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Abstract

We give an explicit description of the image of a quantum LS path, regarded as a
rational path, under the action of root operators, and show that the set of quantum LS
paths is stable under the action of the root operators. As a by-product, we obtain a
new proof of the fact that a projected level-zero LS path is just a quantum LS path.

1 Introduction.

In our previous papers [NS1], [NS3], [NS2], we gave a combinatorial realization of the crystal
bases of level-zero fundamental representations W (w;), i € Iy, and their tensor products
Ricr, W(w@:i)®™, m; € Zsp, over quantum affine algebras Uy (g), by using projected level-
zero Lakshmibai-Seshadri (LS for short) paths. Here, for a level-zero dominant integral
weight A =, 1, Mi@i, with @; the i-th level-zero fundamental weight, the set of projected

level-zero LS paths of shape A, which is a “simple” crystal denoted by B(\)g, is obtained



from the set B(A) of LS paths of shape A (in the sense of [L2]) by factoring out the null root
0 of an affine Lie algebra g. However, from the nature of the above definition of projected
level-zero LS paths, our description of these objects in [NS1], [NS3], [NS2] was not as explicit
as the one (given in [L1]) of usual LS paths, the shape of which is a dominant integral weight.

Recently, in [LNSSS1], [LNSSS2], we proved that a projected level-zero LS path is iden-
tical to a certain “rational path”, which we call a quantum LS path. A quantum LS path
is described in terms of the (parabolic) quantum Bruhat graph (QBG for short), which was
introduced by [BFP] (and by [LS] in the parabolic case) in the study of the quantum cohomol-
ogy ring of the (partial) flag variety; see §3.1 for the definition of the (parabolic) QBG. It is
noteworthy that the description of a quantum LS path as a rational path is very similar to the
one of a usual LS path given in [L.1], in which we replace the Hasse diagram of the (parabolic)
Bruhat graph by the (parabolic) QBG. Also, remark that the vertices of the (parabolic) QBG
are the minimal-length representatives for the cosets of a parabolic subgroup Wy ; of the fi-
nite Weyl group Wy, though we consider finite-dimensional representations W (w;), i € I, of
quantum affine algebras Uy (g).

The purpose of this paper is to give an explicit description, in terms of rational paths, of
the image of a quantum LS path (= projected level-zero LS path) under root operators in a
way similar to the one given in [L1]; see Theorem 4.1.1 for details. This explicit description,
together with the Diamond Lemmas [LNSSS1, Lemma 5.14], for the parabolic QBG, provides
us with a proof of the fact that the set of quantum LS paths (the shape of which is a level-zero
dominant integral weight A) is stable under the action of the root operators.

As a by-product of the stability property above, we obtain another (but somewhat round-
about) proof of the fact that a projected level-zero LS path is just a quantum LS path; see
[LNSSS1], [LNSSS2] for a more direct proof. This new proof is accomplished by making use of
a characterization (Theorem 2.4.1) of the set B(\)q of projected level-zero LS paths of shape
A in terms of root operators, which is based upon the connectedness of the (crystal graph
for the) tensor product crystal @), B(w;)gq™ ~ B(\)a; recall from [NS1], [NS3], [NS2] that
for a level-zero dominant integral weight A =}, . m,w;, the crystal B(\)q decomposes into
the tensor product @),¢;
to the crystal basis of the level-zero fundamental representation W (w;).

(Removed)

This paper is organized as follows. In §2, we fix our fundamental notation, and recall

B(cw;)§™ of crystals, and that B(cw;)q for each i € Iy is isomorphic

some basic facts about (level-zero) LS path crystals. Also, we give a characterization (The-
orem 2.4.1) of projected level-zero LS paths, which is needed to obtain our main result
(Theorem 4.1.1). In §3, we recall the notion of the (parabolic) quantum Bruhat graph, and
then give the definition of quantum LS paths. In §4, we first state our main result. Then,
after preparing several technical lemmas, we finally obtain an explicit description (Proposi-

tion 4.2.1) of the image of a quantum LS path as a rational path under the action of root



operators. Our main result follows immediately from this description, together with the

characterization above of projected level-zero LS paths.
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2 Lakshmibai-Seshadri paths.

2.1 Basic notation. Let g be an untwisted affine Lie algebra over C with Cartan matrix
A = (aij)i jer; throughout this paper, the elements of the index set [ are numbered as in
[Kac, §4.8, Table Aff 1]. Take a distinguished vertex 0 € I as in [Kac], and set I, := I\ {0}.
Let h = (EB].H Ca]V) @ Cd denote the Cartan subalgebra of g, where IV := {ajv}jel Ch
is the set of simple coroots, and d € b is the scaling element (or degree operator). Also,
we denote by II := {aj}jel C b* := Homg(h,C) the set of simple roots, and by A; € b*,
j € I, the fundamental weights; note that a;(d) = d;0 and A;(d) = 0 for j € I. Let
0= icraja; € h"and c =3, ;aja) € b denote the null root and the canonical central
element of g, respectively. The Weyl group W of g is defined by W := (r; | j € I) C GL(h*),
where r; € GL(h*) denotes the simple reflection associated to «; for j € I, with £: W — Zs
the length function on W. Denote by A, the set of real roots, i.e., A, := WII, and by
AE C A, the set of positive real roots; for 5 € A,., we denote by ¥ the dual root of 3, and
by 73 € W the reflection with respect to 5. We take a dual weight lattice P¥ and a weight

lattice P as follows:

PV = (@my) ®Zd Ch and P= (@ZAJ-) DL C h*. (2.1.1)

jeI jel
It is clear that P contains Q := @, Zay, and that P = Homg (P, Z).

Let W, be the subgroup of W generated by r;, j € Iy, and set Ay := A N @jelo Loy,
Af == A N D,ci, Zxoaj, and Ay = —A{. Note that Wy (resp., Ao, Af, Ay) can be
thought of as the (finite) Weyl group (resp., the set of roots, the set of positive roots, the set
of negative roots) of the finite-dimensional simple Lie algebra corresponding to Iy. Denote
by 6 € A the highest root for the (finite) root system Ag; note that ag = —6 + § and

ay = —60Y +c
Definition 2.1.1.

(1) An integral weight A\ € P is said to be of level zero if (\, ¢) = 0.
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(2) An integral weight A € P is said to be level-zero dominant if (A, ¢) = 0, and (A, o) > 0
for all j € Iy =1\ {0}.

Remark 2.1.2. If X € P is of level zero, then (A, a) = —(A, ).

For each i € I, we define a level-zero fundamental weight w; € P by

The w; for i € I is actually a level-zero dominant integral weight; indeed, (w;, ¢) = 0 and
(i, af ) = 05 for j € I.
Let cl : h* — h*/C4 be the canonical projection from h* onto h*/Cé, and define P, and
PY by
P, = cl(P @ch and PY := @Za}/ C PY. (2.1.3)
jEI jel

We see that Py = P/ZJ, and that P, can be identified with Homy(PY,Z) as a Z-module by

cl»
(cl(N\), h) = (\, h) for A € P and h € PJ. (2.1.4)

Also, there exists a natural action of the Weyl group W on h*/C4 induced by the one on h*,

since Wé = §; it is obvious that w o cl = clow for all w € W.

Remark 2.1.3. Let A € P be a level-zero integral weight. It is easy to check that cl(WA) =
Wo cl(N) (see the proof of [NS4, Lemma 2.3.3]). In particular, we have cl(rgA) = cl(rg\) since
ap=—0+ 6 and af = —6Y +c.

For simplicity of notation, we often write 3 instead of cl(3) € P for B € Q = D ,; Zay;

note that ag = —6 in P, since ay = —0 + 0 in P.

2.2 Paths and root operators. A path with weight in P, = cl(P) is, by definition, a
piecewise-linear, continuous map 7 : [0, 1] = R®z Py such that 7(0) = 0 and 7(1) € P;. We
denote by P the set of all paths with weight in P,, and define wt : P, — P, by

wt(n) :=n(1) for n € Pqy. (2.2.1)

For n € Py and j € I, we set

HY(t) :== (n(t), o) for ¢t €[0,1],

(2.2.2)
m! :=min{H](t) | ¢t € [0,1]}.

For each j € I, let pY

cl,int

denote the subset of P, consisting of all paths n for which all
U)  then m!] € Z<o and

local minima of the function HY(t) are integers; note that if n € P’y

H}(1) —m] € Z>o. We set
]P)cl, int +— ﬂ Pg)mt;

jel
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see also [NS2, §2.3]. Here we should warn the reader that the set P iy itself is not necessarily
stable under the action of the root operators e; and f; for j € I, defined below.
Now, for j € [ and n € pY)

o int> We define e;n as follows. If m] = 0, then e;n := 0, where

0 is an additional element not contained in Py. If m? < —1, then we define e;n € P by

n(t) if 0<t<t,
(e;m)(t) == q n(to) +r(n(t) —n(to)) if to <t <t, (2.2.3)
n(t) + o if 4 <t<1,

where we set
ty :=min{t € [0,1] | H](t) = m]},

(2.2.4)
to := max{t € [0,41] | H](t) = m] +1};
note that the function H}(t) is strictly decreasing on [to, 1] since n € IP’((:{)int. Because
HI(1) it 0<t<to,
H7"(t) = 2(m] +1) — HI(t) if to <t <t
H(t) +2 if t1 <t<1,
it is easily seen that e;n € Pg?int, and mj"" = m] + 1. Therefore, if we set
gj(n) :=max{n >0|en # 0} (2.2.5)
forjelandne IP’((:{)M, then £;(n) = —m; (see also [L2, Lemma 2.1¢)]). By convention, we

set €;0 := 0 for all j € 1.

Remark 2.2.1. Assume that n € IP’E(i)int satisfies the condition that m{ < —1 and (n(t), ¢) =0
for all ¢ € [0,1]. Then we have

n(t) if 0<t<t,
(eon)(t) = ¢ n(to) +ro(n(t) —n(to)) if to <t <y, (2.2.6)
n(t) — 0 if 4 <t <1,

where ¢y and ¢, are defined by (2.2.4) for j = 0.

Similarly, for j € I and n € PY).  we define fin as follows. If HJ(1) —mj = 0, then

cl,int>

fin:=0.1f H(1) —m] > 1, then we define f;n € Py by

n(t) if 0<t<t,
(fim () = n(to) +7;(n(t) —n(to)) if to <t <y, (2.2.7)
n(t) — o if ¢, <t<1,



where we set
to = max{t € [0,1] | Hf(t) - m?},

‘ (2.2.8)
ty:=min{t € [to, 1] | H]'(t) = m] + 1};
note that the function H}(t) is strictly increasing on [to, ;] since n € Pgl)lm Because
H(t) if 0<t<t,
i .
H'(t) = 2m] — H](t) if to <t <t,
HI(t) -2  ift <t<1,
it is easily seen that f;n € IF’CI it and m;cj " =m] — 1. Therefore, if we set
@i(n) :=max{n >0 fi'n# 0} (2.2.9)

for j € I and n € Pgl me> then @;(n) = HJ(1) —m] (see also [L2, Lemma 2.1c)]). By

convention, we set f;0 := 0 for all j € I.

Remark 2.2.2. Assume that n € p¥) . satisfies the condition that HJ(1) —mJ > 1 and

cl,in

(n(t), ¢) =0 for all t € [0,1]. Then we have

n(t) if 0<t<to,
(fom)(t) = ¢ n(to) +ra(n(t) —n(to)) if to <t <ty, (2.2.10)
n(t) +0 if 4 <t<1,

where ¢ and ¢, are defined by (2.2.8) for j = 0.

We know the following theorem from [L2, §2] (see also [NS2, Theorem 2.4]); for the
definition of crystals, see [Kasl, §7.2] or [HK, §4.5] for example.

Theorem 2.2.3.

(1) Letjel, andn € ]P’C1 me- 1f ejn # 0, then fie;n =n. Also, if fn # 0, then e;fin =n.

(2) Let B be a subset of Pe it such that the set B U {0} is stable under the action of the
root operators e; and f; for all j € I. The set B, equipped with the root operators e;,
fi for 3 € I and the maps (2.2.1), (2.2.5), (2.2.9), is a crystal with weights in P,.

Remark 2.2.4. In §2.3, we wiil give a typical example of a subset B of Pg it such that BU{0}

is stable under the action of root operators.

For each path n € Py and N € Z>4, we define a path Nn € Py by: (Nn)(t) = Nn(t) for
t € [0, 1]; by convention, we set NO :=0forall N € Z>;. It is easily verified that if n € IP’EI )mt
for some j € I, then Ny € P for all N € Z>.

cl,int



Lemma 2.2.5 (see [L2, Lemma 2.4] and also [NS2, Lemma 2.5]). Let j € I. For every
n e PY.  and N € L=y, we have

cl,int

ej(Nn) = Nej(n) and  ¢;(Nn) = Np;(n),
N(ejn) =X (Nn) and N(fn) = f(Nn).
()
cl,int>

The next lemma follows immediately from Lemma 2.2.5.

)77 c ]P( . and fmaxn — f% n c ]Pa(ﬁ)

max,, ._ (7
we define '™ := e, in ol int-

ForjelandneP

Lemma 2.2.6. Let j € I. For everyn € ]P)g,)int and N € Z1, we have ef**(Nn) = N(ef**n)
and fi**(Nn) = N(fj"*n).

Now, for 1y, m2, ..., N, € Py, define the concatenation 1y x ng % - - - xn, € Py by
(m xmo %+ mp)( an )+ nk(nt —k+1)
k—1 k
for <t<—and 1<k <n. (2.2.11)
n n

For a subset B of P,; and n € Z>,, we set B™ := {nl*ng*---*nn|nkEBfor1§k§n}.

Proposition 2.2.7 (see [L2, Lemma 2.7] and [NS2, Proposition 1.3.3]). Let B be a subset of
Po,int such that the set B U {0} is stable under the action of the root operators e; and f; for
all 7 € I; note that B is a crystal with weights in P, by Theorem 2.2.3.

(1) For everyn € Zsy, the set B**U{0} is stable under the root operators e; and f; for all
j € 1. Therefore, B*" is a crystal with weights in Py by Theorem 2.2.35.

(2) For every n € Zsy, the crystal B*™ is isomorphic as a crystal to the tensor product
B :=B®---®@B (n times), where the isomorphism is given by: ny % 1y * -+ % 1), —
MmN @ @ny fornxmy*---*xn, € B

2.3 Lakshmibai-Seshadri paths. Let us recall the definition of Lakshmibai-Seshadri
(LS for short) paths from [1.2, §4]. In this subsection, we fix an integral weight A € P which

is not necessarily dominant.

Definition 2.3.1. For pu, v € WA, let us write p > v if there exists a sequence pu =
foy f1y -« -y fin = v of elements in WA and a sequence fi, ..., B, € Af, of positive real
roots such that uy = rg, (fk—1) and (ux—1, BY) <0 for k =1,2, ..., n. If 4 > v, then we
define dist(u, v) to be the maximal length n of all possible such sequences p, f1, ..., p, for

(1, V).

Definition 2.3.2. For u, v € WA with g > v and a rational number 0 < ¢ < 1, a o-chain for
(i, v) is, by definition, a sequence p = pg > gy > - -+ > p, = v of elements in WA such that
dist(pg—1, ) = 1 and o(ug—1, 5Y) € Z<o for all k = 1, 2, ..., n, where B is the positive

real root such that 7g, px—1 = pg.



Definition 2.3.3. An LS path of shape A € P is, by definition, a pair (v; ¢) of a sequence
Vv > 1y > > v of elements in WA and a sequence 0 : 0 =09 <01 < -+ <o, =1of
rational numbers satisfying the condition that there exists a og-chain for (v, vg41) for each
k=1,2, ..., s—1. We denote by B(\) the set of all LS paths of shape A.

Let m = (v, va, ..., Vs; 00, 01, ..., 0s) be a pair of a sequence vy, s, ..., vy of integral
weights with v, # v for 1 < kK < s—1 and a sequence 0 = 09 < 07 < - < 0, = 1
of rational numbers. We identify 7= with the following piecewise-linear, continuous map
7:10,1] - R®z P:

k—1

7T(t) = Z(Ol — 0'171)1/1 + (t — Uk,1>Vk for Ok—1 S t S Ok, 1 S k S S. (231)
=1

Remark 2.3.4. Tt is obvious from the definition that for each v € WA, 7, := (v; 0,1) is an LS
path of shape A, which corresponds (under (2.3.1)) to the straight line ,(t) = tv, t € [0, 1],
connecting 0 to v.

For each m € B(\), we define cl(7) : [0, 1] — R®z Py by: (cl(7))(t) = cl(w(t)) for t € [0, 1].
We set

B(A)g = {Cl(ﬂ') | e IB%()\)}.
We know from [NS2, §3.1] that B(\). is a subset of P iy such that B(\)g U {0} is stable
under the action of the root operators e; and f; for all j € I. In particular, B(\)q is a crystal
with weights in P, by Theorem 2.2.3.

Here we recall the notion of simple crystals. A crystal B with weights in P, is said to
be regular if for every proper subset J C I, B is isomorphic as a crystal for U,(g;) to the
crystal basis of a finite-dimensional U,(g,)-module, where g; is the (finite-dimensional) Levi
subalgebra of g corresponding to J (see [Kas2, §2.2]). A regular crystal B with weights P, is
said to be simple if the set of extremal elements in B coincides with a W -orbit in B through
an (extremal) element in B (cf. [Kas2, Definition 4.9]).

Remark 2.3.5.

(1) The crystal graph of a simple crystal is connected (see [Kas2, Lemma 4.10]).

(2) A tensor product of simple crystals is also a simple crystal (see [Kas2, Lemma 4.11]).

We know the following theorem from [NS1, Proposition 5.8, [NS3, Theorem 2.1.1 and
Proposition 3.4.2], and [NS2, Theorem 3.2].

Theorem 2.3.6.

(1) For each i € Iy, the crystal B(w;)a is isomorphic, as a crystal with weights in Py,
to the crystal basis of the level-zero fundamental representation W (w;), introduced in
[Kas2, Theorem 5.17], of the quantum affine algebra U;(g). In particular, B(w;)q is a

simple crystal.



(2) Let iy, i9, ..., i, be an arbitrary sequence of elements of Iy (with repetitions allowed),
and set \ := w;, + @, + -+ @;,. The crystal B(\)a is isomorphic, as a crystal with
weights in Py, to the tensor product B(w;, )a @ B(wi,)a ® - - - @ B(w;, )a. In particular,
B(A)a is also a simple crystal by Remark 2.3.5 (2).

Remark 2.3.7. Let A € > ._,; Z>ow; be a level-zero dominant integral weight.

i€lp
(1) It can be easily seen from Remark 2.3.4 that n,(t) := tu is contained in B(\) for all
p € cl(WA) = Wyel(M).

(2) We know from [NS2, Lemma 3.19] that ne) € B(A)a is an extremal element in the
sense of [Kas2, §3.1]. Therefore, it follows from [AK, Lemma 1.5] and the definition of

simple crystals that for each n € B(\)g, there exist ji, ja, ..., j, € I such that
€5 - e e = Nay)-

Also, by the same argument as for [AK, Lemma 1.5], we can show that for each n €
B(\)c, there exist kq, ko, ..., k; € I such that

max max prmax _
fkq o 'fk2 k1= Tlel())-

Lemma 2.3.8. Let A € >,
Zs1. Then, the set B(N)X' is identical to B(n\)q.

cl

Z>ow; be a level-zero dominant integral weight, and let n €

Proof. First, let us show the inclusion B(A)¥" D B(n\)q. It is easily seen that the element
Ny * -+ * Napy € B(A)Z is identical to 7). Hence it follows that the crystal B(A)%
contains the connected component containing 7y € B(nA)q. Here we recall that the
crystal B(n\)q is simple (see Theorem 2.3.6), and hence connected (see Remark 2.3.5(1)).
Therefore, the connected component above is identical to B(nA)q. Thus, we have shown the
inclusion B(A)* D B(nA)a.

Now, it follows from Proposition 2.2.7 that B(\) " is isomorphic as a crystal to the tensor
product B(A\)§". Therefore, B(\)5 = B(A\)3" is a simple crystal by Theorem 2.3.6 (2) and

Remark 2.3.5(2), and hence connected by Remark 2.3.5(1). From this, we conclude that
B(A)* = B(n\)a, as desired. O

2.4 Characterization of the set B(\).

Theorem 2.4.1. Let A € ) ...
B of Po,int satisfies the following two conditions, then the set B is identical to B(X)q.

Zsoyw; be a level-zero dominant integral weight. If a subset

(a) The set BU {0} is stable under the action of the root operators f; for all j € I.



(b) For each n € B, there exist a sequence iy, fa, - .., s of elements in cl(WA) = Wy cl(X)

and a sequence 0 = o9 < 01 < -+ < 05 = 1 of rational numbers such that

n(t) = (Jl - Ol_1),ul + (t — (Tk_1),uk forop_1 <t<op 1 <k<s. (2.4.1)
=1

Remark 2.4.2. The equality B = B(\). also holds when we replace the root operators f; for
j € I by e; for j € I in the theorem above; for its proof, simply replace f;’s by e;’s in the

proof below.

Proof of Theorem 2.4.1. First, let us show the inclusion B C B(\)q. Fix an element n € B
arbitrarily, and assume that 7 is of the form (2.4.1). Take N € Z>, such that No, € Z for
all 0 <u <'s. Then, the element Nn € Py iy is of the form:

Nn:n,ul*"'*”m*”m*"'*”uz*"'* nﬂs*'.'*nﬂs X

Vv Vv
N(o1 — op)-times  N(o2 — o1)-times N(os — 0s—1)-times

Since 1, € B()\)q for every u € cl(WA) (see Remark 2.3.7 (1)), we have Nn € B(A)Z, and
hence Nn € B(NA)q by Lemma 2.3.8. By Remark 2.3.7, there exists ki, ko, ..., k, € I such
that

fmax flinax max(Nn) — ncl(N)\)

Using Lemma 2.2.6 and condition (a) repeatedly, we deduce that

fmax f’?QlaX max( ) (fmax . f]?;ax ’:/-Illa)(/r])'

Combining these equalities, we obtain N(f} oo e

Bn) = Navyy.  Since Ny =
N7y, we get
fmax . f]?;lax max77 = T1()) c B()\)cl (242)

Therefore, by Theorem 2.2.3 (1), n = e} e - '62%1(/\) € B(\)a for some ¢y, ca, ..., ¢q € Z>o.
Thus we have shown the inclusion B C B(A)q. Also, we should remark that nqn) € B by
(2.4.2) and condition (a).

Next, let us show the opposite inclusion B O B(\)q. Fix an element 1’ € B(\), arbitrarily.

By Remark 2.3.7, there exists ji, j2, ..., jp € I such that
e;r;ax . ezr;ax maxn = Ny
Therefore, by Theorem 2.2.3 (1), n f f(-if o fipml(A) for some dy, da, ..., d, € Z>¢. Since

Ny € B as shown above, it follows from condition (a) that 7" € B. Thus we have shown the

inclusion B D B(\), thereby completing the proof of the theorem. O
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3 Quantum Lakshmibai-Seshadri paths.

3.1 Quantum Bruhat graph. In this subsection, we fix a subset J of I. Set
WJZ:<7’j|j€J>CWO.

It is well-known that each coset in Wy/W; has a unique element of minimal length, called
the minimal coset representative for the coset; we denote by Wy C Wy the set of minimal
coset representatives for the cosets in Wy /W, and by |- | = |- ], : Wy — W3 = Wy /W the
canonical projection. Also, we set Ay := Ay N (@jeJ Zaj), A§ = AN (@jeJ Zaj), and
p = (1/2) Docas @ 1 1= (1/2) Coeas o

Definition 3.1.1. The (parabolic) quantum Bruhat graph is a (Af \ A¥)-labeled, directed
graph with vertex set Wy and (A§ \ A¥)-labeled, directed edges of the following form:
lwrg| & w for w e Wy and B € AL\ AT such that either

(i) £(lwrg]) = l(w)+1, or

(i) £(lwrs]) = £(w) = 2(p = ps, BY) +1;
if (i) holds (resp., (ii) holds), then the edge is called a Bruhat edge (resp., a quantum edge).

Remark 3.1.2. If w € Wy and 8 € Al \ AY satisfy the condition that ¢(|wrs]) = (w) + 1,
then wrg € Wy, Indeed, since £(wrg) > ¢(|wrg]) = (w) + 1, it follows that wrs is greater
than w in the ordinary Bruhat order. Therefore, by [BB, Proposition 2.5.1], |wrz] is greater
than or equal to [w| = w in the ordinary Bruhat order. Since ¢(|wrg]) = ¢(w) + 1 by the
assumption, there exists v € A such that [wrg] = wr.,. Now, we take a dominant integral
weight A € Py with respect to the finite root system Ag such that {j € Iy | (A, o) =0} = J;
note that (A, 3¥) > 0 since 8 € Al \ A¥. Then we have wrgA = |wrg]A = wr, A, and hence
rgA = r,A. It follows that (A, BV)B = (A, vV)y. Since B and v are both contained in AF,
and since (A, 8Y) > 0, we deduce that § = 7. Thus, we obtain |wrg| = wr, = wrg, which
implies that wrg € Wy.

Remark 3.1.3. We know from [LS, Lemma 10.18] that the condition (ii) above is equivalent

to the following condition :
(it}) €(|wrs)) = w) = 2(p— ps, BY) + 1 and Cwrs) = Cw) — 2(p, ) + 1.

Let x, y € W§. A directed path d from y to z in the parabolic quantum Bruhat graph

is, by definition, a pair of a sequence wg, wy, ..., w, of elements in W and a sequence
Bi, B2, ., Bn of elements in A \ AT such that
d:a::wof—lwlﬁ---f—”wn:y. (3.1.1)

A directed path d from y to x said to be shortest if its length n is minimal among all possible
directed paths from y to z. Denote by ¢(y, x) the length of a shortest directed path from y

to x in the parabolic quantum Bruhat graph.
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3.2 Definition of quantum Lakshmibai-Seshadri paths. In this subsection, we fix

a level-zero dominant integral weight A\ € > ., Zsow;, and set A := cl(\) for simplicity of

i€lp
notation. Also, we set

J={jel| (A of)=0}C L.

Definition 3.2.1. Let x, y € W{/, and let o € Q be such that 0 < 0 < 1. A directed o-path
from y to x is, by definition, a directed path

ZL‘:’LU0<fB—1’LU1<ﬁ—2”LU2<ﬂ—3"'<ﬁ—nwn:y

from y to x in the parabolic quantum Bruhat graph satisfying the condition that
o\, By €EZ foralll <k<n.

Definition 3.2.2. Denote by B(\) (resp., I@()\)d) the set of all pairs = (z; ) of a sequence
T i T, Ta, ..., Ts of elements in Wy, with x, # x5, for 1 < k < s — 1, and a sequence
g :0=09 <0 <--- <o, =1 of rational numbers satisfying the condition that there
exists a directed og-path (resp., a directed oy-path of length ¢(xpi1, xx)) from x4 to xy for
each 1 < k < s — 1; observe that I@(A)Cl C ]E()\)d. We call an element of IE%()\)CI a quantum

Lakshmibai-Seshadri path of shape .

Let n = (x4, xo, ..., xs; 00, 01, ..., 0s) be a rational path, that is, a pair of a sequence
Ty, Ty, ..., T, of elements in Wy, with x), # x4, for 1 < k < s — 1, and a sequence
0=09 <0y <--+<0s =1 of rational numbers. We identify n with the following piecewise-
linear, continuous map 7 : [0, 1] - R ®z Py (cf. (2.3.1)):

N

1
nt) =Y (op—o1)riA+ (t —op_1)zp for opq <t <oy, 1 <k <s; (3.2.1)
=1

note that the map Wy — WoA, w — wA, is bijective. We will prove that under this identifi-
cation, both B(\)q and B(\)q can be regarded as a subset of Pe i (see Proposition 4.1.12).
Furthermore, we will prove that both of the sets B(A)q U {0} and B(\)q U {0} are stable

under the action of root operators (see Proposition 4.2.1).

4 Main result.

4.1 Statement and some technical lemmas. Throughout this section, we fix a level-

zero dominant integral weight A € Y., Z>qw;. Set A := cl(A), and

i€lp
J={jel| (A o) =0} C I

The following theorem is the main result of this paper; it is obtained as a by-product of an
explicit description, given in §4.2, of the image of a quantum LS path as a rational path

under the action of root operators on quantum LS paths.
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Theorem 4.1.1. With the notation and setting above, we have

In view of Theorem 2.4.1, in order to prove Theorem 4.1.1, it suffices to prove that both
I@()\)Cl and @(/\)d are contained in Pq i (see Proposition 4.1.12 below), and that both of the
sets B(\)q U{0} and B()\), U {0} are stable under the action of the root operators f; for all

j € I (see Proposition 4.2.1 below). To prove these, we need some lemmas.

Lemma 4.1.2 ([LNSSS1, Proposition 5.11]). Let w € Wy. If w™'0 € Ay, then there exists

—w~ ! . .
a quantum edge |row | P from w to |rew]| in the parabolic quantum Bruhat graph.

Lemma 4.1.3 ([LNSSS1, Proposition 5.10 (1) and (3)]). Letw € Wy and j € Iy. Ifw™'a; €
Ao\ Ay, then rjw e Wy.

Lemma 4.1.4. Let w € Wy and 8 € AL\ AT be such that |wrs] L. Let j € Iy.

(1) If (wA, of) > 0 and wB # +aj, then (wrgh, o) > 0. Also, both r;|wrg] and rjw are

contained in Wy, and r;|wrs| A W,

(2) If (wrgA, o) <0 and wp # Fay, then (WA, o) < 0. Also, both r;|wrg] and rjw are

contained in Wy, and r;|wrg| £ .
(3) If (wrgA, af) <0 and (wA, o) > 0, then wf = +ay.
(4) If (wrgh, af) <0 and (wA, o) >0, then wB = +ay.

Proof. (1) Since (wA, a) > 0, we see that w™'a; € Aj \ Aj. By [LNSSSI, Proposi-
’11)710['

tion 5.10(3)], there exists a Bruhat edge 7jw +— w in the parabolic quantum Bruhat

graph, with r;w € Wy/. If the edge |wrs] £ 4w is a Bruhat (resp., quantum) edge, then it

follows from the left diagram of (5.3) (resp., (5.4)) in part (1) (resp., part (2)) of [LNSSSI,

Lemma 5.14] that r;|wrg] = |rjwrg| € W/, and there exists a Bruhat (resp., quantum) edge

rilwrg| £ r;jw and a Bruhat edge r; | wr;g | gl e |wrz] in the parabolic quantum Bruhat
graph. In particular, we have |wrg| 'a; € Ay \ A, which implies that (wrgA, o) > 0.
This proves part (1).

(2) Since (wrgh, ) < 0, we see that [wrg]~'a; € Ay \ Aj. By [LNSSSI, Proposi-

—|wrg] " tay
tion 5.10 (1)], there exists a Bruhat edge |wrs] gl e rjlwrg] in the parabolic quantum

Bruhat graph, with r;|wrs| € W. If the edge |wrg)| £ w is a Bruhat (resp., quantum)
edge, then it follows from the right diagram of (5.3) (resp., (5.4)) in part (1) (resp., part (2))
of [LNSSS1, Lemma 5.14] that r;w € W/, and there exists a Bruhat (resp., quantum) edge

—w—lo
r;lwrs] L rjw and a Bruhat edge w L rjw in the parabolic quantum Bruhat graph.
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In particular, we have w™'a; € Ay \ A}, which implies that (wA, /) < 0. This proves
part (2).

(3) (vesp., (4)) Assume that (wrgA, o)) < 0 and (wA, af) > 0 (resp., (wrgh, aj) <0
and (wA, af) > 0). Suppose that wf # Fa;. Then it follows from part (2) (resp., (1)) that
(wA, af) < 0 (resp., (wrgA, aj) > 0), which is a contradiction. Thus we get w3 = +a;.

This completes the proof of Lemma 4.1.4. O]

Lemma 4.1.5. Let w € Wi and 8 € AZ\ AY be such that |wrg] £ ow. Let = € Wy be such
that row = |rew]z; note that z5 € AJ \ AT.

(1) If (wA, o) >0 and wp # £6, then (wrgA, o) > 0 and |rowrg] v |row|.
(2) If (wrgA, af) <0 and wp # £6, then (wA, o) < 0 and |[rowrg] Z |row|.
(3) If (wrgA, ay) < 0 and (wA, o) > 0, then wf = 0.
(4) If (wrgA, af) <0 and (wA, o) > 0, then wf = +0.

Proof. (1) Since (wA, ay) > 0, we see that w™'6 € Aj \ A;. By [LNSSS1, Proposi-
tion 5.11 (1)], there exists a quantum edge |row] 7% 4 in the parabolic quantum Bruhat
graph. If the edge |wrs] £ wis a Bruhat (resp., quantum) edge, then it follows from the left
diagram of (5.5) or (5.6) (resp., (5.7) or (5.8)) in part (3) (resp., part (4)) of [LNSSS1, Lemma
5.14] that there exists an edge |rgwrg| Z |row] and a quantum edge |rpwrg | —wale |wrg |
in the parabolic quantum Bruhat graph. In particular, we have |wrg|~'0 € Ay \ A7, which
implies that (wrgA, ay) > 0. This proves part (1).

(2) Since (wrgh, ay) < 0, we see that |wrg]~'0 € A\ A¥. By [LNSSS1, Proposi-
tion 5.11 (3)], there exists a quantum edge |wr;g | g Lwﬂe |rpwrs | in the parabolic quantum
Bruhat graph, where 2’ € W is defined by: ro|wrg] = [rewrs]z’. If the edge |wrg] £ow
is a Bruhat (resp., quantum) edge, then it follows from the right diagram of (5.5) or (5.6)
(resp., (5.7) or (5.8)) in part (3) (resp., part (4)) of [LNSSS1, Lemma 5.14] that there exists
an edge |rowrs| # |row]| and a quantum edge w P |rew| in the parabolic quantum
Bruhat graph. In particular, we have w6 € AJ \ A%, which implies that (wA, ay) < 0.
This proves part (2).

Parts (3) and (4) can be shown by using parts (1) and (2) in the same way as parts (3)
and (4) of Lemma 4.1.4. This completes the proof of Lemma 4.1.5. O

Lemma 4.1.6. Let A\, A, and J be as above. Let x,y € Wy, and let 0 € Q be such that
0 <o < 1. Assume that there exists a directed o-path from y to x as follows:

x:w0<ﬁ—1w1<ﬁ—2w2<ﬁ—3---<ﬂ—"wn:y.

Then, o(zA — yA) is contained in Qo := P, ; Za;.

Jj€lo
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Proof. We have

o(xA —yA) = o(wr_1 A — wiA) = o(wgrg, A — wi\)
k=1 k=1

n

- = J<A7 Blj) wkﬁk

k=1

It follows from the definition of a directed o-path that o(A, ) € Z for all 1 < k < n. Also,
it is obvious that wy Sy € Qo for all 1 < k < n. Therefore, we conclude that o(xA—yA) € Q.

This proves the lemma. O]

Lemma 4.1.7. Let A\, A, and J be as above. If n € Iﬁ%()\)d, then n(1) is contained in A+ Q,

and hence in P..

Proof. Let n = (x1, xa, ..., Ts; 00, 01, ..., O5) € Iﬁ%()\)cl. Then we have (see (3.2.1))
s—1
77(1) = iL‘SA -+ ZO’k(l’kA — karlA)-
k=1

It is obvious that ;A € A+Qy. Also, it follows from Lemma 4.1.6 that oy (zxA—zx 1 A) € Qo
for each 1 < k < s—1. Therefore, we conclude that (1) € A+Qq. This proves the lemma. [

In what follows, we set s; := r; for j € Iy, and sg := 19 € W), in order to state our results

and write their proofs in a way independent of whether j = 0 or not.

Lemma 4.1.8. Let X\, A, and J be as above. Let x, y € W, and assume that there exists a
directed path

fromy tox. Let j € 1.

(1) If there emists 1 < p < n such that (wiA, o) <0 for all0 <k < p—1 and (wyA, o) >

0, then |sjwy_1] = wy,, and there exists a directed path from y to |s;x] of the form:
|s;x] = [s;wo] PN S |sjwp—1]| = w, Ot Wy =Y. (4.1.2)

Here, if 7 € Iy, then we define z, € W; to be the identity element for all1 < k <p—1;
if 7 =0, then we define z;, € Wy by rowy, = |rewg]zi for each 1 <k <p—1.

(2) If the directed path (4.1.1) from y to x is shortest, i.e., (y, x) = n, then the directed
path (4.1.2) from y to |s;x] is also shortest, i.e., {(y, |s;xz]) =n — 1.

(3) If the directed path (4.1.1) is a directed o-path from y to x for some rational number
0 < o <1, then the directed path (4.1.2) is a directed o-path from y to |s;x].
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Proof. (1) We give a proof only for the case j € 1. The proof for the case j = 0 is similar;
replace o; and a]V by —6 and —6", respectively, and use Lemma 4.1.5 instead of Lemma 4.1.4.
First, let us check that w8, # £a; for any 1 < k < p — 1. Suppose, contrary to our claim,
that w3, = *a; for some 1 <k < p— 1. Then,

W1 A = wrg, A = 1y, 8, WL\ = s;wEA,

and hence (wy,_1A, o) = (s;wpA, af ) = —(wA, af) > 0, which contradicts our assumption.
Thus, wi Sy # £a; forany 1 < k < p—1. It follows from Lemma 4.1.4 (2) and our assumption
that [ s;wg—1| 43 [sjwy] forall 1 <k < p—1. Also, since (w,_1A, o) < 0and (w,A, o) > 0,
it follows from Lemma 4.1.4 (3) that w,(, = £, and hence

sjwp—1 A = sjwprg, A = 851 8 WA = 555w, A = wyA.

Thus, we obtain a directed path of the form (4.1.2) from y to |s;x|. This proves part (1).
(2) Assume that {(y, ) = n. By the argument above, we have {(y, [s;z]) < n — 1.
Suppose, for a contradiction, that ¢(y, |s;z|) <n — 1, and take a directed path

sj] =20 &2 Ly & Ly =y
from y to |s;x] whose length [ is less than n — 1. Let us show that 2 ¢ |s;x| for some
v € Ay \ AY. Assume first that j € Iy. Since (zA, ;) < 0 by the assumption, we have
tla; € Ay \ AF, and hence ((z) = {(s;z) + 1. Also, since z € Wy, it follows from
Lemma 4.1.3 that s;z € Wy. Therefore, if we set v := 27 s;0; = —z7'a; € AJ \ AT, then
we obtain 2 <~ s;z = |s;z]. Assume next that j = 0. Since (zA, —0Y) = (zA, o) < 0 by
the assumption, we have 2710 € Aj \ A¥. Define an element v € W, by rgx = [rex|v. Then

we see that v := vz~ 16 is contained in AJ \ AT, and that
[[sox|ry| = [|rex]ry] = [1e2v Tpp-19] = |rexv vz trgav™! | = 207! =2
since x € Wy and v € W,. Also, note that [soz| 10 = [rex |10 = va~trgd = —y € Ay \A7.
Therefore, we deduce from Lemma 4.1.2 that
x = |[sox]ry] < oz | = |sox].

Thus, we obtain a directed path

v s =0l 0 End o Ly=y
from y to x whose length is [ + 1 < n = {(y, x). This contradicts the definition of ¢(y, x).
This proves part (2).
(3) We should remark that (A, zx5)) = (A, B)) for each 1 < k < p — 1, since z, € W.
Hence the assertion of part (3) follows immediately from the definition of a directed o-path.

This completes the proof of Lemma 4.1.8. O
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The following lemma can be shown in the same way as Lemma 4.1.8. If j € I, then use
Lemma 4.1.4 (1) and (4) instead of Lemma 4.1.4 (2) and (3), respectively; if j = 0, then use
Lemma 4.1.5 (1) and (4) instead of Lemma 4.1.5 (2) and (3), respectively.

Lemma 4.1.9. Keep the notation and setting in Lemma 4.1.8.

(1) If there exists 1 < p < n such that {(wiA, af) >0 for allp < k <n and (w, 1A, o) <

0, then wy,_1 = |s;w,|, and there exists a directed path from |s;y| to x of the form:

r=wy & Pyt Wp—1 = | Sjwp] e Lo |sjwn] = [s;y]. (4.1.3)

Here, if 7 € Iy, then we define z, € Wy to be the identity element for allp+1 <k <n;
if j =0, then we define z, € Wj by rowy = |rewy|zx for eachp+1 <k <n.

(2) If the directed path (4.1.1) from y to x is shortest, i.e., {(y, x) = n, then the directed
path (4.1.3) from |sjy] to x is also shortest, i.e., {(|s;y|, v) =n — 1.

(3) If the directed path (4.1.1) is a directed o-path from y to x for some rational number
0 < o <1, then the directed path (4.1.3) is a directed o-path from [s;y| to x.

Lemma 4.1.10. Let n = (xy, o, ..., Ts; 0g, 01, ..., O5) € IE%()\)Cl. Letjel and 1 <u <
s — 1 be such that (v, 1A, o) > 0. Let

B Bn
xu:woéwl&wzﬁ”'ewn:xu+l

be a directed o,-path from x,.1 to x,. If there exists 0 < k < n such that (wiA, &]V> <0,
then H}(0y) € Z. In particular, if (x, A, af) <0, then H}(0,) € Z.

Proof. We see from the definition that n' := (1, 22, ..., Ty, Tus1; 00, O1, - ., Oy, Os) is an
element of B(\)q. Also, observe that #/(¢) = n(t) for 0 < ¢ < 7,1, and hence H;], (t) = H](t)
for 0 <t < o,.1. It follows that

H(0) = HY (0,) = HY (1) = (1 = 0,)(@u1A, a)).

Since 7'(1) € Py (and hence H?l(l) € Z) by Lemma 4.1.7, it suffices to show that (1 —
o) (a1, o) € Z.

We deduce from Lemma 4.1.9 that there exists a directed o,-path from |s;z,11] to z,.
Therefore, " = (1, g, ..., Ty, [SjTut1]; 00, 01, ..., Ou, 05) is also an element of @(A)Cl.
Since both 77/(1) and 1" (1) are contained in A+@Qy by Lemma 4.1.7, we have n'(1)—n"(1) € Q.

Also, we have
(Qo3) (1) = n"(1) = (1 = ow)xurs A = (1 = 0u)sjzun A

B {(1 — 0u)(Tur1 A, af )y if j € I,
(1 = ou){zupr\, af )(=0) if j =0.
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Here we remark that § = 6 — ap = Zje 1, @0, and the greatest common divisor of the
aj, j € Iy, is equal to 1. From these, we conclude that (1 — 0, )(zu41A, af) € Z, thereby
completing the proof of the proposition. m

The following lemma can be shown in the same way as Lemma 4.1.10; noting that 7’ :=
(T, Tus1 -5 Ts; 00, Ouy Ousts -- -, Os) is an element of I@(A)Cl, use 7’ instead of 1 and the
fact that HT (1) — HT (1 —t) = H](1) = H](1 —t) for 0 <t <1 — 01

Lemma 4.1.11. Let n = (xy, 2o, ..., Ts; 0g, 01, ..., O5) € @(A)Cl. Let j €l and1 <u <
s — 1 be such that (v, A, af) < 0. Let

J]u:w()(ﬁ—lwl(ﬁin(ﬁi"'?_nwn:xu-&-l
be a directed o,-path from x,i1 to x,. If there exists 0 < k < n such that (wiA, o) > 0,
then H} (o) € Z. In particular, if (xu1 A, af) >0, then H}(0,) € Z.

Proposition 4.1.12. Let \ € Zielo Z>ow; be as above. Both B(\)q and B(\)q are contained
in Pe it under the identification (3.2.1) of a rational path with a piecewise-linear, continuous

map.

Proof. Since B(A)q C B(A)a by the definitions, it suffices to show that B(A)eq C Pep . Let
n = (x1, xe, ..., Ts; 00, O1, ..., Og) € I?B()\)d. We have shown that n(1) € P, for every
n € B(A)q (see Lemma 4.1.7). It remains to show that for every j € I, all local minima of
the function H}(t) are integers. Fix j € I, and assume that the function H}(f) attains a
local minimum at ¢ € [0, 1]; we may assume that ' = o, for some 0 < u < s. If u =0
(resp., u = s), then H}(t') = HJ(0) = 0 € Z (vesp., H}(¥') = H](1) € Z) since n(0) = 0
(vesp., n(1) € Pa). If 0 < u < s, then we have either (z,A, of) <0 and (z,11A, o)) >0, or
(zul, o)) <0 and (w117, af) > 0. Therefore, it follows from Lemma 4.1.10 or 4.1.11 that
H](0,,) € Z. Thus, we have proved the proposition. ]

Lemma 4.1.13. Let n = (xy, o, ..., Ts; 0¢, 01, ..., O5) € I@(A)Cl. Let j €l and 1 <u <
s — 1 be such that (v, 1A, ) >0 and H}(0,) € Z. Let

xu:w0<’8—lw1<’8—2w2<ﬁ—3---<ﬁ—nwn=$u+1 (4.1.4)

be a directed o,-path from x,41 to x,. Then, (wiA, of) > 0 for all 0 < k < n, and there

exists a directed o,-path from |s;xu41| to |s;x,]| of the form:
[s52a) = Lsjwo) 22 sjun) 22 2 sjw0) = [8j2ur1). (4.1.5)

Here, if j € Iy, then we define z, € Wy to be the identity element for all 1 < k < n; if
j =0, then we define z, € W; by rowy, = |rowy ]z for each 1 < k < mn. Moreover, if (4.1.4)
is a shortest directed path from x,.1 to x,, i.e., {(Tyr1, T,) = n, then (4.1.5) is a shortest

directed path from |SjTyi1] to |s;xy], i.e., L(|SjTus1], [SjTa]) = n.
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Proof. Tt follows from Lemma 4.1.10 that if H}(0,) € Z, then (wA, af) > 0forall0 <k <n
(in particular, (z,A, o)) > 0). Assume that j € Iy (resp., j = 0), and suppose, for a
contradiction, that wyfr = £a; (resp., = £6) for some 1 < k < n. Then, wy_1A =
Wirg A = Ty g, wpA = s;wA, and hence (w1 A, af ) = (sjwpl, o) = —(wiA, o), which
contradicts the fact that (wp_1A, a}/> > 0 and (wiA, Oz}/) > 0. Thus, we conclude that
wiPr # E£aj (resp., # £0) for any 1 < k < n. Therefore, we deduce from Lemma 4.1.4 (1)
(resp., Lemma 4.1.5 (1)) that there exists a directed path of the form (4.1.5) from [s;zy41]
to |s;x,|. Because the directed path (4.1.4) is a directed o,-path, we have o, (A, 8)) € Z.
Also, it follows immediately that o, (A, 28)) = ou (A, 5)) € Z since z € W;. Thus, the
directed path (4.1.5) is a directed o,-path from [s;z,+1] to |s;z,].

Now, we assume that ¢(z,.1, x,) = n, and suppose, for a contradiction, that there exists
a directed path

|sjxu] = 20 Lyl = |8jTyt1] (4.1.6)

from |s;wy41] to |sj2,] whose length [ is less than n. Let us show that |s;zu.1] < Tyt
for some v € Af \ AY. Assume first that j € Iy. Since (z,41A, o) > 0, we have vy :=
r o € AJ\ AT, and hence ((s;x,41) = €(xy41) + 1. Also, by Lemma 4.1.3, s;x,41 € Wy
Since §jTy41 = Tyi1T+, We obtain [S;Tyr1] = 8Ty & x,.1. Assume next that j = 0.
Since (z,114, 0V) = —(z,11A, af) < 0 by the assumption, it follows that x,;,0 € Ay \ Aj.
Therefore, if we set v := —z, 1,0 € Af \ A, then SoTyq1 = ToTys1 = Tyy17,, and we
obtain |$oZyi1] ¢~ Zui1 by Lemma 4.1.2. By concatenating the directed path (4.1.6) and
|5;Tur1] < Tui1, we obtain a directed path from 4 to |s;z,] whose length is I 4 1. Since
(Tup1 A\, ) > 0 and (s;z,A, of) = —(2,A, af) < 0, we deduce from Lemma 4.1.8 (1) that
there exists a directed path from z,.; to |s;|s;z.]| = =, whose length is (I +1) — 1 =
[. However, this contradicts the fact that n = ¢(z,41, x,) since | < n. This proves the

lemma. L]

4.2 Explicit description of the image of a quantum LS path under the action
of root operators. In the course of the proof of the following proposition, we obtain an
explicit description of the image of a quantum LS path as a rational path under the action

of root operators; this description is similar to the one given in [L1].

Proposition 4.2.1. Both of the sets B(\) U {0} and B(\) U {0} are stable under the action
of the root operators f; for all j € I.

Proof. Fix j € I. Let n = (x1, @9, ..., Ts; 00, O1, ..., Os) € @()\)Cl, and assume that f;n #
0. It follows that the point ¢, = max{t € [0,1] | H](t) = m]} is equal to o, for some
0 <wu<s. Let u<m < s be such that o, < t; < 0,,41; recall that t; = min{t € [to, 1] |
H(t) = m]+1}. Note that the function H)(t) is strictly increasing on [to, ¢1], which implies
that (z,A, o) >0 forallu+1<p<m+1.

19



Case 1. Assume that z, # |$;jTy41] or u =0, and that o, < t; < 0, 41. Then we deduce
from the definition of the root operator f; (for the case j = 0, see also Remark 2.2.2; cf. [L2,
Proposition 4.7 a)]) that

fin=(x1, T2, ..., Tuy |8iTus1]s -y [SjTm], [SiTme1]s Tmat, Tmt2, -0y Tss

007017"'70u7"'70m7t170m+17"'70-3);

note that |s;z,| # [sjzp41] for all w+1 < p < m, and that |s;z,11] # i1 since
(Tmi1 A, ) > 0 as mentioned above. In order to prove that f;n € B(\)a, we need to verify
that

(i) there exists a directed o,-path from |s;z,11] to z, (when u > 0);
(ii) there exists a directed o,-path from [s;z,11] to |s;z,| for each u+1 <p < m;
(iii) there exists a directed ¢;-path from z,,41 to |S;Zp41].

Also, we will show that if € B(A)a, then the directed paths in (i)—(iii) above can be chosen
from the shortest ones, which implies that f;n € I@()\)Cl.

(i) We deduce from the definition of ty = o, that (z,A, of) < 0 and (v, A, o) > 0.
Since n € @()\)Cl, there exists a directed o,-path from z,.; to x,. Hence it follows from
Lemma 4.1.9(1), (3) that there exists a directed o,-path from |s;z,4+1| to z,. Furthermore,
we see from the definition of Iﬁ%(/\)d and Lemma 4.1.9 (2) that if n € @(A)Cl, then there exists
a directed o,-path from |s;x,41] to z, whose length is equal to ¢(|s;zu+1], Tv)-

(ii) Recall that HJ(t) is strictly increasing on [to, ], and that H}(to) = m] and H](t;) =
m] + 1. Hence it follows that H}(o},) ¢ Z for all u +1 < p < m. Therefore, we deduce
from Lemma 4.1.13 that there exists a directed o,-path from |[s;x,41| to [s;x,] for each
u+ 1 < p < m. Furthermore, we see from the definition of I@()\)Cl and Lemma 4.1.13 that
if § € B(\)q, then for each u+ 1 < p < m, there exists a directed o,-path from |s;z,.1] to
|sjx,| whose length is equal to £(|s;jzp41], [Si2p])-

(iii) Since (1A, af) > 0, by the same argument as in the second paragraph of the

proof of Lemma 4.1.13, we obtain |s;Z,1] & a1, with

xr_n{l—la]' lf] S IQ,
7=
T (=0) i =0;
note that the directed path [s;@m+1] &~ .41 is obviously shortest since its length is equal

to 1. Let us show that ¢, (A, v") € Z. It is easily checked that (A, v¥) = (v, 1A, o). Also,
we have 1(t1) = t1zp1 A+ >, ok(zpA — 2441 A), and hence

Z3>m]+1=H](t) =t (Tmd, ozjv> + Z(ok(mk/\ — zp1 ), oz?).
k=1
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Since oy (xpA — 11 A) € Qo for each 1 < k < m by Lemma 4.1.6, it follows from the equation
above that t;(zm41A, af) € Z, and hence t1(A, vV) € Z. Thus, we have verified that there
exists a directed ¢;-path from z,,11 to | s;2,41] whose length is equal to (@41, |8;Tmi1]) =
1.

Combining these, we conclude that f;n is an element of Iﬁ%()\)cl, and that if n € I@()\)Cl,
then f;n € B(A)a.

Case 2. Assume that z, # |s;Z,41] or u =0, and that ¢; = 0,,41. Then we deduce from
the definition of the root operator f; (for the case j = 0, see also Remark 2.2.2; cf. [L2,
Proposition 4.7 a) and Remark 4.8]) that

fim=(z1, 2, ..., Ty, [SiTus1], -5 |SjTm)s |SjTmst]s Tma2,s ooy Ts)

00, 017"'70-u7"'70-m7t1:0-m+17"°70-5)~

First, we observe that (7,,42A, af) > 0. Indeed, suppose, contrary to our claim, that
(Tmi2l\, af) < 0. Since H} (011) = HJ (t1) = m]+1, it follows immediately that H}(0p,11+
€) < mj + 1 for sufficiently small ¢ > 0, and hence the minimum M of the function H7(t)
on [ty, 1] is (strictly) less than m] + 1. Here we recall from Proposition 4.1.12 that all local
minima of the function i} (t) are integers. Hence we deduce that M = m], which contradicts
the definition of #o. Thus, we obtain (2,27, o) > 0. Since (2,114, o) > 0, and hence
(8jTmi1 A\, oz}/> < 0, it follows that |s;Zm41] # Tpmso-

Now, in order to prove that f;n € @(A)Cl, we need to verify that
(i) there exists a directed o,-path from |s;z,11] to z, (when u > 0);
(ii) there exists a directed o,-path from [s;z,41] to |sjz,| for each u+1 < p < m;
(iv) there exists a directed o, 41-path from 2,12 to |s;jTm11] (when m+1 < s).

We can verify (i) and (ii) by the same argument as for (i) and (ii) in Case 1, respectively.
Hence it remains to show (iv). Also, in order to prove that n € B()\) implies fin € B(\)a,
it suffices to check that the directed paths in (i), (ii), and (iv) above can be chosen from the
shortest ones. We can show this claim for (i) and (ii) in the same way as for (i) and (ii) in
Case 1, respectively. So, it remains to show it for (iv).

(iv) As in the proof of (iii) in Case 1, it can be shown that there exists a directed t;-path
(and hence directed o,,41-path since t; = 0,11 by the assumption) from x,,4+1 to |[$;Zm+1]
whose length is equal to 1. Also, it follows from the definition that there exists a directed
Om+1-path from x,, 5 to x,,11. Concatenating these directed o,,1-paths, we obtain a directed
Om+1-path from 2,19 to | 52,41 ]. Thus, we have proved that f;n € Iﬁ%()\)d.

Assume now that n € ]/B\3(>\)C1, and set n = l(xpy12, Tme1). We see from the argument

above that there exists a directed 0,,,41-path from z,,19 to |s;Z,11] whose length is equal
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to n + 1. Suppose, for a contradiction, that there exists a directed path from z,,,o to
|8 y1] whose length [ is less than n + 1. Since (s;x,, 1A, o) < 0 and (2,427, af) >0
as seen above, we deduce from Lemma 4.1.8 that there exists a directed path from z,,,»
to [Sj|8jTm+1]] = |Tm+1] = Tms1 whose length is equal to [ — 1 < n, which contradicts
n = (Tmi2, Tma1). Thus, we have proved that if n € I@(A)cl, then f;n € I@()\)Cl.

Case 3. Assume that z, = |s;z,4+1] and 0, < t; < 041 Then we deduce from the
definition of the root operator f; (for the case j = 0, see also Remark 2.2.2; c¢f. [L2, Propo-
sition 4.7a) and Remark 4.8]) that

fin=(x1, xa, ..., Ty = [SjTus1], [SjTuta], -,
18i%m ], [SjTmet], Tma1, Tmgas -5 Ty
00, O1y «+ -y Oy—1y Oq+1y ++ -5 Om, tl, Om+1s « -+ 0'5);

note that [s;Zm+1]| # Tms1 since (T, A, a]V> > 0. In order to prove that f;n € I@(A)Cl, we
need to verify that

(ii) there exists a directed o,-path from [s;z,11] to |s;z,| for each u+1 <p < m;

(iii) there exists a directed ¢;-path from 11 to [S;Zp+1].

We can verify (ii) and (iii) by the same argument as for (ii) and (iii) in Case 1, respectively.
Also, in the same way as in the proofs of (ii) and (iii) in Case 1, respectively, we can check that
if n € B(A\)a, then the directed paths in (ii) and (iii) above can be chosen from the shortest
ones. Thus we have proved that f;n € B(A)a, and that n € @()\)cl implies f;n € I@()\)Cl.

Case 4. Assume that x, = |s;z,41] and ¢t = 0,,41. Then we deduce from the definition
of the root operator f; (for the case j = 0, see also Remark 2.2.2; cf. [L2, Proposition 4.7 a)
and Remark 4.8]) that

fin=(x1, 2, ..., Ty = |8;Tus1], |SjTus2], -,
szme7 szxm+1j7 Tm42y -+ Ts;
T0y O1y « oy Ou1y Ouils -y Omy 11 = Oty -o oy O5);

note that |52 1] # Tmya since (s;2, 110, o) < 0and (2,427, af) > 0 (see Case 2 above).

In order to prove that f;n € @(A)d, we need to verify that
(ii) there exists a directed o,-path from [s;z,41] to |s;z,| for each u+1 < p < m;

(iv) there exists a directed o, 41-path from 2,19 to |s;jZm11] (when m+1 < s).
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We can verify (ii) and (iv) by the same argument as for (ii) in Case 1 and (iv) in Case 2,

respectively. Also, as in the proofs of (ii) in Case 1 and (iv) in Case 2, we can check that

if 7 € B(\)q, then the directed paths in (i) and (iv) above can be chosen from the shortest

ones. Thus we have proved that f;n € B(\)a, and that 7 € @(A)Cl implies f;n € @(A)Cl.
This completes the proof of Proposition 4.2.1. ]

Combining Theorem 2.4.1 with Propositions 4.1.12 and 4.2.1, we obtain Theorem 4.1.1.
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