI(fp(A)) -

Proof. The proof of the similar result for the classical alcove model, namely [LP1][Theorem 9.4],
carries through (cf. Remark . The main fact underlying this proof is the similarity between
the definition of e, for quantum LS paths, and the change under f, of the relevant path
in the quantum Bruhat graph, which is explained in Remark note that in both cases the
reflection s, is applied to a segment of the corresponding path.

To be more precise, the proof is based on deforming the path II(A) to a path ﬁE(A) be-
tween the same endpoints (where € is a sufficiently small positive real number), such that the
latter does not pass through the intersection of two or more A-hyperplanes (here we exclude
the endpoints). The path II.(A) encodes the same information as the “folded alcove path”
corresponding to A or, equivalently, the sequence of roots I'(A4), see Section Therefore, the
action of e, on II.(A) and of fp on A (where the latter is based on I'(A)) are equivalent. The
proof concludes by taking the limit & — 0, under which II.(A) goes to II(A4).

We will now point out the additional elements in the proof. First, some results invoked in
the proof of [LP1][Theorem 9.4] need to be replaced, as follows: [LP1][Corollary 6.11] with
[LLI][Propositions 3.15 and 3.18], [LP1][Corollary 6.12] with [LL1][Propositions 3.16 and 3.19],
and [LP1][Proposition 7.3] with Remark [7.8 Other than this, there is just one notable addition
to the proof, which has to do with the case p = 0. Consider the number M in the definition
of fo(A), and assume for the moment that M > 1. By the same reasoning as in [LP1], we can
see that the minimum of the function ¢ — (&g ,ﬁg(A)(t)) is —M. Therefore, as discussed in
[LNSSS2][Section 2.2], cf. also [Li][Lemma 2.1 (c)], the maximum number of times ey can be
applied to ﬁg(A) is M. Meanwhile, the maximum number of times fy can be applied to A is
M — 1, by Theorem (2). In the remaining case, namely M < 1, we have fy(A) = 0, and
the minimum of the function mentioned above is 0, so eg is not defined on ﬁg(A). We conclude
that fo(A) # 0 if and only if 50(ﬁ€(A)) > 2. The rest of the argument is identical to the one
in [LP1). O
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Remarks 8.11.

(1) The forgetful map II from the quantum alcove model to the quantum LS path model is a
very natural map. Therefore, we think of the former model as a mirror image of the latter,
via this bijection. If we use the mentioned identification to construct the non-dual Demazure
arrows in the quantum alcove model, we quickly realize that, in general, the constructions are
considerably more involved than (7.8)-(7.9), see [LLI][Example 4.9].

(2) Although the quantum alcove model so far misses the non-dual Demazure arrows, it has
the advantage of being a discrete model. Therefore, combinatorial methods are applicable, for
instance in proving the independence of the model from the choice of an initial alcove path
(or A-chain of roots), see below, including the application in Remark (2). This should be
compared with the subtle continuous arguments used for the similar purpose in the Littelmann
path model [Li].

Based on (j5.2)), we immediately obtain the following corollary of Theorems and
Proposition

Corollary 8.12. The bijection U:=Uoll* isa weight-preserving affine crystal isomorphism
from A(\) to the subgraph of B consisting of the dual Demazure arrows.

Recall that the set A(X) = A(T'ex) in Corollary is based on a lex A-chain I'iex. Thus, we
can conjecture the following stronger version of Corollary below we discuss more evidence,
as well as future related work.

Conjecture 8.13. Given any A-chain I, there is a weight-preserving affine crystal isomorphism
between A(T') and the subgraph of B consisting of the dual Demazure arrows.

We plan to prove this conjecture in [LL2] by using Corollary as the starting point. Then,
given two A-chains I' and I, we would construct a bijection between A(T") and A(I") preserving
the dual Demazure arrows and the weights of the vertices; this would mean that the quantum
alcove model does not depend on the choice of a A-chain. This construction will be based on
generalizing to the quantum alcove model the so-called Yang-Baxter moves in [Lel]. As a result,
we would obtain a collection of a priori different bijections between B and A(T").

Remarks 8.14.

(1) We believe that the bijections mentioned above would be identical. In fact, this would clearly
be the case if all the tensor factors of B are perfect crystals. Indeed, since the subgraph of B
consisting of the dual Demazure arrows is connected, there is no more than one isomorphism
between it and A(T).

(2) In the case when all the tensor factors of B are perfect crystals, a corollary of the work
in [LL2] would be the following application of the quantum alcove model, cf. Remark
(1). By making specific choices for the A-chains I' and I", the bijection between A(T") and
A(T”) mentioned above would give a uniform realization of the combinatorial R-matrix (i.e.,
the unique affine crystal isomorphism commuting factors in a tensor product of KR crystals).
In fact, we believe that this statement would hold in full generality, rather than just the perfect
case.

(3) In [LLI] we proved that Conjecture is true in types A and C, for certain A-chains differ-
ent from the lex ones, via certain bijections constructed in [Le2]. Here we used the realization
of the corresponding crystal B in terms of Kashiwara-Nakashima (KN) columns [KN].
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9. THE ENERGY FUNCTION IN THE QUANTUM ALCOVE MODEL AND P = X

We use the notation in Sectlonl 7l Given the lex A\-chain I = (3, . xE Bm) with height sequence
(l1,...,lmn), we define the complementary height sequence (ll, vy lm) by I; = (B, N — 1.
other words, l; = |{j > i | 5; = Bi}|.

Definition 9.1. Given A = {j1 < --- < js} € Al"), we let A= = {js € A | rj---1j,_, >
i 15} (in other words, we record the quantum steps in the path (7.2)). We also define

(9.1) height(A) := > ;.

JEA-

For examples, we refer to [Le2].

Our goal is to show that the bijection in Section translates the height statistic in the
quantum alcove model to the (tail) energy statistic in the quantum LS path model given in
Proposition The main result we need is the following lemma, whose proof is given in

Section 0.3

Lemma 9.2. Let o and 7 be in WY and v € oW, w € TWjy. Consider a shortest path p from
o to T in QB(WY), as well as a shortest path q from v to w in QB(W). Then (wt(p),\) =

(wt(q), A).
We can now state our main result.

Theorem 9.3. Consider an admissible subset A in A(X), and the corresponding quantum LS
path TI(A) in QLS(—=\), written in the form (8.3)), where o € W7 and 0 =ag < a1 < -+ < ay.

Then we have
P

height(A) = > (1 — a;) wtx(oi-1 = 07) .
=1

Proof. Recall from Section that A (in fact, the corresponding path in QB(W)) can be
reconstructed from the quantum LS path by first defining recursively a sequence w; € o;Wy,
i =0,...,p (and w_; = 1), and then by concatenating the unique paths q; with increasing
edge labels (with respect to <, cf. Section between w;_1 and w;, for ¢ = 0,...,p. By
Theorem (2), the paths g; are shortest ones. Therefore, by Lemma [9.2] we have

(9.2) wtr(oi—1 = i) = (wt(q;), A) fori=1,...,p;
we also have wt(qg) = 0.

Consider a quantum edge in some path q;, and let 3; be the root in the lex A-chain labeling
it (so j € A7). As discussed in Section we have

(9.3) ai(BY, ) =1, so(1—a)(B,\) =10

By noting that wt(q;) is the sum of [3\/ for all such g;, and by combining (9.1] , and (9.3 .,
the statement of the theorem follows.

Corollary 9.4. Keep the notation of Sectionsﬁ and . For each A € A()\), we have
Dtall(\I/(A)) DYl — _height(A) .

ext
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Proof. The statement follows directly from Proposition [5.3] Theorem [5.5] and Theorem [9.3]
where we also use the duality between QLS(A) and QLS( ) via the sign change and reversal
map t +— 1 — t of Section O

We conjecture the following strengthening of Corollary [0.4] cf. Conjecture [8 ThlS will be
addressed in [LL2], in the setup discussed previously in connection to ConJecture

Conjecture 9.5. Corollary holds for A(T") where T is an arbitrary A-chain, with ‘i’ replaced
with one of the isomorphisms in Conjecture |8.13]

Remark 9.6. In [LeS| the energy function in types A and C was realized in terms of a statistic in
the model based on KN columns, which is known as charge. Furthermore, in [Le2| it was shown
that this statistic is the translation of the height statistic via the bijections constructed there
(also mentioned in Remark (3)), between the corresponding quantum alcove model and
models based on KN columns. This should be compared with Corollary and Conjecture

where the constant D! is 0 in these cases.

The following is due to Ion [lon, Thm. 4.2] for the dual of an untwisted affine root system.

Lemma 9.7. For A dominant,
(9.4) Py\(254,0) = Ey,x(7;9,0)

where E,, is the nonsymmetric Macdonald polynomial [Ma2].

Proof. Applying [Ma2, (5.7.8)] and its notation, at ¢t = 0 we have £, — 0 if p is not the unique
antidominant element w, A in the finite Weyl group orbit of A. Indeed, letting v(u) = i, 74, - - - 74,
be a reduced expression of the shortest element v(x) in the finite Weyl group such that v(u)p
is antidominant, we obtain

p tq_(ﬁzle — t_<v(u’)ﬁl\€/7p>

Su = kHl ¢ O B e

where B, =1y, -+ -1, o, for 1 <k < p; here we note that (3, ) > 0 and (v(u))/, p) < 0 for
all 1 < k < p since the elements i, 1 < k < p, comprise the inversion set S(v(p)) for v(p). O

Proposition 9.8. For A\ dominant,

(9.5) Py(z5q,0) = Y gheisht@pmila)
ACA(N)

Proof. By Lemma and restating [OS Corollary 4.4] in our setting for the quantum alcove
model of Section we obtain

P, (33; q, 0) — Z qheight(A)xf Wt(A)'
AcA(—wo)
Since Py(z;q,t) is symmetric it follows that
Py(z5q,0) = gheieht@gmwowt(d),
AEA(—'LUOA)
It suffices to show that
(96) Z qheight(A)xfwc wt(A4) _ Z qheight(A)xwt(A)‘
AeA(—wo) AcA(N)
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Recall from Propositionthat the forgetful map IT* : A(\) — QLS(\) is a weight-preserving
bijection. Using the duality between QLS(A) and QLS(—A\) via the sign change and reversal
map t +— 1 —t of we see from Theorem [9.3] and Proposition that

—height(A) = Degt®!(IT*(4)) for all A € A()).
From this we deduce that the right hand side of (9.6} . ) is equal to

(9.7) Z gheight(A) pwi( Z g~ Deai (I (4)) wi(IT*(4)) Z g Deas () (o)
AEA(N) AEA(X nEQLS(N)
Similarly, the left hand side of ( is equal to
(9.8) > qheight(A)m*wo v =y g PeE o (1) g wo wi(n).
A€A(—wo ) nEQLS(—wo)

Let o be the Dynkin diagram automorphism defined by —woc; = i, (;) for all i € I. We obtain
a bijection o : QLS(A) — QLS(c(N)), n — o(n) with o(n) defined by ; note that wt(o(n)) =

o(wt(n)) for all n € QLS(A). Writing n € QLS(A\) asn = (21, ..., @s; bo, b1, ..., bs), then from
Proposition [5.3] and Lemma [5.1] we have

s—1
Degtaﬂ( — Z by, WtA(£k+1 = :Ek)
k=1
. Z bW (0 (@ 41) = o)) = Deglil (o).

Using this relation and the equahty o(A\) = —wo\, we compute the right-hand side of (9.7) as
follows:

Z q_DegXau(n)th(n): Z q*Deggazi;‘)(a(n))l,o(wt(a(n)))

nEQLS(A) nEQLS(A)
- ¥ g~ DBt (1) o wt(n) _ 3 g~ DeEon (1) = wo wi(n).
neQLS(a(N)) nEQLS(—wo)
which is just the right-hand side of . O
Remark 9.9.

(1) The formula (9.5 holds for any A-chain.
(2) Proposition[9.8]is stated in [Le2, Thm. 2.6, Prop. 2.7] but the above argument is needed
to complete its proof.

Now define the graded character corresponding to the KR crystal B (see for example [HKOTT,
HKOTY]) by

(99) X)\([L‘, q) = Z qD]EBaﬂ(b) Dgiltlx“’t(b) ,
beB
where wt(b) is the weight of the crystal element b. From Proposition and Corollary we

immediately derive our main result.

Corollary 9.10. We have
Py(z;471,0) = Xa(z;9) -
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Remark 9.11. In type A, the Macdonald polynomial at ¢ = 0 can be expanded in terms of
Schur functions with Kostka-Foulkes polynomials as the transition matrix [Mal, Chapter II1.6].
These in turn can be expressed as one-dimensional configuration sums X [NY], which implies
the P = X result in type A. In all simply-laced types it was known by combining the results in
[lon] and [FL], which equate a certain affine Demazure character with P and X, respectively.
It was also known in type C by [Le2, [LeS].

10. PROOFS OF THE LEMMAS IN SECTIONS [8.1] [8.2], AND [9]

10.1. Proof of Lemma In the proof of this lemma, a dotted (resp. plain) edge represents
a quantum (resp. Bruhat) edge in QB(W) or QB(W”), while a dashed edge can be of both
types. Define 3 € &3+ by

w if wy € d*
(10.1) 5;:{ K 7

0+wy ifwyed™.

As in the proof of one of the main results in [LNSSS1], namely Theorem 6.5 (more precisely, the
converse statement), we proceed by induction on the height of 5 (i.e., the sum of the coefficients
in its expansion in the basis of affine simple roots). The base case, when ( is an affine simple
root, is treated in the following lemma.

-1
Lemma 10.1. In QBb/\(WQQ we have an edge w —— row for a finite simple oot a with
wla & ®y (resp. w > row | where w0 & ®) if and only if in QByy (W) we have

|w] —>ij710& rolw]| (resp. |w] - ?'U'J'”> lrow] ).

Proof. Let us first ignore the parameter b (or just assume b = 0). By the trichotomy of cosets
in [LNSSS1, Propositions 5.10 and 5.11], there is a simple way to test whether we have the
mentioned edges in QB(W), namely w=!(n) € &+ \ <I>jj, where 7 is the simple root a or 6,
respectively; similarly for the mentioned edges in QB(W*), with w replaced by |w|. The proof
is completed by noting that
wln e\ O & |w|lne dF\ o,
where 7 can be any root, in fact; indeed, writing w = |w|w;, we have |w|~! = wyw™!, and we
know that the elements of T permute &+ \ @f. For an arbitrary b (and 1), we observe that
blw™'¥, ) = b{n",wA) = b{n", [w]A) = b([w] ", A).

O

We need the following result from [LNSSS1], which we recall.

Lemma 10.2. [LNSSSI, Lemma 6.10] Let w € W, and let v € T\ @7, Define 8 € @ as in
(10.1)). There exists an affine simple root o (in fact, o # o if wy € ®T) such that (", ) > 0,
and we have the edge in QB(WY) indicated either in case (1) or (2) below, where z is defined
by rolwry | = |rolwry ||z = |rowry ]| z:

w| la ) —|lwry] " ta .
] 2 o w] o ao ralwr,] =25 wry]if a# ag
(1) —|w]|~ 10 (2> z|wry] 710

lw] = > |rgw] if a=ap, [rowry | s Jwry ] ifa=ag.
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We also need the following lemma.

Lemma 10.3. Consider any one of the diamonds in the parabolic quantum Bruhat graph
QB(W) listed in [LNSSSI, Lemma 5.14]. If one the two paths (of length 2) is in QBy\ (W),
for some fized b, then the other one is too.

Proof. By [LNSSS1, Lemma 5.14], we know that, up to sign and left multiplication by elements
of W, the pairs of labels on the two paths are {w™'n,v} and {v, r,w™'n}, for some y € T\ ¥
and w € W, while 7 is a finite simple root or #. The equivalence of the integrality conditions
with respect to b for the two pairs follows from the simple calculation

b{ryw™ 'Y, A) = bw™'nY +ey”, A) = bw'nY, ) + e (b(rY, )

where c is an integer. On another hand, it is clear that mapping roots via elements of W
preserves the integrality condition. (|

Proof of Lemma[8.1] We can assume that v € @, as otherwise the statement is obvious. As
stated above, we proceed by induction on the height of the affine root 5. If 3 is an affine simple
root, the conclusion follows directly from Lemma Otherwise, we apply Lemma for
QB(W); this gives an affine simple root « satisfying

(10.2) a# 3, (@",8) >0,

and either condition (1) or (2) in the mentioned lemma. Assume that condition (1) holds, as
the reasoning is completely similar if condition (2) holds. By Lemma we have

-1
(10.3) w—5rqw if a # o, where wlae & &, and
—1
W e L rpw  if o = ag, where w10 & @ .

By Lemma we have one of the following three cases:
(10.4) (BedT a#a), (BeES—dT, a# ), (BeES—dT, a=ap).

By [LNSSS1, Lemma 5.14], known as the “diamond lemma”, we have the left diamonds
in [LNSSS1, Egs. (5.3), (5.4), and (5.7)], respectively. Note that all the necessary condi-
tions for applying the diamond lemma are checked as in the proof of the converse statement
of [LNSSS1, Theorem 6.5]. We can represent the diamonds in the three cases using the
single diagram below, where n := « if o # g, and 7 := 6, otherwise.

rpw — 1 o rpwry
A A
| |
(105) lw=tn| | I |ryw=1n]|
| |
[ y l
w — — — > Wry

Recall that the bottom edge is viewed as a path q; similarly, we view the top edge as a path
d’, and we clearly have wt(q) = wt(q').

Define 3’ for the top edge of the diamond (10.5)) in the same way as 3 was defined for the
bottom one in (10.1]). As in the proof of the converse statement of [LNSSSI, Theorem 6.5], we
can check in all three cases (10.4)) that 3’ = r, /3. Since (", 3) > 0, this implies that the height
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of # is strictly smaller than that of 3. Therefore, by applying the induction hypothesis to the
top edge of the diamond (10.5]), which is clearly in QBy, (W), we obtain a path in QB,,(W):

(10.6) P mwl =Y =Y > — > Y = [rywry ]

By induction, we have wt(p’) = wt(q') mod QY.

Case 1. Assume for the moment that 7w 'n ¢ ®;. By Lemma m the right edge in
(10.5) implies that in QB(W ) we have an edge

(10.7) \wry | === |[rywry] .

Assuming that the diamond lemma can be successively applied based on (10.6)) and (10.7]), we
exhibit the diamonds below in QB(W?), from right to left, where y; = |ryz;].

[rpw] = Yo — == Y1 ——> -+ ——> Yn = [rywry]
A A A
(1038) o |
| | |

lw] = T0 —=> 21 —=> -+ ——> Tn = |wry]

Note that the labels on the top edges are the same as those on the corresponding edges on
the bottom, or at most differ from those by elements of Wj; so all the bottom edges are in
QB (W) too, and we can define p to be the path formed by them.

Now let us prove that wt(p) = wt(q) mod QY. By [LNSSSI| Lemma 5.14], the weights of all
paths from |w| to [rywr,] in are congruent mod QY. If n # 60, then all the vertical edges
in are Bruhat edges, so wt(p) = wt(p’) mod QY. Applying the induction hypothesis
and the fact that wt(q) = wt(q') concludes the induction step in this case. If n = 6, then we
are in the third case in (10.4)), so diagram is the left one in [LNSSSI Eq. (5.7)]; thus
its top edge is a Bruhat edge, which implies wt(p’) = wt(q') = 0, and its bottom edge is a
quantum one, in particular wy € ®~. Moreover, all the vertical edges in are quantum
ones; in particular, the leftmost and the rightmost ones have weights

—|lw|7'0Y =w'0Y mod QY, and — |wr,] 'Y =r,w 0¥ mod QY,
respectively. Then, by the above observation about the paths from |w] to |rywr,| in (10.8),
we have mod QY:

wi(p) = wt(p') —w ™ '0" + w10V = —(w 10V, 97" = (07, —wy) 7’ =7 = wt(q).
———
=1

Here we derived (8¥, —wv) = 1 by using the well-known fact that if ¢ # 6 is a positive root,
then (6V,®) is 0 or 1; indeed, in our case we saw that —wy € ®*, while we have —w~y # 6 and

(6, —wy) # 0 by (L0.2).
Case 2. The reasoning in Case 1 fails, i.e., we cannot apply the diamond lemma at some
point, if we have the following situation for some i < n.

Yiel ——> Yi —— > Yitl ——> -+ — — > UYp :Lrnwr'yJ

NG ?

Ty ——> Titl ——> «+» — — > TIp :Lwr,yJ
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In this case, the edge =i ——> ¥i is in QB,,\(W”), because it coincides with the edge

Yi—1 ——»> ¥Y; , which has this property by the induction hypothesis, cf. . By Lemma
all vertical edges are also in QB,, (W), in particular the rightmost one. By Lemmam
the edge Wry ——»> THWTy in is in QB (W). By applying Lemma [10.3| to this
time, we conclude that the edge w ——> ™MW is in QB (W). But we showed in that
w™ln ¢ ®;, so by Lemma [10.1|the edge |w] ——> |[ryw] isin QBy\(W’). We now define p
as the following path in QB (W7):

p: x():LwJ —— > Lran:yO——>---— — > Y1 =T — — = e — — > ;Un:Lwr,YJ .

We then prove that wt(p) = wt(q) mod QY in a completely similar way to Case 1, which
concludes the induction step.

Case 3. The last case to consider is the one when rvw_ln € ®;. We still have the edge
-1
wry T
in QBy\ (W), because (r,w~'n, \) = 0. So we can reason as in the previous paragraph in order

to prove that the edge |w| ——> |ryw] isin QB,y\(W7). We now define p as the following
path in QB (W7):

p: |wl ——>|rw]=% -——>Y1 ——> - ——> Yn =2, = |wr,] .

Note that this is the only case when the induction step produces a path of a different length
(more precisely, longer by 1) based on the path in the induction hypothesis.

Now let us prove that wt(p) = wt(q) mod QY. If n # 6, then the first edge of p is a Bruhat
edge, so wt(p) = wt(p’). Applying the induction hypothesis and the fact that wt(q) = wt(q')
concludes the induction step in this case. If n = 6, then by the same reasoning as in Case 1, we
deduce

wt(p’) =wt(q) =0, wt(q)=7", wyed .

We conclude that wt(p) = —w 16" mod QY (cf. Case 1), so we need to prove that —w=16¥ =
7Y mod QY. This follows from
Y > rw 0V = w0 — (w0, )y = w oY + 4V,
1
Here we derived the fact that (w='6Y,~) = —1 as in Case 1. O

10.2. Proof of Lemma We require some notation and results from [LS]. Let @ be the
finite root lattice, Q" the coroot lattice, Q¥+ = @,.; Z>oa;’ the positive cone of coroots, and
W; the set of minimum coset representatives in Wy JW. We have Wy 2 W x QV; denote by
t, the image of u € QY in W,e. Write y < x for the covering relation in the (strong) Bruhat
order on Wye. For an affine real root 3 let rg € Wy be the associated reflection and write 7; for
B = a; a simple root. For M € Z~( say that A € QV is M-superantidominant if (A, o) < —M
for every positive root a. We fix once and for all a sufficiently large M € Z~o (M = 2|W|+ 2
is sufficient).
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Lemma 10.4. [LS| Lem. 3.3] Let w € W and XA € QV. Then wty € W if and only if X is
antidominant (that is, (\, o) <0 for alli € I) and w € W where W* is the set of minimum
length coset representatives for W/Wy and W, is the stabilizer in W of \.

Proposition 10.5. [LS, Prop. 4.4] Let A € QY be superantidominant and let x = wt,) with
v,w € W. Then y = xryqins < x if and only if one of the following conditions holds:

(1)
(ii)
ii)
iv)

Lwv) = L(wory) — 1 and n = (A, @), giving y = Wryatyr;
Lwv) = L(wory) + (¥, 2p) =1 and n = (X, @) + 1, giving y = wryaty(rrav)s
L(v) =L(vre) +1 and n =0, gwing y = Wryalyr,r;
U(v) = L(vre) = (@, 2p) + 1 and n = —1, giving y = Wralyr, (A+aV)-

We start with the following lemma.
Lemma 10.6. Assume that in W_ we have
vt, > wt,, vt, >pwt,, where vV —ve QYT

and p,v,v' € QY are superantidominant. Then vt, >, wt,, and in fact any saturated chain
between these elements is a chain in b-Bruhat order.

Proof. We claim that wt, > wt,, using a downward chain in W_. It suffices to prove this
when v/ — v = o) for some i € I. Suppose this is the case. Suppose first that wr; < w. By
Proposition we have wt, > writy, 4oy > W, 4y as required. Otherwise we have wr; > w.
Then by Proposition we have wt, > wr;t, > Wi, 1oy as required.

Knowing this, using Proposition we pick a downward saturated chain from vt, to wt,,
followed by one from wt, to wt,., all in W_;. By the hypothesis, there is a downward saturated
chain in b-Bruhat order from vt, to wt,,. By [LeSh, Lemma 4.15], we know that the first chain
is in b-Bruhat order too, which concludes the proof. O

Proof of Lemma[8.6] By Proposition [10.5 we can lift both paths to downward saturated chains
in W_; starting at vt,,, where 1 is a fixed superantidominant weight. Denote the endpoints of the
two chains by wt, . and wt, ., respectively. Recall that x and x’ are the sums of the coroots
corresponding to (the labels of) the down steps in the paths in QB(W') which are lifted. Since
the first path in QB(W) is a shortest one, by [Pd, Lemma 1], we have x'—x € QVT. Furthermore,
by the hypothesis, the second chain in W is in b-Bruhat order. Thus the hypotheses of Lemma
are all satisfied, so we conclude that the first chain in W is also in b-Bruhat order, and
therefore the first path in QB(W) is in QB (V). O

10.3. Proof of Lemma Let us first recall Proposition which is the parabolic gener-
alization of a lemma due to Postnikov [Po.

Proof of Lemma[9.2] By Lemma we can construct a path from p’ from o to 7 in QB(W)
with

(10.9) wt(p') = wt(q) mod QY;

namely, we simply concatenate the paths in QB(W‘] ) that correspond, by the mentioned lemma,

to each edge of q, cf. the construction of the forgetful map in Section By Lemma we
have

(10.10) (w(p'), ) > (wt(p), A) -
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We then exhibit a path q’ from v to w like in the proof of Lemma (on which the construc-
tion of the inverse map in Section is based); we refer to this proof for the details. Namely,
we concatenate the following:

e a path from v to o with only down edges and all edge labels in ®7;
e a path from o to 7 constructed based on p;
e a path from 7 to w with only up edges and all edge labels in <I>‘}.

Note that

(10.11) (wt(q'), A) = (wt(p), A),
since all the edges in the first segment of q’, as well as the extra edges introduced in the second

segment, have labels orthogonal to A. On another hand, by Lemma (in fact, we only need
here the original version [Pol Lemma 1 (3)]), we have

/

(10.12) (wt(d'),\) > (wt(a), \) .

The proof is concluded by combining (10.9)), (10.10)), (10.11)), and (10.12)). O
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