
 

Notes for final review Friday 121319

Review outline
Sets Functions Gluing Quotientspaces
Homeomorphism t Isotopy
Abstract Topological Spaces
Metric spaces

Caretesian Products

Definition For sets Si Su

SikSze Su Cx xz xn Xi cSi f ieEt n

Cartesian product of
Sj n Sn

Execisefren HI Sketch 1,23 13,4 4122

Exercise Sketch Ix Ix 1,2 as a subset of
1123

read Ic IR is the interval 0,1

Functions The image of a function f S T
is the subset of T givenby

S



im f yETI y c fad for some XES

Example f A B C El 2,3

E f

f C Z

im Cf 1,2

Example g G IR 112

g G cos a t2

what is imcg
First what the image cos 1129112

si ti enimccosJ
EbD 7imlgJ 1,3



two images Cake preimages

For f S T any function and UCT

f w is a subset of S given by
f WJ Ext Sff e U

Example
For f EAB L El 2,33 as above
and

Then t BD ExtEA B C If E 2,3

EB C

f E33 0
Example g CEO xEIR cos it 2 0,3

0
g 0,55 ExeIRKos40260,513

Since im g 1,3 C 0,519 0,5 112



g

A function f S Tis
injective if falsfly onlywhen y Fyi I

er

surjective if imCfs T surjective
bijective if both injectneand sorted've

g is neither
f S Tis called invertible if 3 a function injectue nor

g Tess surjective

Svt got Ids
fog Id

identity functions on S and T

g is called the inverse of f

Fact f is bijective iff f is invertible

Exercise Suppose f S T is injective
Is there a bijection from S to im f

Ans Yes Let f Cx S im f be givenby
FED fCx Clearly this a surjection
since y c im f y f G FIX for some LES
But TED Fly fG sky y so F is also
injective



Continuous Functions

Intuitiveinterprtat For 5 T subsets of Euclidean
spaces f s T is continuous if f puts S into
T without tearing S

Intuitiveinterpretation f is continuous if finaps
nearby points to nearby points

Illustration f I 1122

2M

Continuous

o

continuous



In this class we defined continuity 3 times in
increasing generality

Ist for subsets of Euclidean space Er def
2nd for metric spaces
3rd for topological spaces Copen set def

In this review I'll emphasize the
2nd and 3rd settings

MetricSpaces
A metric on a set 5 is a function

d S'S 0,0 such That

1 day s O iff y
2 das y dCy x A YES
3 dcx.yjtdly 43dlx.TV y zES



Examples we define 3 metrics on 1124 dudedm

ddx.yf.is Tiyi5 Euclidean distance

decay i Hi yi Manhattan distance

dmaxcxsyjYY.g.lu ti yil max norm distance

Edit distance on genetic sequences
a RMSD on 3 D structures of a protein

Any subset of a metricspace inherts a metric

Notationterminology Let M 5 d be a metric space

XEN means XES
UCM means UCS

Let M CS d be another metricspace



A function fi M M is understood to
mean a function f S S

Continuity
Formetric spaces M and N w metrics
In du f M N is continuous at
M if t E 0 I 070 s t
dulty so duffel LE

FM N is a homeomorphism if
1 f is a continuous bijection
2 f is also continuous

Rectal notation If f S T is anyfunction f s im Ct is the map
given by I fG

EmbeddingsS Let M N be metric spaces
F MSN is called an embedding if



F M im f is a homeomorphism

Rand im f C N so we regard
imCf as a metric space by restricting
the metric on N

Intuition An embedding is a function
that doesn't do any gluing

Illustration

ft I 1122

a
ago

Netmajedding

t
De

an embedding



Remarks An embedding is a continuous
injection but the converse is not true

Example
f o D R2

o D

continuous

injection
but not
embedding

Homotopy Isotopy

far simplicity I define these for subsets
of Rh w Euclidean distance

This allows me to avoid worrying about what the
Cartesian product of metric spaces should be

For Sc RM and Tc112 we call a function



h Sx I T a homotopy

ExampleisssicunitciF 1122

Is cylinder

hi Sx Is 1122 h f Http

for TEI we define his T by
ht htt t

car tin009
Think of the homotopy as a deformation of
the map ho to the map ha ha the
intermediate maps ht

We think of t as time

To talk about continuous deformation of spaces Gets
one considers the sets im ht 4124



Isotopy For S T CIR an isotopy from S to T
is a homotopy hit I 112 such that

e imCho s
2 lunch T
3 ht is an embedding At
Fact If I such an isotopy then 5T and
I are all homeomorphic

Fad If S and T are isotopic then we
can find an isotopy from S to T with
4 5 and imCho Ids

Hartoconstructanisotopyfromstot
1 Take 8 5 he Ids hes a homeomorphism

1
f SST

2 Find the other ht
Exampled 5 Ix 034122

T O3xIERS f

Consider a home f S T f D C x



Now define his I's 112 by

h o D GCl t tx

This is an isotopy from S to T

if

Open sets Open balls An alternate discriptionof
continuity

Let M be a metric space w metric d

For X E M and r O the open ball inM of radius
r centered at 0 is given by

BG r YEMI okay ar

Etan questions

Eau BG r be empty No because

dust soar so te BCt r



Can we have BG D BO r when
rfr Yes

Take M EG B w Euclidean metric

BO E BCQ's 03

Def A subset of M is opere if it is
a possibly infinite un an of openballs

Renick M is always open and so
is the emptyset


