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ABSTRACT. The second author and Postnikov have recently constructed a simple combi-
natorial model for the characters of the irreducible representations of a complex semisim-
ple Lie group, that is referred to as the alcove path model. In this paper we relate the
alcove path model to the the semistandard Young tableaux in type A and the Kashiwara-
Nakashima tableaux in type C. More explicitly, we construct bijections between the
objects in the alcove path model (certain saturated chains in the Bruhat order on the
corresponding Weyl group) and the corresponding tableaux. We show that this bijection
preserves the corresponding crystal structures, and we give applications to Demazure
characters and basis constructions.

1. INTRODUCTION

The second author and Postnikov have recently constructed a simple combinatorial model
for the characters of the irreducible representations of a complex semisimple Lie group G
and, more generally, for the Demazure characters [9]. For reasons explained below, this
model is called the alcove path model. This was extended to complex symmetrizable
Kac-Moody algebras in [10] (that is, to infinite root systems), and its combinatorics was
investigated in more detail in [7].

There are other models in this area, such as: semistandard Young tableaux [2, 14, 16]
and Kashiwara-Nakashima tableaux [15], Littelmann paths [11, 12, 13, 4], LS-galleries
[3], the model in [1] based on Lusztig’s parametrization of canonical bases, some models
based on geometric constructions etc. The alcove path model has advantages related to
its generality, simplicity, combinatorial nature, and other applications, such as Demazure
modules (which form a filtration of the irreducible modules) and Schubert calculus. In
particular, it leads to a far-reaching generalization of the type A combinatorics of Young
tableaux. The second author has developed a Maple software package for manipulations
based on the alcove path model [8].

The alcove path model is based on enumerating certain saturated chains in the Bruhat
order on the corresponding Weyl group W. This enumeration is determined by an alcove
path, which is a sequence of adjacent alcoves for the affine Weyl group W,g of the Lang-
lands dual group GV. Alcove paths correspond to decompositions of elements in the affine
Weyl group. Based on this model, one can extend to arbitrary root systems a considerable
part of the very rich combinatorics of semistandard Young tableaux, which are classical
combinatorial objects in the representation theory of SL,. More precisely, we have:
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(1) cancellation free character formulas, including Demazure character formulas;

(2) a Littlewood-Richardson rule for decomposing tensor products of irreducible rep-
resentations and a branching rule;

(3) a combinatorial description of the crystal graphs corresponding to the irreducible
representations;

(4) a combinatorial realization of certain fundamental involution on the canonical ba-
sis, which exhibits the crystals as self-dual posets, corresponds to the action of
the longest Weyl group element on an irreducible representation, and generalizes
Schiitzenberger’s involution on tableaux;

(5) a generalization to arbitrary root systems of Schiitzenberger’s sliding algorithm
(also known as jeu de taquin), which has many applications to the representation
theory of the Lie algebra of type A.

The goal of this paper is to relate the alcove path model to the semistandard Young
tableaux in type A and the Kashiwara-Nakashima tableaux in type C. In type A, we
construct an explicit bijection between the objects in the two models that is compatible
with the corresponding crystal structures. Applications will include an efficient construc-
tion of a basis for an irreducible representation. We also construct the bijection in type C
to Kashiwara-Nakashima tableaux, and describe an algorithm for constructing its inverse.
We are currently working on extending the crystal property and the basis construction
from type A to type C. Future applications will also include Demazure characters.

2. BACKGROUND AND NOTATION

2.1. Tableaux. In this section we recall the background on semistandard Young tableaux,
and we refer the reader to [2, 14, 16] for more details. We also recall the tableaux of
Kashiwara and Nakashima in type C' [15].

A Young diagram is a sequence of left justified boxes in rows with the lengths of rows
weakly decreasing. A Young tableau is then a filling of a Young diagram where numbers
are placed in each box such that the entries are weakly increasing across rows and strictly
increasing down columns.

The shape A of a tableau T' is given by A = (A, ..., \x) where \; is the length of the
i'" row and k is the number of rows. The shape of the conjugate tableau is given by
N = (X, ..., \) where ). is the length of the i" column and m is the number of columns,
[2].

In type C,, Kashiwara-Nakashima or KN tableaux will be one of our primary objects of
interest. We begin by defining columns:

A column is a Young diagram C' of column shape filled with letters from [7] strictly
increasing from top to bottom.

Here the set [7] has the following order:

(2.1) l<2<--<n<n<---<2<1
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Note that this is not the standard order.
The ith entry of a column C' shall be denoted C/(7).

For a column C'let I = {z; > ... > z,} be the set of unbarred letters z such that the pair
(2,%Z) occurs in C. The column C' is said to split when there exists a set of r unbarred
letters J = {t; > ... > t,.} C [n] such that:

(1) t; is the greatest letter of T satisfying: t; < 21,¢; ¢ C and t; ¢ C
(2) for ¢ = 2,...,r, t; is the greatest letter of m satisfying: t; < min(t;_1,2:),t; ¢
Candt ¢ C.
In the case where the column C' may be split we write:

rC' for the column obtained by changing in C, Z; into ; for each letter z; € I and by
reordering if necessary,

IC' for the column obtained by changing in C z; into t; for each letter z; € I and by
reordering if necessary.

A column is KN-admissible if and only if it can be split.

Example 2.2.

We place a partial order on columns of length k& by giving them the order given by pairwise
comparison of entries. For a pair of columns C' and D of length k, C' < D provided that
C(i) < D(i) for all ¢ such that 1 <i < k.

Let o be a permutation of length 2n in type C, and let C' be a column of a tableau of
this type of length [ for some 1 <[ < n such that o[l] = C. Here we define (k] to be the
restriction of o to it’s first k entries. Similarly define o[i, j| to be the restriction of o to
positions ¢ through j.

Start with a partition A = (A; > Ay > ... > A, > 0) and the conjugate partition \' =
(A, > Ay > ... >N >0). Then a KN tableau T" of shape A will be a tableau with n rows
where for 1 < ¢ < n the length of row ¢ is \;, or equivalently 7" is a tableau with columns
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such that for 1 < j < m the column j has length A;. In order for T to be a KN tableau
the column j which we shall denote C; must be a KN-admissible column, i.e. the column
C; must split.

It will be convenient for us to view 1" as having 2m columns rather than m columns. The
way this is done is by replacing each column C; with the pair of columns [C; and rC;. We
shall refer to such a tableau as the doubled tableau T" which we shall also refer to as T as
there is a clear correspondence between tableaux and doubled tableaux.

2.2. The Alcove Path Model. In this section, we recall the alcove path model in the
representation theory of semisimple Lie algebras, closely following [9, 10].

Let G be a connected, simply connected, simple complex Lie group. Fix a Borel subgroup
B and a maximal torus 7" such that G © B D T. As usual, we denote by B~ be the opposite
Borel subgroup, while N and N~ are the unipotent radicals of B and B~, respectively.
Let g, b, n, and n~ be the complex Lie algebras of G, T\, N, and N~ respectively. Let
r be the rank of the Cartan subalgebra h. Let ® C h* be the corresponding irreducible
root system, and let hi C bh* be the real span of the roots. Let ®* C ® be the set of
positive roots corresponding to our choice of B. Then ® is the disjoint union of ®* and

O~ = —dF. We write o > 0 (respectively, & < 0) for o € ®T (respectively, « € ®7), and
we define sgn(a) to be 1 (respectively, —1). We also use the notation |«| := sgn(a)a. Let
ai,...,q, € ®T be the corresponding simple roots, which form a basis of h. Let (-, -)

denote the nondegenerate scalar product on b induced by the Killing form. Given a root a,
the corresponding coroot is & := 2a/{«, a). The collection of coroots ¥ := {a" | a € P}
forms the dual root system.

The Weyl group W C Aut(hg) of the Lie group G is generated by the reflections s, : by —
bg, for a € &, given by

S i A= A — (N aY)a.

In fact, the Weyl group W is generated by the simple reflections si, ..., s, corresponding
to the simple roots s; := s,,, subject to the Cozeter relations:

(s)?=1 and (s;s;)™ =1 foranyi,je€ {1,...,r},

where m;; is half of the order of the dihedral subgroup generated by s; and s;. An
expression of a Weyl group element w as a product of generators w = s;, - - - s;, which has
minimal length is called a reduced decomposition for w; its length ¢(w) = [ is called the
length of w. The Weyl group contains a unique longest element w, with maximal length
l(ws) = #PT. For u,w € W, we say that u covers w, and write u > w, if w = usg, for
some (3 € ®F and ¢(u) = (w)+ 1. The transitive closure “>" of the relation “>" is called
the Bruhat order on W.

The weight lattice A is given by
(2.3) A:={XNebi|(\a')€Zfor any a € O}

The weight lattice A is generated by the fundamental weights wy, ..., w,, which are defined
as the elements of the dual basis to the basis of simple coroots, i.e., {w;, OzJV> = 0;;. The
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set AT of dominant weights is given by
AT ={ e A|(\a’)>0forany a € DT},

Let p:=wi+-Fw, = 353 gee+ 3. The height of a coroot o € @V is (p, ") = c14---+¢r
if @V =cjaf +- -+ ¢ . Since we assumed that @ is irreducible, there is a unique highest
coroot §¥ € ®V that has maximal height. (In other words, 6" is the highest root of the
dual root system ®V. It should not be confused with the coroot of the highest root of ®.)
We will also use the Coxeter number, that can be defined as h := (p,0") + 1.

Let Weg be the affine Weyl group for the Langlands dual group GV. The affine Weyl group
Wag is generated by the affine reflections s, : by — bi, for € @ and k € Z, that reflect
the space b with respect to the affine hyperplanes

(2.4) Hop = (A€ b | (L a¥) = k).
Explicitly, the affine reflection s, 4 is given by
Sak A Sa(A) +hka=X—((\a") —k)a.

The hyperplanes H, ; divide the real vector space h into open regions, called alcoves.
Each alcove A is given by inequalities of the form

A={ ebi|ma <\ a') <mg+1foralaecd},
where m, = my(A), « € &1, are some integers.

Definition 2.5. A \-chain of roots is a sequence of positive roots (i, ..., [0,) which is
determined as indicated below by a reduced decomposition v_y = s; ---S;, of v_x as a
product of generators of Wg:

n

51 - ailu 52 - gil(aiz)u 63 - §i1§i2<ai3)7 ey ﬁn - gil e ginfl(ain> .
When the context allows, we will abbreviate “A-chain of roots” to “\-chain”. The A-chain
of reflections associated with the above A-chain of roots is the sequence (71, . ..,7,) of affine

reflections in Wag given by

1 = Sipy T2 = S4;Si5Si1s T3 = Si15i55i35i5Siyy -y Tm = Sip """ Sip, *

n

Siy-

We will present two equivalent definitions of a A-chain of roots.

Definition 2.6. An alcove path is a sequence of alcoves (Ag, A1, ..., A,) such that A;_4
and A; are adjacent, for v = 1,...,n. We say that an alcove path is reduced if it has
manimal length among all alcove paths from Ag to A,.

Given a finite sequence of roots I' = (f1,...,03,), we define the sequence of integers
B0 by 1Y = #{j <i|B; =P}, fori=1,...,n. We also need the following two
conditions on I

(R1) The number of occurrences of any positive root v in I"is (A, ).
(R2) For each triple of positive roots («, 3, v) with v = oY + 3, the subsequence of
" consisting of «, (3, 7y is a concatenation of pairs («, ) and (3,) (in any order).
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Definition 2.7. An admissible subset is a subset of [n] :== {1,...,n} (possibly empty),
that is, J = {j1 < jo < ... < Jjs}, such that we have the following saturated chain in the
Bruhat order on W :

1<Tj1<Tj1rj2<--'<7nj1rj2"-7nj

We denote by A = A(T") the collection of all admissible subsets corresponding to our fixed
A-chain T'. Given an admissible subset J, we use the notation

p(J) = =15 ... 15, (=), w(J)=r ...y
We call u(J) the weight of the admissible subset J.

We have the following character formula in terms of admissible subsets:

ch(Vy) = Z et

JeA

Let U(g) be the enveloping algebra of the Lie algebra g, which is generated by E;, F;, H;,
for i =1,...,r, subject to the Serre relations. Let B be the canonical basis of U(n™), and
let B, := BNV, be the canonical basis of the irreducible representation V) with highest
weight A\. Let vy and v{” be the highest and lowest weight vectors in By, respectively.
Let Ei, E, for i =1,...,r, be Kashiwara’s operators; these are also known as raising and
lowering operators, respectively. The crystal graph of V) is the directed colored graph on

B, defined by arrows  — y colored i for each F;(x) = y.

We now define partial operators known as root operators on the collection A(I") of admis-
sible subsets corresponding to our fixed A-chain. They are associated with a fixed simple
root «,, and are traditionally denoted by F}, (also called a lowering operator) and E, (also
called a raising operator).

Let J be a fixed admissible subset, and let
’Y(‘]) = (F0>A0’F1""7Fn7AmFOO)a F(‘]> = ((’Yla%)a---a(’Yna’)/;L)fYOO)'

Let us also fix a simple root «,. We associate with J the sequence of integers L(J) =
(li,...,ln) defined by F; C H_p,;, for i = 1,...,n. We also define 12 := (u(J),qy),
which means that Fi, C H_, . Finally, we let

(2.8) I(J,p) ={i| 6 =—ap}, L(J,p):={li}ictup), &), M(J,p):=max L(J,p).

We first consider F), on the admissible subset J. This is defined whenever M (J,p) > 0.
Let m = mg(J,p) be defined by

min{i € I(J,p) | l; = M(J,p)} 1if this set is nonempty
00 otherwise .

mp(J,p) == {

Let k = kp(J,p) be the predecessor of m in I(J,p) U {oo}, which always exists. It turns
out that m € J if m # oo, but k € J. Finally, we set

(2.9) Fp(J) == (J\ {m}) U {k}.
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Let us now define a partial inverse £, to F},. The operator £}, is defined on the admissible
subset J whenever M(J,p) > (u(J), o). Let k = kg(J,p) be defined by

kp(J,p) :==max{i € I(J,p) | li = M(J,p)};
the above set turns out to be always nonempty. Let m = mg(J,p) be the successor of k
in I(J,p) U{oo}. It turns out that & € J but m ¢ J. Finally, we set

(2.10) Ep(J) = (J\ AR U ({m} \ {o0}).

2.3. Root Systems and Weyl Groups in types A, and C,. In type A, _; the Weyl
group is S,. Consider the n — 1 dimensional subspace of R™ orthogonal to the vector
e1 + ... + e, where ¢; for ¢ € [n| are the basis vectors of R". Then the root system
O = {e; —ej,i # j,i and j € [n]}. We shall also need the following notions for the Bruhat
order on S,,:

Let tq, be the transposition sending (a,b) to (b,a). The covering relations in the Bruhat
order are v << w = v - ty,, where £(w) = £(v) + 1. We denote this by

tab
V—W.

A permutation v admits a cover v<v-t,, with a < b and v(a) < v(b) if and only if whenever
a < ¢ < b, then either v(c) < v(a) or else v(b) < v(c). Call this the cover condition. We
will use the following order on pairs of positive integers to compare covers in a k-Bruhat
order: (a,b) < (¢, d) if and only if (a > ¢) or (a = ¢ and b < d)

The fundamental weights in type A, are w; =e; + ...+ ¢;, fori=1,...,n— 1.

We order the letters in type C,, as follows: 7] =1 <2< ..<n—-l<n<mn<n—-1<
.. < 2 < 1 (one should note that this is not the standard order). The group C,, is the

group of signed permutations. An element of C,, is such that ¢(7) = o(i) for all i € [n],
here we use the convention that i = 7. It is therefore sufficient to write only the first n
entries of any permutation. We write an element o € C,, as 0 = (o(1)...0(n)).
Consider the space R" with basis vectors e; for i € [n]. Then the root system for type C,
is given by ® = {+e; £ ¢;,7 and j € [n]}.
For ¢ < 5 we shall make the following identifications:
e (i,7) with e; — e; and s, ¢, = tijtz,
o (i,7) with e; + e; and s, e, = tizts;,
e (i,7) with 2e; and s9, = t;.

Let 0 € (), be a permutation.

Theorem 2.11. 7 covers o in the strong Bruhat order on C, if and only if there exist
i,j € [1,1] such that:

(1) o(i) <o)

(2) if j > n then either o(j) <n oro(i) >n
(3) m=o0(i,j) withi <n,i<j<1
(4) There is no i <1 < j such that o(i) < o(l) < o(j).
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Let ¢(o) be used to denote the length of the element o € C,. This is then given by the
formula

(2.12) Uo)=#{i<j<niol)>o(D}+ 3. (n+1-0(1)
i<nw(i)>m
The Hasse diagram of the Bruhat order for C,, will be the graph whose vertices are the

elements of C, and whose labels are given by o ) p provided that p = o(i,7) and
lp)=1L(c)+1,1i.e. pcovers o.

3. TYPE A

3.1. Specializing the Alcove Path Model to A,. We define a k-increasing chain(of
permutations) to be a saturated increasing chain in the k-Bruhat order which is increasing
according to the above ordering. We shall also denote such a chain by

(a1b1) (a2b2) (apbp)
™0 1 Tp

For X = (M}, ..., \l) we define a A-increasing chain(of permutations) 7 to be a concatena-
tion of k-increasing chains v = 7;...7,,, where each ; is a A-increasing chain.

Similarly define T'(k) as having the following form:

((k,k+1), (k,k+2), ooy (kym),
(k—1,k+1), (k—1k+2), ..., (k—1,n),
:(1,k+1), :(1,k+2), :(1,n)).

A X-increasing chain may then be represented by using the following construction:

['(A) = (a1,b1)...(ay, by) where a; < b;. Here N = Z Xi(n — Al). The Mincreasing chain

7 is then viewed as a subset J := {j; < ... < js} of [N]. So v = (a;,,b;,)...(a;,, b;,).

We may then associate to a tableaux 7" of shape A, I'(\) = I'(\})...I'(\},,). It is then im-
mediate that a A-increasing chain, v, is an increasing sequence of transpositions extracted
['(A). We may then think of the transpositions contained in the A-increasing chain as being
marked or underlined positions in I'(A), so v = (a1, b1)...(a;,, bj,)...(a;,, b;,)...(an, by).

Before continuing we shall also need some background with regard to the root systems
of Lie algebras of type A,_1. The root system is given by ® = {e; —e;,7 # j} where
e; are the standard basis vectors in R". Here we note that 5, acts on ® via per-
mutation of indices. We then let the hyperplane H, be the hyperplane through the
origin orthogonal to the root o € ®(a not necessarily a simple root), that is the set
H, ={veR"| (v,a) =0} where (v,w) is the standard inner product on R"™. Similarly
we define H,p = {v € R"| (v, ) = k}.
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Let (a,b) be the transposition given by sending the root e, — e, to its negative. Let (a, b; 1)
be the corresponding affine transposition. Here we shall also think of (a,b;l) as a map
(a,b;1) : Z™ — 7" given by (a,b;1)(A) = (A, oy o+ 1 ooy Ao — 1, ooy Ay) for X € Z™. We see
that we may write the chain v as a product of transpositions v = (a;,, b;,)...(a;,, b;,). We at-
tach a notion of level to the chain, we define the level [; of (a;,b;) to be
l; = ‘{kz <jlA < bz}{ Note that [; is merely the number of columns of length less than
b;, that is
li =7 <il(aj,b;) = (ai, bi)}] -

Letting o be the root associated to (a;, b;), allows for viewing 7 as a chain of roots oy, ...cy;, .

We define f; to be the root given by 5; = (a;,,b;,)...(a;,,b;,)(a;) where k is the largest
such that jp < ¢. The root 3; will be the root sent to it’s negative by (c¢;,d;). Let
s; = (¢, di;m;). We define s, = (aj,, bj,315,)...(aj,, bj.5 1,)...(aj,, by, 5 1y ). We wish to define
an analog to [; for tableaux which shall be called m; as above. The object to be considered
is the hyperplane (a;,,b;, ;0 )...(aj, 055 0,) (Hay 1) = Sj---Sjy (Hay ;) = Hpg, ;- We shall
wish to observe the effect of each s;, on the previous hyperplane. In a later lemma we shall
find that m; may be found easily by a straightforward counting at the tableaux level.

Let us also define T; to be the tableaux corresponding (via the bijection above) to the
first ¢ terms of the chain associated to T having been applied, so T would be the tableau
with the entries in each row being the number of that row and (a;, b;)(7;) is the result of
replacing the entries a; with the entry b; in tableau 7;_; from column ¢ onward, where
(@i, b;) is in the column or block ¢ of the A-increasing chain ~y associated to tableau T

The weight of a chain «y, u(v), is defined to be u(y) = (a1, b1)...(as, bs) ().

3.2. The bijection between chains and tableaux. Given a partition A\, we define a
map from A-increasing chains v in S, to semi-standard Young tableaux of shape A and
entries 1,...,n as follows. If v = 1 * ... % v, then the i-th column of the associated
tableau is given by the first \; entries of the permutation (written in one-line notation)
with which the subchain ~; ends.

Theorem 3.1. The above map is a bijection between semi-standard Young tableauzr of
shape \ with entries in [n] and A-increasing chains in S,,.

We shall first need the following lemma.

Lemma 3.2. Fori <k <j<mn,n(j)=bandn(l) > b fori <l <k, there exists a unique
sequence k < j1 < ... < jp = j such that

(3.3) U (i, 1) (6, 50)) = € (i, 1)o(isjp1)) + 1 for 0<r <p

Proof. We shall prove this by giving an algorithm that produces the unique sequence of
transpositions of the given form. We begin by showing existence.Define j, = i. Let j; >4
be the first position such that 7(jo) < m(j1) < b. We see that ¢(nt; ;) = {(7) + 1 since
by construction either m(I) < 7(jo) or w(l) > b for ¢ < [ < j;. We then repeat this process
with 7 (4, j1) finding js using j; instead of jy and then repeat as necessary, and since j — k
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is finite this process will terminate. It is not hard to see that the sequence of j;’s will be
increasing. To show uniqueness, we need to show that if k <l; < ... <[, = j is another
such sequence then j; = [;(here we shall let [y = i as well). Once this has been shown
the same argument may be iterated so that we obtain p = ¢ and j,, = [,,, for 1 < m < p.
Thus we examine the situation for j; and assume that [; # j;. We first note that [y > ji,
otherwise length would decrease. There exists a position m such that 7(l,,—1) < 7(j1) and
(L) > m(j1). We then observe that (7 (i, j1)...(2, jm)) > (7 (%, j1)...(, Jm—1)) + 1. But
this violates the condition that the length increase by exactly one.

The algorithm used here is as follows:

Algorithm 3.4. set p =7,
set 1 =k;
while 1 > 1 do
set g =k+1;
while 5 < n do
if (p(j) > p(i) and p(j) < C'(i))
return p = p(i, j);
end if
set g =7+1;
end while
sett=1—1;
end while

g

Proof. (of Theorem3.1) We now find a unique chain associated to a tableaux 7' by giving
an explicit algorithm, resulting in an explicit inverse to the above defined map from chains
to tableaux. Here we assume 7" has entries in the set [n]. We shall begin by observing the
shape of the conjugate tableaux 7', that is by noting the length of each column given by
(N}, ..., AL). Begin with the first column of length \; and with the sequence s = (1,2, ...,n)
and using the above lemma find the unique chain that replaces the A" entry of s with the
associated value of that box in the tableaux 7. We then repeat this for the A\; — 1 entry.
It suffices to check that this does not effect the entries further down the column, which
is clear since transpositions of the type would violate the above lemma, in particular the
length condition would not be preserved. Then repeat this throughout the column until
the appropriate entry is in each box of the column, giving a chain ;. Then repeat this
procedure on the remaining columns, resulting in a chain vy = 7;...7,,(we note that it is
possible for 7; to be the empty chain). Due to the uniqueness in each step we have that
this in fact a well define inverse, thus establishing the claim that the map from chains to
tableaux is in fact a bijection. O

Example 3.5. Consider A = (4,3,1)

['(A) = (34)(24)(14)(23)(24)(13)(14)[(23)(24) (13)(14)[(12)(13)(14).

Now consider the A-increasing chain v = (34)|(24)](14)[(12)(13) which may be viewed as
(34)(24)(14)[(23)(24)(13)(14)[(23)(24)(13) (14)|(12)(13) (14)
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1[1]1]1] 1[1]1]1] 1[1]1]1] 1[1]2]2] 1[1]2]3] 1[1]2]4]
2[2]2 2[2]2 2[3[3 2[3]3 2313 2313
3 (ﬁ) (4] (ﬁ)i (5) (4] (E) (4] (E) (4]

1234 % 1243 2 q340 W oo341 B 3941 W 493

The tableau to which ~v maps would then be the rightmost tableau above. It can also be
easily seen in this example how the map from tableauz to chains is constructed.

3.3. The Crystal Graph Structure and root operators. We shall require the follow-
ing well known formula for reflections of hyperplanes which we shall reference in the proof
of the lemma below:

(3.6) tak(Hp1) = Hipi-kiap); ((a,0),(c,d)) = (ea — ep, ec — €a), (€i, €5) = dyj.

Recall the A-chain I" and let us write I' = (04, ..., B,,). As such, we recall the hyperplanes
Hg, ;. and the corresponding affine reflections 7, = sg, ;.. If B = (a,b) falls in the segment
I, of I' (upon the factorization I' = I'; ... '), of the latter), then it is not hard to see that

b=1{i: 1<i<p, X, >a}|.
An affine reflection s, acts on our vector space V' by

(3.7) S(ap) (15w s fas oy s oo ) 2= (1 1 e — Lo ) -

Now fix a permutation w in S,, and a subset J = {j; < ... < js} of [m] (not necessarily
w-admissible). Let II be the alcove path corresponding to I', and define the alcove walk (2
by
Given k in [m], let i = i(k) be the largest index in [s] for which j; < k. Let v :=
wrj, ...7;,(Bk), and let H,, ., be the hyperplane containing the face Fj, of ). In other
words

Hypomy = w?jl - '@i(Hﬁk,lk) :
Our first goal is to describe my purely in terms of the filling associated to (w, J).

Let 71, be the affine reflection in the hyperplane H.,, m,. Note that

RPN o~~~ ~ 1
by =wWrj, ...7T5TErj, ... TjHW

Thus, we can see that
wry, ... Ty, =1, .. thw.

Let T = ((a1,b1),...,(as,bs)) be the subsequence of I' indexed by the positions in J.
Let T? be the initial segment of T with length i, let w; := wT", and o; := f(w,T?). In
particular, oq is the filling with all entries in row i equal to w(i), and o := o5 = f(w,T).
The columns of a filling of A\ are numbered, as usual, from left to right by A\; to 1. Note
that, if 5;,,, = (ait1,bi41) falls in the segment I', of I', then 0,4, is obtained from o; by
replacing the entry w;(a;y1) with w;(b;11) in the columns p, ..., A\; (and the row a;;1) of
g;.



12 WILLIAM ADAMCZAK AND CRISTIAN LENART

Given a fixed k, let B, = (a,b), ¢ := w;(a), and d := w;(b), where i = i(k) is defined as
above. Then v := v, = (¢, d), where we might have ¢ > d. Let I'; be the segment of I'
where [ falls. Given a filling ¢, we denote by ¢(p) and ¢[p, q) the parts of ¢ consisting of
the columns 1,2,...,p—1and p,p+1,...,q— 1, respectively. We use the notation N(¢)
to denote the number of entries e in the filling ¢.

Proposition 3.8. With the above notation, we have
myi = (ct(a(q)),7") = Ne(o(q)) — Na(o(q)) -

Proof. We apply induction on ¢, which starts at ¢ = 0. We will now proceed from j; <
. < Ji <k,wherei=sor k < ji1, tog <...<ji1 <k, and we will freely use the
notation above. Let

6ji+l - (G,/, b/) > d = ’LUi(G,/) s d = wz(b’) .
Let I', be the segment of I" where (3, falls, where p > q.

We need to compute

-~

w?h . '?jz‘ﬂ (Hﬁlmlk) = iy - 'thw(Hﬁka) t]z+l (H’Y,Tn) )
where m = (ct(0i(q)),7"), by induction. Note that 7' :=;,,, = (¢, d), and t;,,, = S,
where m’ = (ct(o;(p)), (7")¥), by induction. We will use the following formula:
Sytant (Hoym) = s, (y)m—m! (v 1) -
Thus, the proof is reduced to showing that
m—m/(y,7") = {ct(0141(q)), s (7)) -
An easy calculation, based on the above information, shows that the latter equality is
non-trivial only if p > ¢, in which case it is equivalent to

(3.9) (ct(oinilp, ) = ct(oilp,q)).7") = (v, 7") (et(oialp. 0)), (7)) -

This equality is a consequence of the fact that

ct(oir1[p, q)) = sy (ct(oi[p, q))) ,
which follows from the construction of 0;,; from o; explained above. O

Define T'(A)" to be the portion of T'(\) consisting of only the transpositions which exchange
the values ¢ and 7 + 1, that is of the form (¢,7+ 1) or (i, 4+ 1) or (i + 1,4).

An immediate observation from the above lemma is that the level m is constant on a given
column, thus we have the following corollary to the lemma.

Corollary 3.10. T'(\)? in any given column is of one of the following forms:

(2) (i+1,7)

3) (G,i+1)...(6,i+1)

@) Goit1)... i+ 1)(G,i+1)
(5) ( )
(6) ( )

i+ 1,4)(6,i+1)...(i,i+ 1)
i+ 14)(, i+ 1) ... (i + 1)+ 1)
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Recall the function g;, defined in the initial background. We specialize this to the type
A case where we shall refer to the graph as g(i). Start at (0, —1/2) as previously. Then
(t,i+1), (¢ +1,7), and (7,7 + 1) are represented as follows:

e (1,74 1) by a linear segment going up by one and to the right by one
e (i+1,i) by a linear segment going down by one and to the right by one

e (i,i+ 1) by a linear segment going up a half, right a half, followed by a linear
segment going down a half, to the right by a half.

This yields the following picture in type A

(i,i+1) /
(i+1,i) \ (3)

wisy 2\ (4)

SN

A
™\
~

{;>>/\

Proof. We prove this be merely observing what roots may occur in succession, or more
accurately which cannot occur in succession. The proof follows from the following basic
observations:

n (i,7 + 1) cannot be followed by an (i + 1,4).
or (4,7 + 1)(7,7 + 1) the the second will have level one higher than the previous.
or (i +1,4)(i + 1,7) the second will have level one lower than the first.
or (i,i+1)(i, + 1) the level increases by one.
or (i,i+1) 1)(i + 1) the level decreases by one.
or (i,i41)...(i,i 4 1) all have the same level.
or (i +1,4)(4,7 + 1) the level is the same.
or (i,i+1) 1)(4,7 + 1) the level is the same for both.

This gives us that an (i,7+1) cannot be followed by anything, an (i+1,4) only by (¢,7 + 1),
and (7,7 + 1) may be followed either by (i,7 + 1) or by (i,% + 1) in which case the chain
terminates. Leaving use with the forms above.

A more intuitive way to see this using the graph mentioned above is that the midpoints of
each segment all lie on the same horizontal line, which is easily seen for the forms above,
it is also easily seen that other forms will violate this condition. U
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We shall extract some information about the structure of a column based on what I'(\)*
looks like. We can say at the very least that:

e If T'(\)" is of forms (1), (4) or (6) then there is a single i entry in the given column.

e If I'(\) is of forms (2), (5) or (6) then the previous column has an i + 1 entry.

e If ['(\) is of form (2) and the next column has the same level, then either there is
both an ¢ and an 7 + 1 entry, or there are neither.

e If I'(\)’ is of form (2) and the next column has lower level then there is an 7 + 1
entry in the given column.

e If T'(\)" is of forms (3) or (5) and if the next column has lower level then there is
a single ¢ + 1 entry.

e If T'(\)" is of forms (3) or (5) and if the next column has the same level then the
column has either both an ¢ and an ¢ + 1 entry or neither.

Another observation to be made from the above lemma is that the first highest level occurs
either in the first column, in a column after one with only an i entry (no ¢ + 1), or as an
exceptional case in the last column provided that the last column has only an ¢ entry no
i+ 1 (in reality this level may be the same as a previous highest level, but the highest
level would actually occur in a column immediately following the last, were there one).
We concern ourselves with the first highest level as this plays a role in the definition of F;.

Lemma 3.11. Let j be the column in which the highest level occurs (assuming j > 1),
then the graph g(i) restricted to column j is one of the following forms:

e empty
o (i,i+1)...(i,i+1)
o (i,i+1)...(¢,0+1)(i,a+ 1)

Proof. Merely observe that I'(A\)" in column j — 1 terminates with a (7,74 1). This together
with the fact that an (¢ + 1,4) cannot follow an (4,7 4+ 1) establishes the claim. O

Write T'(\)? = (a1, b1)...(am, b) and let K C [m] be the subset of marked indices K =
{iy < ... <1} So then T(\)" = (ay, by)...(ai,, biy ). (@i, bi, ) (G, by

Let p be the final position in [m]\K in column j — 1, that is the last unmarked position
in column 5 — 1.

Define F;(T'(N\)") = (ay,b1)...(ai,, biy)-..(ap, bp) (api1, bps1)..- (@i, by ) - (@, b)), i€, the po-
sition before the highest level becomes marked. In the case where the highest level occurs
in the first column define F;(T'(\)?) = (aq, b1)...(aiy, biy ). (@i, b3y ) (@, b))

We define F; similarly, however for our purposes we shall need only F;.

Our goal at this point will be to show that the root operators E; and F; commute with
the bijection between chains and tableaux.

Now consider the portion of the column word of T" the results from extracting the subse-
quence of i’s and 7 + 1’s, then look at the result after r-pairing. This may be of one of the
following forms:



THE ALCOVE PATH MODEL AND TABLEAUX 15

(1) d...i
(2) d.di+1.4+1
B)i+1l.i+1

Note that if this is of the third form then this corresponds to having the highest level in
the first column in which case the root operator F; is undefined, so we need not consider
this case further.

Theorem 3.12. The bijection between semi-standard Young tableaux of shape A with en-
tries in [n] and A-increasing chains in S,, commutes with the root operators E; and F;.

Proof. 1t suffices to check that the bijection commutes with F;. Note that in the column
prior to the one with highest level,i.e. the column j — 1 as in the above, the chain ends
with (7,74 1), thus on the level of chains F; makes this marked. This is precisely the same
as replacing the ¢ in that column with an 7 4+ 1, consequently this is the same as the effect
at the level of column words. Note that if we are in the case where highest level occurs
'past’ the last column that this amounts to marking the last (i,7 4+ 1), this occurs in the
case where the column word is of the form 7...2 and the last ¢ is changed to a ¢ + 1. These
are also easily seen to be equivalent. Thus the definition on the level of chains is the same
as the definition in terms of column words, thereby showing that F; commutes with the
bijection which is sufficient.

g

We thus have the following immediate corollary to the above theorem:

Corollary 3.13. The bijection between semi-standard Young tableauzr of shape A with
entries in [n] and A-increasing chains in S, preserves the crystal graph structure for Young
tableauzr of shape A\ with entries in [n].

As an immediate corollary to this we have the following:

Corollary 3.14. The bijection between semi-standard Young tableaux of shape \ with
entries in [n] and A-increasing chains in S, preserves weight for Young tableaux of shape
X with entries in [n].

Example 3.15. Consider the case where A = (4,3,1) with tableau as below:

1/1]2]5]
344
4[5

In this case the chain after foldings is

(34)(45)(24)(25)(12)(15)[[(42)(45)(32)(34)(12)(14)]
(45)(42)(43)(15)(12)(23)[I(24)(45)(51)(5 3)

L(MN)? in this case is (4 5)][(4 5)[/(4 5)||(4 5)

The column word in this case is 45445, when restricted to 4 and 5, which becomes 445 after
PaITing.
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/

The levels my are then easily read of of the graph of g(4) above to be, 0 in the first column,
1 in the second column, 1 in the third, and 2 in the fourth.

4. TypeE C

4.1. Specializing the Alcove Path Model to C,,. We shall fix n from this point onward.
Define an I'}(k) for i < k chain to have the following form:

(Eg,@)ﬂ), (i,k+2), ..., (i,n),
(Z:ﬁ)’a <i7n B 1>7 ) (i,ﬁ),
(,7—1), (i,i=2), ..., (i,1)).

['(k) is then defined as
T'(k) = Ty(k)T_y (k)...Ty (k)

Define an I'"(k) chain to have the following form:

((k,k—1), (kk—2), . (K, 1),
63 ()
(2,T) ).

The chain T'(k) is then defined as:
(4.1) [(k) = TH(E)T" (k).
The chain I'(\) is then defined as:

(4.2) P(A) = T1(ADT2(Ay). T (A7),



THE ALCOVE PATH MODEL AND TABLEAUX 17

and breaks down as
(4.3) T(A) = T ()T AT (AT (X)L, (A )T, ().

Lemma 4.4. T'(k) is an wg-chain.

Proof. We use the criterion for A\-chains in [10][Definition 4.1, Proposition 4.4], cf. [10][Proposition
10.2]. This criterion says that a chain of roots I' is a A-chain if and only if it satisfies the
following conditions:

(R1) The number of occurrences of any positive root « in I" is (A, a¥).
(R2) For each triple of positive roots («, 3, v) with v¥ = a¥ + 3, the subsequence of
" consisting of «, (3, 7y is a concatenation of pairs (v, «) and (v, 3) (in any order).

Letting A = wy = €1 + ... + &, condition (R1) is easily checked; for instance, a root (a,b)
appears twice in I'(k) if a < b < k, once if a < k < b, and zero times otherwise. For
condition (R2), we use a case by case analysis, as follows, where a < b < ¢:

(1) o= (a,b), 8= (bc), vy = (a,c);
(2) a=(a,b), 8= (b2), 7= (a,0);
(3> o= (CL?C)v p= (va)a T = (CL,[_));
(4) o= (b7 0)7 B = (a7§)7 Y= (a’ab);
(5) o = (aab)7 p = (b7 Zl)v = <a7@);
(6) o= (ava>a B = (b7 b), V= (a’ b)
Case (1) is the same as in type A. Each of the cases (2)-(4) has the following three sub

cases: k > ¢, b <k < ¢, and a < k < b, while each of the cases (5)-(6) has the following
two sub cases: kK > b, and a < k < b. For instance, if b S_k: < ¢ in Case (3), then the
subsequence of I'(k) consisting of «, (3, v is ((a,b), (a,c), (a,b), (b,7)). O

Definition 4.5. We then define a o-right admissible subsequence " to be a subsequence
of I'"(k) such that it is the labels of the covers of a saturated chain in the Bruhat order

of C, starting at 0. We denote the mentioned saturated chain in the Bruhat order by

o - o', where o’ is the permutation where the chain ends. We shall identify admissible

subsequences with corresponding chains called admissible chains. Similarly define a o-left
admissible subsequence v' to be a subsequence of I (k) such that it is the labels of the covers
of a saturated chain in the Bruhat order of C, starting at o.

Definition 4.6. Define a o-admissible subsequence vy to be a subsequence of I'(\) such
that it is the labels of the covers of a saturated chain in the Bruhat order of C,, starting at
o. In the particular case where o s the identity permutation we shall just say admissible
subsequence.

v I

(4.7) o— o — 0o
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Our primary goal at this point shall be to create a bijection from admissible sequences to
KN tableaux. We begin by examining the left portion of the chain.

Suppose we have an admissible subsequence which is a subsequence of
(4.8) L(A) = T1(ADTT(ADT(A)T5(As)- T3, (A )T (V).

Then we may view this as having the following splitting on the corresponding Bruhat
chain:

Y T S S S Y. r
(4.9) id — 0y — 0] — 0y —> ... —> 0, .

Then for 1 < i < m the column IC; = ¢}[\]] and rC; = o7[\]. This provides the desired
mapping from admissible sequences to doubled KN tableaux which is more than sufficient.

Our goal is to now create an inverse to the above map, i.e. a map from KN tableaux to
admissible sequences.

Theorem 4.10. Given the pair (o,C"), where C = o[n] < C" are columns in C,, there
ezists a unique o-left admissible subsequence 4 from o to a unique o' such that o'[k] = C".

This is done via an algorithm which explicitly constructs said o-left admissible subse-
quence.

Algorithm 4.11. set m = o;
set 1 =k;

while 1 > 1 do

exchange(k + 1,n);

if (m(i) > n(i) and 7(1) < C'(3))
return ™ = 7(i,1);
end if

exchange(m, k +1);
exchange(i — 1,1);

seti=1—1;
end while
exchange(a,b)

setj =a;

while 7 < b do
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if (r(G) > 7(i) and 7(j) < C'(i))
return ™ = 7(i,5);

end if

set g =75+1;

end while

In order to prove that the above algorithm produces the desired bijection we shall first
need a few lemmas similar to those used in the case of type A.

Lemma 4.12. Fori <k <j<n, n(i) =a, 7(j) = b and w(l) ¢ [a,b] fori <l <k, there
exists a unique sequence k < j; < ... < j, = j such that

(4.13) ((m(i, g1)--(6 gr)) = £(w (i, j1)-o- (6 gr1)) + 1 for 1<r<p

Proof. This particular lemma is nearly identical to that in type A and the proof is the
same. U

Lemma 4.14. Fori <k <j<mn, (i) =a, n(j) =b and n(l) ¢ [a,b] fori <1 <mn, there
erists a unique sequence n < jy < ... < j, = j such that

(4.15) U(m (i g1)-- (i, 5,)) = U (i, j1) (6,4, 1)) + 1 for L<r<p

Lemma 4.16. Fori <k <n,j <k, (i) = a, 7(j) = b and 7(l) & [a,b] fori < | < i, there
exists a unique sequence i > j; > ... > j, = j such that

(4.17) U (i, 1) (6, 4,)) = Uiy ji) (i, 1)) + 1 for T<r<p

Theorem 4.18. Given the pair (o,C"), where C = o[n] < C" are columns in C,, there
exists a unique o-left admissible subsequence 4 from o to a unique o’ such that o'[k] = C".

Proof. We shall show in particular that the above algorithm produces the desired result.
Consider I'i(k) for a particular i < k We begin exactly as in type A using the first lemma
for the first call of the exchange function from the algorithm. The permutation returned

at the end of the first call of the exchange function shall be called o’. If o’(i) < C’(7) then
positions ¢ and ¢ will need to be swapped. We need to ensure that for no j in the interval

[i,4] is the relation o’'(i) < o'(j) < o'(i) satisfied. We know that o’(j) >¢ [0(i), C'(3)]
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for j € [k + 1,n] consequently o'(j) >¢ [0'(i),C'(i)] for j € [m,k+ 1] by symmetry.
Thus the cover condition is satisfied in this case. We now check that the condition of the
second lemma are satisfied prior to the second call of the exchange function, however we
already know this as o’(i) > o’(j) and o’(i) > o'(j) for j € [k +1,n]. We shall the call the
permutation returned at the end of the second call of the exchange function ¢”. It will then
suffice to check that ¢” satisfies the condition of the third lemma prior to the call of the
third instance of the exchange function. This follows immediately as o”(j) ¢ [0” (i), C'(3)]

for j € [i,7]. This holds for all ¢, thus the algorithm does in fact produce the desired
subsequence.

g

The right chain shall next be examined. The goals here are firstly, to construct the chain
from a left column to a right column and secondly, to show that this chains existence is
equivalent to a column being admissible (i.e. splitting).

Let D < E be KN-columns such that ¢(D) = {(E) =k, k < n, D(i) # D(j) for i, € [n],
and likewise for E. We shall refer to a column D where the condition D(i) # D(j) for
i,j € [n] is satisfied as not having repetition of entries.

Theorem 4.19. Assume that columns D < E are KN-columns without repetition of en-
tries. Then the following statements are equivalent:

(1) 3! op-right admissible subsequence ending at E, where op is the permutation cor-
responding to the column D.
(2) D=1C and E =rC for some KN-column C.

Proof. (2) — (1): We first give an algorithm that produces the desired chain from D to
E.

Algorithm 4.20. set 7 = oy;

set 1 =k;
while 1 > 2 do
setj=1—1;

while 7 > 1 do
if () > 7(i) and x(7) < C'(3))
™= ﬂ-(iv j) ;
end if
set 3 =79—1;
end while
seti=1—1;
end while

We are then required to check that the cover condition is not violated as the algorithm is
executed. We first check that o (i) ¢ [z;,%;] for 1 < j <randi € [k+1,k + 1] as otherwise
the cover condition would be violated. However this is immediate by the construction of
t; as defined in the splitting, as ¢; is the largest possible entry such that ¢; and ¢; are not
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already in C[1, k]. Also note that o(7)(Z; for i)pz, (k where ps; is the position of Z;. These
together along with the symmetry of the permutation show the algorithm used above does
not violate the cover condition.

(1) — (2): Here we take the columns D and E and explicitly construct C. Define pp to
be the position of the first barred entry in column D, note that pp = pe. Then C' is the
column such that C[1,pp — 1] = D[1,pp — 1] and C[pp,n] = E[pp,n]. It is then easily
seen that [C' = D and rC' = E by the splitting construction given in the introduction.

g

(Insert Example Here)

4.2. The Crystal Graph Structure and root operators. The arguments in this sec-
tion will be analogous to those in the case of Type A.

Recall the A-chain I'. Let us write I' = (31, ..., ). As such, we recall the hyperplanes
Hg, ;, and the corresponding affine reflections 7y, = sg, 1, = g, + liOk-

Now fix a signed permutation w in C, and a subset J = {j; < ... < js} of [m] (not
necessarily w-admissible). Let IT be the alcove path corresponding to I', and define the
alcove walk €2 by

Given k in [m], let ¢ = i(k) be the largest index in [s] for which j; < k, and let ~; =
wrj, ...7;(Bk). Then the hyperplane containing the face Fj, of Q is of the form H.,, ,,,; in
other words

Hyymy, = w?jl . 'fji(Hﬁk,lk) :
Our first goal is to describe my purely in terms of the filling associated to (w, J).

Let 71, be the affine reflection in the hyperplane H, Note that

kyTE*
T ~ A~ N~ ~ —1
ty =wry, ... R, . THW

Thus, we can see that

~

wrjl...rji :ththw

Let T = ((a1,b1),...,(as,bs)) be the subsequence of I' indexed by the positions in J,
cf. Section ??. Let T* be the initial segment of 7" with length i, let w; := wT", and

o; = f(w,T?), see (4.22). In particular, oy is the filling with all entries in row i equal to

w(i), and 0 := o5, = f(w,T). The columns of a filling of 2\ are numbered left to right by
1to 2. If B;,,, = (ait1, bis1) = (a,b) falls in the segment of I" corresponding to column p
of 2\, then 0,4 is obtained from o; by replacing the entry w;(a) with w;(b) in the columns

1,...,p—1of oy, as well as, possibly, the entry w;(b) with w;(a) in the same columns.

Now fix a position k, and consider i = i(k) and the roots [k, 7 := vk, as above, where
v, might be negative. Assume that i falls in the segment of I' corresponding to column
q of 2)\. Given a filling ¢, we denote by ¢(p) and ¢[p, q) the parts of ¢ consisting of the
columns 1,...,2p —1 and p,...,q — 1, respectively.
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Proposition 4.21. With the above notation, we have
my = (ct(clq]),7") -

Let us first define the content of a filling. For this purpose, we first associate with a filling
o a “compressed” version of it, namely the filling & of the partition 2\. This is defined as
follows:

AN 5l

(4.22) c=C"...C, where C = ClLCh,

. Now define ct(o) = (c1,...,c,), where ¢; is half the difference between the number of
occurrences of the entries ¢ and 7 in . Sometimes, this vector is written in terms of the
coordinate vectors ¢;, as

1
(4.23) ct(o) =cre1 4+ ...+ cpen = 5 Z E5(b) ;
beo
here the last sum is over all boxes b of &, and we set &; := —¢;.

Proof. We apply induction on i, which starts at ¢ = 0, when the verification is straight-
forward. We will now proceed from 7; < ... < j; < k, where 1 = s or &k < j;11, to
J1 < ... < Jit1 < k, and we will freely use the notation above. Assume that 3, , falls in
the segment of I' corresponding to column p of 2\, where p > q.

We need to compute

~

w?jl . '?jz‘ﬂ (Hﬁk:lk) = t.jH»l .- 'tjlw(Hﬁimlk) = tji+1 (H’Y,m) )

where m = (ct(o,[q]),7"), by induction. Let 7 := =;,,,, and #;

Ji+1

(ct(oy[p]), (')Y), by induction. We will use the following formula:

= S/, Where m' =

S'Ylvml (H77m) = Hs»y/(’)/)»mfm,<ﬁf,’7v> :

Thus, the proof is reduced to showing that

m —m'(y,7") = (ct(oi1(a]), sy (7)) -
An easy calculation, based on the above information, shows that the latter equality is
non-trivial only if p > ¢, in which case it is equivalent to

(ct(ois1(p,q]) — ct(oi(p,a]),7") = (v, ") {ct(oialp. a]), () -
This equality is a consequence of the fact that
Ct(ai—i-l(p? Q]) = 87/ (Ct<ai(p7 Q])) )
which follows from the construction of 0;,; from o; explained above. O
From this proposition we see that we do not get as clean of a result as in Type A, where

the level did not change in a given column. We do however have that the level m; does
not change in a left column or a right column if we view the doubled tableaux.

Let (i + 1,7) be represented by (i,i + 1) to simplify notation.

Then a left hand column is of one of the following forms as it was in Type A by the exact
same argument, in particular the realization that the level m; does not change in a left
hand column, we have a similar result for right hand columns.
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Corollary 4.24. T'(\)" in any left or right hand column is of one of the following forms:

(2) (i+1,9)

3) (it 1)... (i +1)

(4) (i,i4+1)...(i,a+1)(i,i+ 1)
(5) ( )
(6) ( )

i+ 1,4)(,i+1)...(4,1+1)
i+1,4) (6,0 +1)... (4,0 +1)(¢,i+ 1)

From here we can take most all of the results from type A, with minor exception. The note
to be made is that the highest level may occur in either a left or a right column. Where
this highest level occurs will follow the same restrictions as in Type A, particularly:

Lemma 4.25. Let j be the left or right column in which the highest level occurs (assuming
j > 1), then the graph g(i) restricted to column j is one of the following forms:

o empty
o (i,i+1)...(i,i+1)
o (i,i+1)...(i,i+1)(i,i+ 1)

Proof. The proof here is identical to Type A. O

Recall the construction of column words from type A, in particular the word is read
starting at the bottom of the column working toward the top of the column, starting with
the leftmost column. In type C the same process is used. Call this word w. Then consider
the subword of w consisting of the entries of the form, i, i +1, 7 or 7 + 1 and call this word
w;. Denote i + 1 or ¢ by a + and denote 7 or i + 1 by a —. Factors of the form +— may
be ignored. This may be repeated until a subword of the form p(w) = —"+* is reached.

If r > 0 e;(w) is obtained by changing the rightmost — to a + (i.e. changing ¢ + 1 into @
and i into ¢ + 1) and all other letters remain unchanged. If 7 = 0 then e;(w) = 0. Then
fi(w) is defined as the inverse.
If s >0 fi(w) is obtained by changing the rightmost + to a — (i.e. changing ¢ into i + 1
and i + 1 into 7) and all other letters remain unchanged. If s = 0 then f;(w) = 0. Then
e;(w) is defined as the inverse.

Alternately as in type A:

LT = (a1, b1)...(aiy, biy)---(ap, bp) (api1, bpi1) (@i, bi, )-.- (@, b)), i€ the position be-
fore the highest level becomes marked. In the case where the highest level occurs in the
first column f;(T'(\)") = (ay, by)...(ai,, biy) .. (@i, bi, ). (@, by

Now consider the portion of the column word of 71" the results from extracting the sub-
sequence of +’s and —’s, then look at p(w) as defined above. This may be of one of the
following forms:

(1) +..+
2) +..+ —.—

(3) —m
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Note that if this is of the third form then this corresponds to having the highest level in
the first column in which case the root operator f; is undefined, so we need not consider
this case further.

Theorem 4.26. The bijection between KN-tableauzr of shape A with entries in [n] and
A-increasing chains in C,, commutes with the root operators e; and f;.

Proof. 1t suffices to check that the bijection commutes with f;. Note that in the column
prior to the one with highest level,i.e. the column j—1 as in the above, the chain ends with
(i,i+1) or (i + 1,4), thus on the level of chains f; makes this marked. This is precisely the
same as replacing the i in that column with an ¢ + 1(or an 4 + 1 with a i), consequently
this is the same as the effect at the level of column words. Note that if we are in the case
where highest level occurs 'past’ the last column that this amounts to marking the last
(i,i+1) or (i + 1,4). Thus the definition on the level of chains is the same as the definition
in terms of column words, thereby showing that f; commutes with the bijection, which is
sufficient.

i

We thus have the following immediate corollary to the above theorem:

Corollary 4.27. The bijection between KN-tableaux of shape A with entries in [n] and
A-increasing chains in C,, preserves the crystal graph structure for KN-tableaux of shape A
with entries in 7).

As an immediate corollary to this we have the following:

Corollary 4.28. The bijection between KN-tableaux of shape A with entries in [n] and
A-increasing chains in C,, preserves weight for KN-tableauz of shape \ with entries in [n].
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