A NEW COMBINATORIAL MODEL IN REPRESENTATION THEORY

CRISTIAN LENART

ABSTRACT. The present paper is a survey of a simple combinatorial model for the irreducible charac-
ters of complex semisimple Lie algebras, and, more generally, of complex symmetrizable Kac-Moody
algebras. This model, which will be referred to as the alcove path model, can be viewed as a discrete
counterpart to the Littelmann path model. It allows us to give character formulas and a Littlewood-
Richardson rule for decomposing tensor products of irreducible representations; it also leads to a nice
description of crystal graphs, including a combinatorial realization of them as self-dual posets via a
generalization of Schiitzenberger’s involution. Overall, we can say that the alcove path model leads to
an extensive generalization of the combinatorics of irreducible characters from Lie type A (where the
combinatorics is based on Young tableaux, for instance) to arbitrary type.

1. INTRODUCTION

We have recently given a simple combinatorial model for the irreducible characters of a complex
semisimple Lie group G and, more generally, for the Demazure characters [14]. For reasons explained
below, we call our model the alcove path model. This was extended to complex symmetrizable Kac-
Moody algebras in [15] (that is, to infinite root systems), and its combinatorics was investigated in more
detail in [13]. The exposition in [14] was in the context of the equivariant K-theory of the generalized
flag variety G/B; more precisely, we first derived a Chevalley-type multiplication formula in K1(G/B),
and then we deduced from it our Demazure character formula. By contrast, the exposition in [15] was
purely representation theoretic, being based on Stembridge’s combinatorial model for Weyl characters
[21].

Our model is based on enumerating certain saturated chains in the Bruhat order on the corresponding
Weyl group W. This enumeration is determined by an alcove path, which is a sequence of adjacent alcoves
for the affine Weyl group Wag of the Langland’s dual group GV. Alcove paths correspond to reduced
decompositions of elements in the affine Weyl group, as well as to certain sequences of positive roots
defined by interlacing conditions [15], which extend the notion of a reflection ordering [4].

The alcove path model leads to an extensive generalization of the combinatorics of irreducible char-
acters from Lie type A (where the combinatorics is based on Young tableaux, for instance) to arbitrary
type. More precisely, we gave:

(1) cancellation free character formulas, including Demazure character formulas (Theorems 3.6);

(2) a Littlewood-Richardson rule for decomposing tensor products of irreducible representations
(Theorem 5.3) and a branching rule;

(3) a combinatorial description of the crystal graphs corresponding to the irreducible representations
(Corollary 5.4); this result includes a transparent proof, based on the Yang-Baxter equation, of
the fact that the mentioned description does not depend on the choice involved in our model
(Corollary 6.6);

(4) a combinatorial realization of a certain fundamental involution on the canonical basis (Theorem
7.8, see also Example 7.10); this involution exhibits the crystals as self-dual posets, corresponds
to the action of the longest Weyl group element on an irreducible representation, and is a direct
generalization of Schiitzenberger’s involution on tableaux;
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(5) an analog for arbitrary root systems, based on the Yang-Baxter equation, of Schiitzenberger’s
sliding algorithm, which is also known as jeu de taquin (Section 6); this algorithm has many
applications to the representation theory of the Lie algebra of type A.

A future publication will be concerned with a direct generalization of the notion of the product of
Young tableaux in the context of the product of crystals.

There are other models for the characters of the irreducible representations of G with highest weight A,
such as the Littelmann path model. Littelmann [16, 17, 19] showed that the characters can be described
by counting certain continuous paths in hi. These paths are constructed recursively, by starting with an
initial one, and by applying certain root operators. By making specific choices for the initial path, one
can obtain special cases which have more explicit descriptions. For instance, a straight line initial path
leads to the Lakshmibai-Seshadri paths (LS paths). These were introduced before Littelmann’s work, in
the context of standard monomial theory [12]. They have a nonrecursive description as weighted chains
in the Bruhat order on the quotient W/W) of the corresponding Weyl group W modulo the stabilizer
Wy of the weight \; therefore, we will use the term LS chains when referring to this description.
Recently, Gaussent and Littelmann [6], motivated by the study of Mirkovié-Vilonen cycles, defined
another combinatorial model for the irreducible characters of a complex semisimple Lie group. This
model is based on LS-galleries, which are certain sequences of faces of alcoves for the corresponding
affine Weyl group; these sequences are specified by several conditions (including some positivity and
dimension conditions). According to [6], for each LS-gallery there is an associated Littelmann path and
a saturated chain in the Bruhat order on W/W,. We explained in [15] the fact that we do not obtain
Littelmann paths by applying the same procedure as in [6] (or similar ones) to our model.

It was shown in [15] that LS chains are a certain limiting case of a special case of our model. Note
that LS chains cannot be entirely viewed as discrete objects since certain constructions related to them
(such as the definition of root operators) involve their description as piecewise-linear paths. In relation to
Littelmann paths in general, both LS-galleries and our model - which were developed independently - can
be viewed as discrete counterparts. However, unlike LS-galleries, our model extends to the Kac-Moody
case.

We believe that our model is more efficient in explicit computations than other known models due to
its simplicity and its combinatorial nature. For instance, our model is equally simple for both regular
and nonregular highest weights A; indeed, instead of working with chains of cosets in W/W), (as in the
case of LS chains) or with possibly lower dimensional faces of alcoves (as in the case of LS-galleries),
we always work with chains in W and, in the case of a finite root system, with alcoves too. Compared
to LS chains and LS-galleries, we also eliminate the need for making specific choices when selecting the
corresponding chains in Bruhat order. We refer to Subsection 3.3 for a discussion about computational
complexities.

Finally, we believe that the aspects of our model that were investigated in [13, 14, 15] represent just
a small fraction of a rich combinatorial structure yet to be explored, which would generalize most of the
combinatorics of Young tableaux.

2. PRELIMINARIES

We recall some background information on finite root systems, affine Weyl groups, Demazure charac-
ters, and crystal graphs.

2.1. Root systems. Let G be a connected, simply connected, simple complex Lie group. Fix a Borel
subgroup B and a maximal torus 7" such that G D B D T. As usual, we denote by B~ be the opposite
Borel subgroup, while N and N~ are the unipotent radicals of B and B~, respectively. Let g, h, n,
and n~ be the complex Lie algebras of G, T', N, and N, respectively. Let r be the rank of the Cartan
subalgebra f. Let ® C h* be the corresponding irreducible root system, and let hi C h* be the real span
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of the roots. Let ®* C ® be the set of positive roots corresponding to our choice of B. Then ® is the

disjoint union of ®* and ®~ := —®*. We write o > 0 (respectively, a < 0) for a« € ®* (respectively,
a € ®7), and we define sgn(a) to be 1 (respectively —1). We also use the notation |a| := sgn(a)a.
Let ay,...,a, € ®* be the corresponding simple roots, which form a basis of h%. Let (-, -) denote the

nondegenerate scalar product on b induced by the Killing form. Given a root o, the corresponding
coroot is @V := 2a/(a, ). The collection of coroots @Y := {a¥ | a € ®} forms the dual root system.

The Weyl group W C Aut(hy) of the Lie group G is generated by the reflections s, : b — b, for
a € ¢, given by
Sa i A= A=\ aY)a.
In fact, the Weyl group W is generated by the simple reflections si,...,s, corresponding to the simple
roots s; := S4,, subject to the Cozeter relations:

(s))>=1 and (s;s;)™9 =1 foranyi,je{l,...,r},

where my; is half of the order of the dihedral subgroup generated by s; and s;. An expression of a Weyl
group element w as a product of generators w = s;, - - - s;, which has minimal length is called a reduced
decomposition for wj; its length ¢(w) = [ is called the length of w. The Weyl group contains a unique
longest element w, with maximal length £(w,) = #®T. For u,w € W, we say that u covers w, and write
u > w, if w = usg, for some € ®T, and (u) = ¢(w) + 1. The transitive closure “>" of the relation
“>” is called the Bruhat order on W.

The weight lattice A is given by
(2.1) A:={)ebi |\ aY)eZfor any a € ®}.

The weight lattice A is generated by the fundamental weights wi,...,w,, which are defined as the
elements of the dual basis to the basis of simple coroots, i.e., {w;, oz}/) = 0;;. The set AT of dominant
weights is given by

AT i={AeA|(\aY)>0forany a € dT}.

Let p:= w1+ - +w, = 52 500+ 0. The height of a coroot a¥ € @Y is (p,a¥) = c1 + -+ + ¢, if
av =craf +- - +cp). Since we assumed that @ is irreducible, there is a unique highest coroot ¥ € ®
that has maximal height. (In other words, 6V is the highest root of the dual root system ®V. It should
not be confused with the coroot of the highest root of ®.) We will also use the Cozeter number, that
can be defined as h := {p,0") + 1.

2.2. Affine Weyl groups. In this subsection, we remind a few basic facts about affine Weyl groups
and alcoves, cf. Humphreys [7, Chaper 4] for more details.

Let Wag be the affine Weyl group for the Langland’s dual group GV. The affine Weyl group Weg is
generated by the affine reflections s, : by — bg, for o € ® and k € Z, that reflect the space by with
respect to the affine hyperplanes

(2.2) Hap:={Nebi| (N o) =k}
Explicitly, the affine reflection s, is given by
Sak i A= sa(N) +hka=X—((\a")—k)a.

The hyperplanes H, ), divide the real vector space bhj; into open regions, called alcoves. Each alcove A
is given by inequalities of the form

A={Nebi|ma < (N aY)<mg+1foralaedt},
where mq, = mq(A), a € ®T, are some integers.

A proof of the following important property of the affine Weyl group can be found, e.g., in [7,
Chapter 4].

Lemma 2.1. The affine Weyl group Wag acts simply transitively on the collection of all alcoves.
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The fundamental alcove A, is given by
Agi={Aebr|0< (\aY)<1forallac d}.

Lemma 2.1 implies that, for any alcove A, there exists a unique element v, of the affine Weyl group
Wag such that va(As) = A. Hence the map A — vy is a one-to-one correspondence between alcoves
and elements of the affine Weyl group.

Recall that ¥ € ® is the highest coroot. Let § € ®* be the corresponding root, and let o := —0.
The fundamental alcove A, is, in fact, the simplex given by
(2.3) Ao ={Xebr|0< (\a)) fori=1,...,r, and (\,0") < 1},
Lemma 2.1 also implies that the affine Weyl group is generated by the set of reflections sg, si,..., s,
with respect to the walls of the fundamental alcove A,, where sy := Sq,,—1 and s1,...,s, € W are the

simple reflections s; = s4,,0. Like the Weyl group, the affine Weyl group Wag is a Coxeter group. As
in the case of the Weyl group, a decomposition v = s;, - --s;, € Wag is called reduced if it has minimal
length; its length ¢(v) = [ is called the length of v.

We say that two alcoves A and B are adjacent if B is obtained by an affine reflection of A with respect
to one of its walls. In other words, two alcoves are adjacent if they are distinct and have a common wall.

For a pair of adjacent alcoves, let us write A A, B if the common wall of A and B is of the form H 8.k
and the root 3 € ® points in the direction from A to B.

Let Z be the set of the elements of the lattice A/h that do not belong to any affine hyperplane Hy
(recall that h is the Coxeter number). Each alcove A contains precisely one element (4 of the set Z (cf.
[11, 14]); this will be called the central point of A. In particular, (4, = p/h.

Proposition 2.2. [14] For a pair of adjacent alcoves A —*~ B, we have (g — Ca = a/h.

2.3. Demazure characters. The generalized flag variety G/B is a smooth projective variety. It de-
composes into a disjoint union of Schubert cells X¢ := BwB/B indexed by elements w € W of the Weyl
group. The closures of Schubert cells X, := X2 are called Schubert varieties. We have u > w in the
Bruhat order (defined above) if and only if X,, D X,,. Let Ox, be the structure sheaf of the Schubert
variety X,,. Let £ be the line bundle over G/ B associated with the weight A, that is, £ := G xpC_,,
where B acts on G by right multiplication, and the B-action on C_, = C corresponds to the charac-
ter determined by —A\. (This character of T' extends to B by defining it to be identically one on the
commutator subgroup [B, B].)

For a dominant weight A € A™, let V) denote the finite dimensional irreducible representation of the
Lie group G with highest weight A\. For A € AT and w € W, the Demazure module V) ,, is the B-module
that is dual to the space of global sections of the line bundle £, on the Schubert variety X,,:

(24) V,\yw = HO(XU,,,C)\)*.

For the longest Weyl group element w = w,, the space V) 4, = H°(G/B, L,)* has the structure of a
G-module. The classical Borel- Weil theorem says that V) 4, is isomorphic to the irreducible G-module
V.

Let Z[A] be the group algebra of the weight lattice A, which is isomorphic to the representation
ring of T. The algebra Z[A] has a Z-basis of formal exponents {e* | A\ € A} with multiplication
et et = MM in other words, Z[A] = Z[eT“1, ... e*¥r] is the algebra of Laurent polynomials in
r variables. The formal characters of the modules V) ., called Demazure characters, are given by
ch(Vaw) = 22 en Maw(p) e € Z[A], where my o (p) is the multiplicity of the weight p in Vi . These
characters generalize the characters of the irreducible representations ch(Vy) = ch(Vy w, ). Demazure [3]
gave a formula expressing the characters ch(V) ) in terms of certain operators known as Demazure
operators.
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2.4. Crystal graphs and Schiitzenberger’s involution. Let U(g) be the enveloping algebra of the
Lie algebra g, which is generated by F;, F;, H;, for i =1,...,r, subject to the Serre relations. Let B be
the canonical basis of U(n™), and let By := BNV} be the canonical basis of the irreducible representation
V, with highest weight A\. Let vy and vﬁ\‘)“’ be the highest and lowest weight vectors in By, respectively.
Let EZ-, E—, fori=1,...,r, be Kashiwara’s operators [8, 20]; these are also known as raising and lowering
operators, respectively. The crystal graph of V) is the directed colored graph on B defined by arrows
x — gy colored i for each E(ac) = y or, equivalently, for each Ei (y) = x. (In fact, Kashiwara introduced
the notion of a crystal graph of an U, (g)-representation, where Uy (g) is the Drinfeld-Jimbo g-deformation
of U(g), also known as a quantum group; using the quantum deformation, one can associate a crystal
graph to a g-representation.) One can also define partial orders <; on By by

x=;y if x=FF(y) for some k> 0.
We let < denote the partial order generated by all partial orders <;, for i = 1,...,r. The poset (By, <)

has maximum vy and minimum vf\"w.

In order to proceed, we need the following general setup. Let V be a module over an associative
algebra U and o an automorphism of U. The twisted U-module V7 is the same vector space V' but with
the new action u xv := o(u)v for u € U and v € V. Clearly, Vo™ = (V)7 for every two automorphisms
o and 7 of U. Furthermore, if V' is a simple U-module, then so is V7. In particular, if U = U(g) and
V' =V, then (V))7 is isomorphic to V() for some dominant weight o()). Thus there is an isomorphism
of vector spaces o) : Vi — V() such that

ox(uww) = o(u)or(v), weU(g), veVy.

By Schur’s lemma, o is unique up to a scalar multiple.

The longest Weyl group element w, defines an involution on the simple roots by a; — ;= 1= —wo ().
Consider the automorphisms of U(g) defined by
(2.5) o(Ei) = Fi o(F;) = E;,  ¢(Hi)=—H;,
(2.6) Y(E;) = Ep, Y(F)=Fp-, ¢(H;)=Hp,

and n := ¢1p. Clearly, these three automorphisms together with the identity automorphism form a group
isomorphic to Z/27 x Z/2Z. Tt also easily follows from (2.5)-(2.6) that

p(N) =(A) = —w.(A),  n(A) =A.
We can normalize each of the maps ¢y, ¥y, and 77, by the requirement that

low

(2.7) Oa(02) = 0% )y UaA) = v wenys  MA(vr) = 0h
(Of course, we also set Idy to be the identity map on V).) By [20, Proposition 21.1.2], cf. also [1,
Proposition 7.1], we have the following result.
Proposition 2.3. [1, 20] (1) Each of the maps ¢x and ¢ sends By to B_,,, (x), while nx sends By to
itself.

(2) For every two (not necessarily distinct) elements o, T of the group {1d, ¢,1v,n}, we have (o7)y =
- (\Tr- In particular, the map ny is an involution.

(3) For everyi=1,...,r, we have

(2.8) ONF; = Eigy, UaFi = Fpthy, n2F; = Epeny.

In particular, the poset (By, <) is self-dual, and ny is the corresponding antiautomorphism.

Berenstein and Zelevinsky [1] showed that, in type A,_; (that is, in the case of the Lie algebra sl,, ),
the operator 7 is given by Schiitzenberger’s evacuation procedure for semistandard Young tableaux (see
e.g. [5]). More precisely, it is known that, for each partition A = (A > Ao > ... > A\,—1 > 0), the
semistandard Young tableaux of shape A and entries 1,...,n parametrize the the canonical basis B)
of V). Hence, we can transfer the action of 7y on By to an action on the corresponding tableaux. As
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mentioned above, the latter action coincides with Schiitzenberger’s evacuation map. One way to realize
this map on a tableau T is the following three-step procedure.

(1) Rotate the tableau 180°, such that its row/column words get reversed.

(2) Complement the entries via the map i — wo (i) = n + 1 — i, where w, is the longest element in
the symmetric group S,,.

(3) Apply jeu de taquin to construct the rectification of the skew tableau obtained in the previous
step, that is, successively apply Schiitzenberger’s sliding algorithm for the inside corners of the
mentioned tableau.

For convenience, we will call these steps: REVERSE, COMPLEMENT, SLIDE. They are illustrated in
Figure 1 below.
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FiGURE 1. The evacuation map.

3. THE ALCOVE PATH MODEL

This section describes the basics of the model for the irreducible characters of semisimple Lie algebras
that was introduced and investigated introduced in [13, 14, 15]. We refer to these papers for more details,
including the proofs of the results mentioned in this survey. Although some of these results hold for
infinite root systems (cf. [15]), the setup in this survey is that of a finite irreducible root system, as
discussed in Section 2.

Our model is conveniently phrased in terms of several sequences, so let us mention some related
notation. Given a totally ordered index set I = {i; < i2 < ... < i,}, a sequence (a;,, sy, ..., 0, ) is
sometimes abbreviated to {a;};er. We also let [n] := {1, 2, ..., n}.
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3.1. A-chains. The affine translations by weights preserve the set of affine hyperplanes H, i, cf. (2.1)
and (2.2). It follows that these affine translations map alcoves to alcoves. Let Ay = A, + A be the
alcove obtained by the affine translation of the fundamental alcove A, by a weight A € A. Let vy be the
corresponding element of W, i.e,. vy is defined by vy(A,) = Ax. Note that the element vy may not
be an affine translation itself.

Let us now fix a dominant weight A\. Let v — v be the homomorphism W,g — W defined by ignoring
the affine translation. In other words, 5, = s, € W.

Definition 3.1. A A-chain of roots is a sequence of positive roots (31, ..., 3,) which is determined as
indicated below by a reduced decomposition v_y = s;, ---s;, of v_y as a product of generators of Wag:
61 = Q4 62 =S (aiz)v 63 = Si, Siy (aiz)a ) ﬂn =S8 '§7;7L71(ain) .

When the context allows, we will abbreviate “A-chain of roots” to “A-chain”. The A-chain of reflections
associated with the above A-chain of roots is the sequence (71,...,7,) of affine reflections in W,g given

by
T1 = Si1y T2 = S§1Si5Si1s T3 = Si15i55i3Si9Si1s «+vy Tm = Siy """ Si,, """ Siq-

We will present two equivalent definitions of a A-chain of roots.

Definition 3.2. An alcove path is a sequence of alcoves (Ag, A1, ..., A,) such that 4,7 and A; are
adjacent, for ¢ = 1,...,n. We say that an alcove path is reduced if it has minimal length among all
alcove paths from Ay to A,,.

Given a finite sequence of roots I' = (f1,...,0,), we define the sequence of integers (l?, 10 by
l? =#{j<i|p; =0}, fori=1,...,n. We also need the following two conditions on I'.

(R1) The number of occurrences of any positive root v in " is (A, V).
(R2) For each triple of positive roots (c, 3, v) with v¥ = o + 8V, the subsequence of T' consisting
of a, B, v is a concatenation of pairs («, ) and (8, ) (in any order).

Theorem 3.3. [14] The following statements are equivalent.
(a) The sequence of roots T' = (f1,...,0n) is a A-chain, and (71,...,Ty) is the associated \-chain

of reflections.
—fBn

(b) We have a reduced alcove path Ag i A, from Ay = A, to A, = A_, and T; is the
affine reflection in the common wall of A;_1 and A;, fori=1,...,n.
(c) The sequence I' satisfies conditions (R1) and (R2) above, and 7; = s5 o, fori=1,...,n.

We now describe a particular choice of a A-chain. First note that constructing a A-chain amounts to
defining a total order on the index set
Ii={(,k) [a € &, 0 < k < (\a¥)},
such that condition (R2) above holds, where the sequence I' = {3; };¢; is defined by 3; = « for i = (o, k).

Fix a total order on the set of simple roots oy < as < ... < «,. For each i = (a,k) in I, let
a¥ =ciaY + ...+ ¢, and define the vector
1
v; = —(k,c1,..., ¢
ST ey e

in Q"t!. It turns out that the map i — v; is injective. Hence, we can define a total order on I by i < j
iff v; < v; in the lexicographic order on Q™.

Proposition 3.4. [15] Given the total order on I defined above, the sequence {(;}icr defined by ; = «
fori=(a, k) is a A\-chain.
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3.2. Admissible subsets. For the remainder of this section, we fix a A-chain I' = (81,...,3,). Let
r; = Sg,. We now define the centerpiece of our combinatorial model for characters, which is our
generalization of semistandard Young tableaux in type A.

Definition 3.5. An admissible subset is a subset of [n] (possibly empty), that is, J = {j1 < j2a < ... <
Js}, such that we have the following saturated chain in the Bruhat order on W:

1<7‘j1<7‘j17“j2<...<7“j17“j2...7“j .

We denote by A(T") the collection of all admissible subsets corresponding to our fixed A-chain I'. Given
an admissible subset J, we use the notation

w(J) = =75, ..., (=N, w(J)=rj ...,
We call p(J) the weight of the admissible subset .J.
Theorem 3.6. [14, 15] (1) We have the following character formula:

ch(Vy) = Z et

JEA(T)

(2) More generally, the following Demazure character formula holds for any u € W :

Ch,(V)\’u) = Z efﬂ?h T (=) ,
J

where the summation is over all subsets J = {j1 < --- < js} C [n] such that

UD>UTj > UTj Ty > D> UTG Ty T

s

is a saturated decreasing chain in the Bruhat order on the Weyl group W.

(3) Assume that the A-chain T has the property that the second occurence of a root can never be before
the first occurence of another root. Then we also have the following Demazure character formula:

ch(Vau) = Z et

JeA(T)
w(J)<u

Remark 3.7. Theorem 3.6 (3) is the analog of the Demazure character formula due to Littelmann [16],
[18, Theorem 9.1]. Compared to the formula in Theorem 3.6 (2), the former has the advantage of
realizing all Demazure characters ch(V) ,,) (for a fixed \) in terms of the same combinatorial objects,
i.e., in terms of certain subsets of A(T).

Example 3.8. Consider G = SL,, whose root system & is of type A,_1, and whose Weyl group is
the symmetric group S,,. We can identify the space hj; with the quotient space V' := R"/R(1,...,1),
where R(1,...,1) denotes the subspace in R™ spanned by the vector (1,...,1). Let £1,...,e, € V be
the images of the coordinate vectors in R™. The positive roots are a;; :=¢; —¢; for 1 <i < j < n,
and the simple roots are o; := ;41 for @ = 1,...,n — 1. The longest root is § = ay,. The root
system ® is self-dual, that is, every coroot coincides with the corresponding root. The weight lattice is
A=7Z"/7Z(1,...,1). We use the notation [A1,...,\,] for a weight, as the coset of (A1,...,\,) in Z™.

Suppose that n = 3 and A = 2wy + wy = 3e1 + 2. Ordering the simple roots (ae3 < ay2), Proposi-
tion 3.4 gives the following A-chain:

(517---356) = (0412, @13, 23, V13, V12, 0413)-

This is associated with the reduced decomposition v_) = s152815051S2 in the affine Weyl group. The
corresponding A-chain of reflections is

(rla cee 7T6) = (Salz,oa Sa13,05 Sass,05 Saiz,—1y) Sajz,—1, Sala,*Q)'

Assume that we want to compute the Demazure character ch(Vy,,) for u = sas;. There are five
saturated chains in Bruhat order descending from u: (empty chain), (u > uSqa,, = $2), (U > USay, = S1),



A NEW COMBINATORIAL MODEL IN REPRESENTATION THEORY 9

(U > USays > USaysSass = 1), (U > USa,s > USa 3501, = 1). Thus, the Demazure character formula in
Theorem 3.6 (2) requires us to sum over the following subsequences in the A-chain (81, ..., G):

(empty subsequence), (0412)7 (0413), (0412, 0423), (0413, Oé12)~

The sequence (f31,...,[s) contains one empty subsequence, two subsequences of the form (a12), three
subsequences of the form (aq3), one subsequence of the form (aq2, aeg), and two subsequence of the form
(a3, 12). Hence, we have

Ch(‘/[g 1 0] 5251) — e—u(—)\) + e—u?l(—)\) + e—ufl\s(—)\) + e—u?g(—k) + e—uﬁ;(—k) + e_UFG(_A)‘i_
FeUTs(=X) 4 o—ulaTs(=A) 4 p—uiaTs(—A)

We can explicitly write this expression as

Ch(‘/[3,1,0],5251) =
6[15073] + 6[3’0’1] + 6[2’0’2] + 6[11370] + 6[11271] + 6[1’1’2] + 6[35170] + 6[21270] + 6[2’1’1].

Example 3.9. Suppose that the root system @ is of type G3. The positive roots are v; = ay, 12 =
3a1 + g, 73 = 201 + @, Y4 = 31 + 2a9, V5 = a1 + a2, Y6 = as. The corresponding coroots are
W =Y, 7§ = af +af, % =20y +3ay, 7 = af + 208, 2§ = of +3af, 2 = af.

Suppose that A = wy. Proposition 3.4 gives the following wo-chain:

(61’ cee 7510) = (’76775;’74773772;’75773;’74775;73) .

ThUS, we have ?1 = 5%;707 ?2 = 875,0, ?3 = 874,0, 3“\4 = 573,0, ?5 = 5’72707 ?6 = 5%717 ?7 = 873,1, ?8 = 874,1,
T9 = Syg,2, T10 = S+y,2. There are six saturated chains in the Bruhat order (starting at the identity) on
the corresponding Weyl group that can be retrieved as subchains of the wo-chain. We indicate each such
chain and the corresponding admissible subsets in {1,...,10}.

)
) 1< sy {1}

) 1< sy < Sye5ys: 11,2}, {1,6}, {1,9};

) 1< Sy < SmgSvys < SveSvsSvat 11,2,3}, {1,2,8}, {1,6,8};
)

{1,6,8,10};
(6) 1 <5y < Sy68ys < Syo5y557a < Sy65v5 5745y < Sy65y55vaSya Syt {1,2,3,4,5}.

The weight of each admissible subset is now easy to compute. We are lead to the expression for the
character ch(V,,) as the following sum over admissible subsets:

Ch(Vw2) = ew2 + e?l(u&) + e?l ?2((.02) + e?l ’?6(w2) + e?l ?Q(WQ) + . + 6?1 T T ?10((4)2) + e')"l ToT3Ty T5(u}2).

3.3. Computational complexities. In this subsection, we compare the computational complexity of
our model with that of LS-paths constructed via root operators.

Fix a root system of rank r with IV positive roots, a dominant weight A\, and a Weyl group element u
of length [. We want to determine the character of the Demazure module V) ,,. Let d be its dimension,
and let L be the length of the affine Weyl group element v_ (that is, the number of affine hyperplanes
separating the fundamental alcove A, and A, — A). Note that L = 2(), p¥), where p¥ = %dew 38Y.
We claim that the complexity of the character formula in Theorem 3.6 (2) is O(d[L). Indeed, we start by
determining an alcove path via the method underlying Proposition 3.4, which involves sorting a sequence
of L rational numbers. The complexity is O(L log L), and note that log L is, in general, much smaller
than d (see below for some examples). Whenever we examine some subword of the word of length L we
fixed at the beginning, we have to check at most L —1 ways to add an extra reflection at the end. On the
other hand, in each case, we have to check whether, upon multiplying by the corresponding nonaffine
reflection, the length decreases by precisely 1. The complexity of the latter operation is O(l), based
on the Strong Exchange Condition [7, Theorem 5.8]. Then, for each “good” subword, we have to do a
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calculation, namely applying at most 2] affine reflections to —\. In fact, it is fairly easy to implement
this algorithm.

Now let us examine at the complexity of the algorithm based on root operators for constructing
the LS-paths associated with A. In other words, we are looking at the complexity of constructing the
corresponding crystal graph. We have to generate the whole crystal graph first, and then figure out
which paths give weights for the Demazure module. For each path, we can apply r root operators. Each
path has at most N linear steps, so applying a root operator has complexity O(N). But now we have
to check whether the result is a path already determined, so we have to compare the obtained path
with the other paths (that were already determined) of the same rank in the crystal graph (viewed as a
ranked poset). This has complexity O(NM), where M is the maximum number of elements of the same
rank. Since we have at most N + 1 ranks, M is at least d/(N + 1). In conclusion, the complexity is
O(drN M), which is at least O(d?r).

Let us get a better picture of how the two results compare. Assume we are in a classical type, and let
us first take A to be the i-th fundamental weight, with 4 fixed, plus u = w,. Clearly [ is O(r?), L is O(r),
and d is O(r?), so the complexity of our formula is O(r*+3). For LS-paths, we get at least O(r?*1). So
the ratio between the complexity in the model based on LS-paths and our model is at least O(ri=2).

Let us also take A = p. In this case d = 2V, and a simple calculation shows that L is O(r®). Our
formula has complexity O(2V7%), while the model based on LS-paths has complexity at least O(22Vr).
So the ratio between the complexities is at least O(2V /r*), where N is r(r+1)/2, r?, and 72 — 7 in types
A, B/C, and D, respectively.

4. RELATED STRUCTURES AND PROPERTIES

In the first two subsections, we present two alternative ways of viewing admissible subsets, which are
closely related to the equivalent definitions of A-chains in Theorem 3.3 (b) and (c). We conclude this
section with some combinatorial properties of admissible subsets.

4.1. Galleries.

Definition 4.1. A gallery is a sequence v = (Fy = {0}, 49 = Ao, F1, A1, Fa, ..., Fo, Ay, Foo = {u})
such that Ag,..., A, are alcoves; F; is a codimension one common face of the alcoves A;_1 and A;, for
i=1,...,n; and F is a vertex of the last alcove A,,. The weight p is called the weight of the gallery
and is denoted by pu(y). The folding operator ¢; is the operator which acts on a gallery by leaving
its initial segment from Ay to A;_1 intact and by reflecting the remaining tail in the affine hyperplane
containing the face F;. In other words, we define

(7251('7) = (FO;AO;FI;AD cee 7Ai71;F‘i/ = FiaAgaFi/JrlaAngla cee ,A;,Féo),
here A’ := ti(A;) for j € {i,...,n}, Fj = ti(F;) for j € {i,...,n} U {oo}, and #; is the affine reflection

in the hyperplane containing F;, as in Theorem 3.3.

The galleries defined above are special cases of the generalized galleries in [6].
Recall that our fixed A\-chain I' = (04, ..., 3,) determines a reduced alcove path Ay = A, o
A, = A_,. This alcove path determines, in turn, an obvious gallery

,Y((Z)): (FO)A05F17"'7F717ATL7FOO)
of weight —\.

Definition 4.2. Given a subset J = {j1 < --- < js} C [n], we associate with it the gallery v(J) :=
Gjy - @5, (v(0)). If J is an admissible subset, we call y(J) an admissible gallery.
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Remarks 4.3. (1) The weight of the gallery ~v(J), i.e. u(y(J)), is —u(J).

(2) In order to define the gallery v(J), we augmented the index set [n] corresponding to the fixed
A-chain by adding a new minimum 0 and a new maximum oo. The same procedure is applied when the
initial index set is an arbitrary (finite) totally ordered set.

4.2. Chains of roots.

Definition 4.4. A chain of roots is an object of the form

(41) F:((’7h’71)7--w(’)/na’}/;z)a’yoo)a

where (v;,7}) are pairs of roots with 4, = +;, for i = 1,...,n, and v is a weight. Given a chain of
roots I and ¢ in [n], we let ¢; := s,, and we define

¢Z(F) = ((617 5/1)7 cees (57“ 5;)7 500)) )
where 0o := t;(Yoo) and
(Vi>75) ifj <i
(05,07 == (vti(v})  ifj=i
(ti(ys): ti(vg)) if g >i.
Our fixed A\-chain T' = (4, ..., 3,) determines the chain of roots

F(Q]) = ((61; 61)7 R (ﬂna 6n)7p) 5
recall that p was defined in Subsection 2.1.

Definition 4.5. Given a subset J = {ji1 < -+ < js} C [n], we associate with it the chain of roots
['(J) :=¢j, -+~ ¢, (L(0)). If J is an admissible subset, we call I'(J) an admissible folding (of T'(0)).

Remark 4.6. We can also define folding operators on subsets J of [n] by ¢; : J — JA{i}, where A
denotes the symmetric difference of sets. The folding operators ¢; on J, v(J), and I'(J) are commuting
involutions (for J C [n]), and their actions are compatible. Throughout this paper, we use J, v(J), and
I'(J) interchangeably. We will call the elements of J the folding positions in ~v(J) and T'(J).

Given a fixed subset J of [n], we will now discuss the relationship between the gallery (J) and the
chain of roots I'(J).

Let v = (Fy, Ao, F1, ..., F,, Ay, Fo) be an arbitrary gallery. Let t; be the affine reflection in the com-
mon wall of A;_; and A;, as usual. We associate with v a chain of roots T'(y) = ((71,71)s - - - » (Yns V4) s Yoo)
as follows:

(4.2) Yi = h(Ca;_y — C?m(Ai—l)) ;= h(Cfi(A,,) —Ca)s Yoo = h(Ca, — 1(7));

here h is the Coxeter number, i = 1,...,n, and (4 is the central point of the alcove A, as defined in
Subsection 2.2. By Proposition 2.2, we have

~

(4.3) (A1) 25 Ay, A IS E(A).
On the one hand, I'(y) uniquely determines the gallery 7. On the other hand, we have I'(J) = I'(v(J)).

Remark 4.7. In [15], we also associated with an admissible subset .J a certain piecewise-linear path 7(J).
This is closely related to v(J) and I'(J); essentially, it is obtained from the path joining the central points
of the alcoves in the gallery (@) via the folding operators used to construct v(J) from ~(f). However,
the path 7(J) is not a Littelmann path in general.
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4.3. Combinatorial properties. Let J be a fixed admissible subset, and let

’7(‘]) = (FO;AO;FI; s aanAn7Foo) ) F(J) = ((’7%’71)) R ('an’Y;L)a’Yoo) .
Let us also fix a simple root ¢y,. We associate with J the sequence of integers L(J) = (1, ...,l,) defined
by Fi C H_},,, for i = 1,...,n. Note that L(})) = (l?, ...,1%), as defined in Subsection 3.1. We also
define 12, := (u(J), o)), which means that Foo C H_,, » . Finally, we let
(4.4) I(J,p):={icn]|v==xap}, L(Jp):={li}ticrp), %), M(J,p):=max L(J,p).
It turns out that M (J,p) > 0.

Let I(J,p) = {i1 <ia < ... <iy}. We associate with J and p the sequence X(J,p) = (01,...,0m+1),
where o = (sgn('yij),sgn('y;j)) for j =1,...,m, and 0,41 = sgn((’yoo,aw). We now present some
properties of the sequence X(J,p), which will be used later, and which reflect the combinatorics of
admissible subsets, as discussed in [15].

Proposition 4.8. [15] The sequence 3(J,p) has the following properties:

(S1) o € {(1,1), (—1,-1), (1, =1)} forj=1,...,m;
(82) j =0 oro; = (1,1) implies oj41 € {(1,1), (1,-1), 1}.

The sequence (.J, p) determines a continuous piecewise-linear function g, : [0,m+3] — R as shown
below. By a step (h, k) of a function f at x = a, we understand that f(a + h) = f(a) + k, and that f

is linear between a and a + h. We set g5,(0) = f% and, by scanning X(J, p) from left to right while
ignoring brackets, we impose the following condition: the ith entry +1 corresponds to a step (%, i%) of
g1p at x = 51, respectively.

Proposition 4.9. [15] The function g, encodes the sequence L(.J,p) as follows:

1 . 1
lij:gJ,p(]_§),j:1,...,m, and Z&ZQJ,p(m+§).

Example 4.10. Assume that the entries of I'(J) indexed by the elements of I(J,p) are (o, —ayp),
(—ap, —ap), (ap,ap), (ap, o), (ap, —ay), (—ap, —ap), (ap, —0y), (ap, @), in this order; also assume
that sgn((Veo, aX}) = 1. The graph of g, is shown in Figure 2; this graph is separated into segments
corresponding to the entries of the sequence X (J, p).

A
1

FIGURE 2. The graph of the function g, in Example 4.10.

5. ROOT OPERATORS

We now define partial operators known as root operators on the collection A(T") of admissible subsets
corresponding to our fixed A-chain. They are associated with a fixed simple root o, and are traditionally
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denoted by F), (also called a lowering operator) and E,, (also called a raising operator). The notation is
the one introduced in the previous section.

We first consider F), on the admissible subset J. This is defined whenever M (J,p) > 0. Let m =
mp(J,p) be defined by

mp(J, p) 3{

Let k = kp(J,p) be the predecessor of m in I(J,p) U {oco}, which always exists. It turns out that m € .J
if m # oo, but k ¢ J (cf. Proposition 5.1 below). Finally, we set

(5.1) Fp(J) := (J\ {m}) U{k}.
Proposition 5.1. [15] Given the above setup, the following hold.

min{i € I(J,p) | l; = M(J,p)} if this set is nonempty
00 otherwise .

(1) If m # oo, then 7., = —Ym = —ap. We also have v, =7, = oy and I = M(J,p) — 1.
(2) We have u(Fy(J)) = u(J) — a.
(3) We have w(F,(J)) = w(J) if m # oo, and w(F,(J)) = spw(J) otherwise.

Let us now define a partial inverse F, to F,,. The operator E, is defined on the admissible subset J
whenever M (J,p) > (u(J), ). Let k = kg(J,p) be defined by

the above set turns out to be always nonempty. Let m = mg(J, p) be the successor of k in I(J, p)U{cc}.
It turns out that k& € J but m & J (cf. Proposition 5.2 below). Finally, we set

(5:2) Ep(J) := (J\{k}H U ({m} \ {o0}).

Proposition 5.2. [15] Given the above setup, the following hold.
(1) We have v}, = =y, = —ayp. If m # oo, then vy, =7, = —op, and b, = M(J,p) — 1.
)

(2) We have u(E,(J)) = u(J) + .
(3) We have w(E,(J)

w(J) if m # oo, and w(E,(J)) = spw(J) otherwise.

In [15], we showed that the above root operators satisfy the axioms of the combinatorial model for Weyl
characters in [21]. As a consequence, we deduced the Littlewood-Richardson rule below for decomposing
tensor products of irreducible representations. The approach via Stembridge’s general model was already
applied to LS chains in [21, Section 8]. Compared to the proofs in [6, 17, 19], this approach has the
advantage of making a part of the proof independent of a particular model for Weyl characters, by using
a system of axioms for such models. For simplicity, we denote the character ch(Vy) by x(A).

Theorem 5.3. [15] We have
XN - x(v) =D x(v+ ulJ)),

where the summation is over all J in A(T) satisfying (v + pu(J), ) > M(J,p) for allp=1,... 7.

Similarly to Kashiwara’s operators (see Subsection 2.4), the root operators above define a directed
colored graph structure and a poset structure on the set A(T") of admissible subsets corresponding to a
fixed A-chain T'. The following result was proved in [13, 15].

Theorem 5.4. [13, 15] For any A-chain T, the directed colored graph on the set A(T') defined by the
root operators is isomorphic to the crystal graph of the irreducible representation Vy with highest weight
A. Under this isomorphism, the weight of an admissible subset gives the weight space in which the
corresponding element of the canonical basis lies.

To be more precise, in [15] we proved the above theorem for the special A-chain provided by Proposition
3.4. The general result then follows from Corollary 6.6 below (proved in [13]); this states that the directed
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colored graph structure on A(T") is independent of the A-chain I'. Based on Theorem 5.4, we will now
identify the elements of the canonical basis with the corresponding admissible subsets.

Define an action of a simple reflection s, on an admissible subset J by

()0}
(5.3) s,(J) = F (J).

Up to the isomorphism in Theorem 5.4, this action coincides with the one on crystals defined by Kashi-
wara in [9] and [10, Theorem 11.1]; hence it leads to an action of the full Weyl group W.

Corollary 5.5. [13] Equation (5.3) defines a W-action on admissible subsets. We have p(w(J)) =
w(p(J)) for all w in W and all admissible subsets J.

Example 5.6. Figure 3 displays the galleries v(J) corresponding to the admissible subsets J in Example
3.9, the associated paths 7(.J) mentioned in Remark 4.7, as well as the action of the root operators F), on
J. For each path, we shade the fundamental alcove, mark the origin by a white dot “o”, and mark the
endpoint of a black dot “e”. Since some linear steps in 7(J) might coincide, we display slight deformations
of these paths, so that no information is lost in their graphical representations. As discussed above, the
weights of the irreducible representation V,,, are obtained by changing the signs of the endpoints of the
paths 7(J) (marked by black dots). The roots in the corresponding admissible foldings I'(J) can also
be read off, as discussed above. At each step, a path 7(J) either crosses a wall of the affine Coxeter
arrangement or bounces off a wall. The associated admissible subset J is the set of indices of bouncing
steps in the path.

6. YANG-BAXTER MOVES

In this section, we define the analog of Schiitzenberger’s sliding algorithm in our model, which we call
a Yang-Bazter move, for reasons explained below.

We start with some results on dihedral subgroups of Weyl groups. Let W be a dihedral Weyl group
of order 2¢, that is, a Weyl group of type Ay x A1, Az, B, or G (with ¢ = 2, 3, 4, 6, respectively). Let
® be the corresponding root system with simple roots «, 3. The sequence

(6.1) Bi:=a, B2:=354(8), Bs:=sasp(a), ..., Bg-1:=s5(a), By :=p

is a reflection ordering on the positive roots of ® (cf. [4]). As an illustration, we present the Bruhat
order on the Weyl group of type G2 in Figure 4. Here, as well as throughout this paper, we label a cover
v < vs, in Bruhat order by the corresponding root .

Let us now consider an arbitrary Weyl group W with a dihedral reflection subgroup W and corre-
sponding root systems ® O ®. The roots of ® are denoted as in (6.1), as we let r; := sg,, as above.

Proposition 6.1. For each pair of elements u < w in the same (left) coset of W modulo W, there is a
unique saturated increasing chain in Bruhat order from u to w whose labels form a subsequence of (6.1).

It is known that any element w of W can be written uniquely as w = |w|w, where |w] is the minimal
representative of the left coset wW, and w € W. Let

U <UTj <UTH T, <. <<UTH ... .T5 =W,

be the chain in Bruhat order from u to w provided by Proposition 6.1, where k = ¢(w) — ¢(u). Clearly,
the set of indices {j1 < j2 < ... < ji} only depends on © and w, so we will denote it by J(u,w).

We obtain another reflection ordering by reversing the sequence (6.1). Let us denote the corresponding
subset of [¢] by J'(w,w). We are interested in passing from the chain between v and w compatible with
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F1GURE 3. The crystal for the fundamental weight wo for type Gs.

the ordering (6.1) to the chain compatible with the reverse ordering. If we fix a := ¢(@) and b := ((W),
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Wo

FI1GURE 4. The Bruhat order on the Weyl group of type Gs.

we can realize the passage from J(u,w) to J'(u,w) via the involution Y, , 5 described below.
Case 0: D 0ifa=0»b.
Case 1.1: {1} < {¢}if0<a=b-1<g—1.
Case 1.2: {g—a}—{a+1}if0<a=b—-1<qg—1.
Case 2.1: {l,a+2,a+3,...,b} > {a+1l,a+2,....,0—1,q}if0<a<a+2<b<q.
Case 2.2: {l,a+2,a+3,....,b—1,q} = {a+1,a+2,...,0}if0<a<a+2<b<q.
Case 3: [¢] < [¢Jifa=0and b=gq.

Let us now consider an index set

I={1<..<t<l<..<q<t+1<...<m},

and let T := {1,...,@}. Let I' = {B;}icr be a A-chain, denote r; := sg, as before, and let IV = {3/ }icr
be the sequence of roots defined by

K2

6/_ { ﬁq+1_i if’iEI\T

- 0Bi otherwise.

In other words, the sequence I' is obtained from the A-chain I' by reversing a certain segment. Now
assume that {1,..., 3} are the positive roots of a rank two root system ® (without repetition). Let
W be the corresponding dihedral reflection subgroup of the Weyl group W.

Proposition 6.2. [14] (1) The sequence I' is also a A-chain, and the sequence (1, ..., B4 is a reflection
ordering.

(2) We can obtain any A-chain for a fized dominant weight X from any other \-chain by moves of the
form T — TV,

Let us now map the admissible subsets in A(T") to those in A(I'). Given J € A(T), let
(6.2) Ji=JnI, w:=wlJNn{I,....,1}), and w:=w(JN{T,...,T}U[q])).
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Also let

(6.3) u=|ulu, w=|w|w, a:=4L7), and b:=L(W),
as above. It is clear that we have a bijection Y : A(T') — A(I") given by

(6.4) Y(J):i=JUYap(J\J).

We call the moves J +— Y (J) Yang-Baxter moves (see Remark 6.4 (1)). Clearly, a Yang-Baxter move
preserves the Weyl group element w( - ) associated to an admissible subset, that is, w(Y (J)) = w(J). In
addition, Theorem 6.3 below holds.

Theorem 6.3. [13] The map Y preserves the weight of an admissible subset. In other words, p(Y (J)) =
w(J) for all admissible subsets J.

Remark 6.4. Consider the ring K := Z[A/h] ® Z[W], where Z[W] is the group algebra of the Weyl group
W, and Z[A/h] is the group algebra of A/h := {A/h | A € A} (i.e., of the weight lattice shrunk A times, h
being the Coxeter number defined in Subsection 2.1). In [14], we defined certain Z[A/h]-linear operators
R, on K, for a € ®, and proved that they satisfy the Yang-Baxter equation in the sense of Cherednik

[2]. The main application was to show that, given a A-chain I' = ((1, ..., 3,), we have
(6.5) R, ...Rs(1)= > eDuw(]).
JeA(T)

Due to the Yang-Baxter property, the right-hand side of the above formula does not change when we
replace the A-chain I" by I”, as defined above. The Yang-Baxter moves described above implement the
passage from I' to I at the level of the individual terms in (6.5); this justifies the terminology.

We now present the main result related to Yang-Baxter moves.

Theorem 6.5. [13] The root operators commute with the Yang-Bazter moves, that is, a root operator
F, is defined on an admissible subset J if and only if it is defined on Y (J) and we have

Y(E,(J)) = Fp(Y(J])).

Theorem 6.5 asserts that the map Y above is an isomorphism between A(T") and A(I”) as directed
colored graphs. Given two arbitrary A-chains I' and I, we know from Proposition 6.2 (2) that they
can be related by a sequence of A-chains I' = I'g, I'y, ..., I';, = IV to which correspond Yang-Baxter
moves Y1, ..., Y. Hence the composition Y,,...Y] is an isomorphism between A(T') and A(T") as
directed colored graphs. Since every directed graph A(T") has a unique source (cf. [15, Proposition 6.9]),
its automorphism group as a directed colored graph consists only of the identity. Thus, we have the
following corollary of Theorem 6.5.

Corollary 6.6. [13] Given two arbitrary \-chains T' and I, the directed colored graph structures on
A(T) and A(T") are isomorphic. This isomorphism is unique and, therefore, is given by the composition
of Yang-Baxter moves corresponding to any sequence of \-chains relating I' and T".

We have given a transparent combinatorial explanation for the independence of the directed colored
graph defined by our root operators from the chosen A-chain. Similarly, it was proved in [17] that the
directed colored graph structure on Littelmann paths generated by the corresponding root operators is
independent of the initial path. However, this proof, which is based on continuous arguments, is less
transparent.

7. SCHUTZENBERGER’S INVOLUTION

In this section, we present an explicit description of the involution 7y in Subsection 2.4 in the spirit
of Schiitzenberger’s evacuation. We will show that the role of jeu de taquin in the definition of the
evacuation map is played by the Yang-Baxter moves.
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Throughout the remainder of this paper, we fix an index set [ := {1 < ... <g<1<...<n} and
a A-chain ' = {f;}ics such that ! = 0 if and only if i € T := {T < ... < g}. In other words, the
second occurence of a root can never be before the first occurence of another root. We will also write
I':=(fr...,0 01, ..., 0n). Let us recall the notation r; := sg, for i € I.

Given a Weyl group element w, we denote by |w]| and [w] the minimal and the maximal representa-
tives of the coset wWWy, respectively (where W) is the stabilizer of the weight A). Let w? be the longest
element of W). Based on the discussion in Subsection 3.1, it is easy to see that we have the saturated
increasing chain in Bruhat order

l<ry<rrg<...<ry...79
from 1 to |wo| = wowé. Hence the set Joi, := I is an admissible subset.

Proposition 7.1. [13] The admissible subset Jmin is the minimum of the poset A(T').

Definition 7.2. Let J be an admissible subset. Let JNI = {j; <...<j,}and J\I = {j; <... < js}.
The initial key ko(J) and the final key k1(J) of J are the Weyl group elements defined by
ko(J) =r5 ...r5 . w1(J) == w(J) = Ko(S)rj, -..75, -

J J s

Remark 7.3. The keys ro(J) and £1(J) are the analogs of the left and right keys of a semistandard
Young tableau, respectively. They are also analogs of the final and the initial direction of an LS chain
(cf., e.g., [16]).

We will now present an appropriate way to “reverse” a A-chain and an associated admissible subset.
We associate with our fixed A-chain I" another sequence IV := {3/ },c1 by

g {61- ificT

i w2 (Bnr1-i) otherwise.

In other words, we have
(7'1) ey = (5T’ s ’ﬁﬁa wé(ﬁn),wé(ﬁn_ﬂ, s awé(ﬁl)) :
Proposition 7.4. [13] TV is a A-chain.

Let 7} := s, for i € I. Fix an admissible subset
(7.2) J={j1<...<j,<j1<...<js}

in A(T), where {j; < ...<j,} CTand {j; <...<js} ST\ I Letu:=ro(J)and w:= ri(J). We
have the increasing saturated chain
(7.3) 1 <7y <y Ty, < LTy Ty = U Uuryy, <UT Ty < <SUT T = W
According to [4], there is a unique saturated increasing chain in Bruhat order of the form
1< T/EI < TIET/EQ <...< T’EI ) ..T/Eb = |wow| = woww?,
where {k; < ky < ... <k} C I. Define
(7.4) JVo={k <...<kp<k <...<ks},
where k; :=n +1— jsy1-; fori =1,...,s. Note that 3, = w) (B, ) fori=1,....s.
Proposition 7.5. [13] J*V is an admissible subset in A(T™V). We have
(7.5) k(™) = [wor1(J)],  K1(J*) = [woro(J)],

as well as (JV)™V = J.
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We now present a direct way to obtain the gallery ~(J**V) from ~(.J). Let us write
’)/(J) = (Fa, Aa, FT’ . ’FE’ Ao,Fl,Al, . ;An;Foo) ]

the corresponding augmented index set is {0 <1< ...<g=0<1<...<n < oo}. Let u:= —u(J),
that is, Fioo = {u}. Now define another gallery in the following way:

N9 = (Foi, A'ﬁ, FTI’ .. "FEI’ A FL AL ALLFL).
The notation is as follows:

e w is the map on hi defined by = — —wo(z — w);
o Ali=w(A,_;) fori=0,...,n, F/ :=w(Fyy1-;) fori=1,...,n, and F, = {w.(p)};
° (FE’, Alﬁ’ FY, ..., F7) is the initial segment of the gallery v(J™V).

In fact, it is not obvious that v* is a gallery, but the justification is not hard either.

Proposition 7.6. [13] The gallery v coincides with y(J"). In particular, we have u(J*) = wo(u(J)).

We will now present the main result related to the map J +— J™, which involves its commutation
with the root operators.

Theorem 7.7. [13] A root operator F), is defined on the admissible subset J if and only if E,« is defined
on J*V, and we have

(Fp(J))reV = Ep- (Jrev) :

We can summarize the construction in this section (based on Propositions 7.4 and 7.5) as follows:
given the A-chain I" (for a fixed dominant weight \), we defined the A-chain I'*®, and given J € A(T'), we
defined J™v € A(T™®V). Hence we can map J™" to an admissible subset J* € A(T") using Yang-Baxter
moves, as it is described in Section 6 and it is recalled below. To be more precise, let R : A(T") — A(I")
denote the bijection J +— J*V. On the other hand, we know from Proposition 6.2 (2) that the A-chains
'Y and I" can be related by a sequence of A-chains I'"*Y =Ty, I'y, ..., I';, = I’ to which correspond
Yang-Baxter moves Yi, ..., Y,,. By Corollary 6.6, the composition ¥ := Y, ...Y; does not depend
on the sequence of intermediate A-chains, and it defines a bijection from A(I**Y) to A(T'). We let
J* := YR(J) and conclude that it is a bijection on A(T"). The main result of this section now follows
directly from Theorems 6.5 and 7.7.

Theorem 7.8. [13] The bijection J — J* constructed above coincides with the fundamental involution
Ny on the canonical basis. In other words, a root operator F), is defined on the admissible subset J if and
only if By« is defined on J*, and we have

(7.6) (Jmin)" = Jmaxs  (Jmax)” = Jmin, and (F,(J))" = Ep-(J*), forp=1,...,r.
In particular, the map J — J* expresses combinatorially the self-duality of the poset A(T).

Remark 7.9. The above construction is analogous to the definition of Schiitzenberger’s evacuation map
(see, for instance, [5]). Below, we recall from Subsection 2.4 the three-step procedure defining this map
and we discuss the analogy with our construction in the case of each step.

(1) REVERSE: We rotate a given semistandard Young tableau by 180°. This corresponds to re-
versing its word, in the same way as we reversed the direction of our gallery, cf. Proposition
7.6.

(2) COMPLEMENT: We complement each entry via the map @ — w (i), where w, is the longest
element in the corresponding symmetric group. This corresponds to using w, for the arbitrary
Weyl group in the definition (7.4) of J™V.

(3) SLIDE: We apply jeu de taquin on the obtained skew tableau. This corresponds to the Yang-
Baxter moves Y7, ..., Y,, discussed above.
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Example 7.10. Consider the Lie algebra sl3 of type As. We use the setup in Example 3.8.

Consider the dominant weight A = 4e; 4 2¢5 and the following A-chain:
1 2 3 1 2 3 4 5
I'= (o2, i3, @23, i3, Q12, i3, Q23, O13).
Here we indicated the index corresponding to each root, using the notation at the beginning of this
section; more precisely, we have I = {1 <2<3<1<2<3<4<5}and I = {1 <2 < 3}. By the
defining relation (7.1), we have
1 2 3 1 2 3 4 5
"= (ai2, i3, @23, i3, Q23, @13, Q12, Q13).

Consider the admissible subset J = {2, 4}. This is indicated above by the underlined roots in I'. In
order to define J™V, cf. (7.4), we need to compute

KO(JreV) = wow(J) = (5a128a235a12)(3a12 Sa23) = Sany -
Hence we have J™ = {1, 2, 4}. This is indicated above by the underlined positions in I'™V.

In order to transform the A-chain I'"* into I', we need to perform a single Yang-Baxter move; this
consists of reversing the order of the bracketed roots below:

1 2 3 1 2 3 4 5

[ = (a1, i3, 23, a1z, (Qe3, i3, 2), ai3) —
1 2 3 1 2 3 4 5

I' =(oa12, i3, a3, o3, (a2, 013, @3), «Q13).

The underlined roots indicate the way in which the Yang-Baxter move J'V — Y (J"V) = J* works. All
we need to know is that there are two saturated chains in Bruhat order between the permutations u and
w, cf. the notation in (6.2):

U= Sa1y < SajpSas < SapSassSay = W, U= Sap, < SanSais < SapnSazSazy = W.

The first chain is retrieved as a subchain of I'"®Y and corresponds to J**V, while the second one is retrieved
as a subchain of I and corresponds to J*. Hence we have J* = {1, 3,4}.

We can give an intrinsic explanation for the fact that the map J — J* is an involution on A(T); this
explanation is only based on the results in Sections 6 and 7, so it does not rely on Proposition 2.3 (2).
Let us first recall the bijections R : A(T') — A(T"™) and YV : A(T") — A(T") defined above. We claim
that YR = R~'Y !, which would prove that the composition YR is an involution. In the same way as
we proved Theorem 7.8 (that is, as a direct consequence of Theorems 6.5 and 7.7), we can verify that
the composition R~1Y ~! satisfies the conditions in (7.6). Since these conditions uniquely determine the
corresponding map from A(T") to itself, our claim follows.

Remark 7.11. According to the above discussion, we have a second way of realizing the fundamental
involution ny on the canonical basis, namely as R~'Y~!. In some sense, this is the analog of the
construction of the evacuation map based on the promotion operation, in which the sliding operations
precede the complementation (see, for instance, [5, p. 184]).

We have the following corollary of Propositions 7.5 and 7.6.
Corollary 7.12. [13] For any J € A(T"), we have

(7.7) p(J") = wo(pu(J)),  ko(J7) = [wori(J)],  K1(J") = [woro(J)] .

Remark 7.13. Tt would be interesting to check whether the triple (u(J), ko(J), x1(J)) uniquely deter-
mines J. This would be an analog of Dyer’s result [4] mentioned several times above. If this is true,
then the involution J +— J* is also determined by the conditions (7.7), as opposed to (7.6). We would

thus have a short proof of Theorem 7.8 that does not depend on Theorems 6.5 and 7.7, but only on
Corollary 7.12.
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