
 

Today
Functions continued
Continuous functions
Homeomorphisms
review fromlast time

Definition Given sets S and T a function f from
S to T is a rule which assigns each SES
exactly one element in T
This element is denoted fCt

We call
5 The cotman of f
T the coder of f

We write the function as f S T

Example Let 5 1,23 F a b
e can define a function fi S T by f 1 a KI I

g i s T by f t a FK sq

Exampled We often specify a function by
a formula e.gf IR IR f G P orf IR IR f G Se R
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For f S T and g T V the
composite got S U is the function givenby
got gCfcxD

image of a function labelled therange
definition For a function F S T
wedefine im f to be the subset of T
given by

im f GT tsf s for some Sts

Intuitively im f is the subset of T consisting
of elements hit by f

Example For S T f and gas in the
previous example

im f a b T im g a



Example

for f IR IR f x P
im f 0,0
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Exercise For f IR IR given by fG scosadt2 what is
imf
solution

n ysoosad

ii ii

zft ye cosG 2
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im Kos El I so im f 1,3



Exer cise

Let f t.IR be given by
f x ios x Sin x

What is Imf

Solution im f St where St denotes the unit
circle i.e

St la b c 11221 a't b I

q
This follows from high school trig

f wraps IR

f
I s

Exampl e Let f 6 IT x I 1123 be given by
by FGy cos x sin x y

imf is a half cylinder



91

ka

i y.ititiii

Injective Surjective andBijective Functions

We say a function f S T is

injective for l l if f s s fCt onlywhen sst

surjective onto if im f T

bijective labijection if f is both injective andsurjective

Example f IR IR given by
f x p

is neither injective nor surjective



Example f IR S't given by
f G cost sin is surjective but

not injective
e g f o s f 21T 1,0

I
Examples f 0,21T S given by
f G cost sin x

is bijective

it its

Bij s and inverses
For any set the identity function
on is the function

Ids S S given by Ids G x txes

I



Fuctions F S T and g 1 S
are said to be inverse if

got Ids and fog Idt
in

function
composition

Facto A function F S T has an

inverse g TSS if and only
if f is a bijection

Example Let f O zit S't bebijection
of the previous example

We define the inverse g S 0,21T
to be the function which
maps
yest to the angle 0 Oyu makes

with the positive x axis in radians

I
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Continuous functions

Topology begins with the notion of continuous functions
You have already encountered these in

your calculus classes

It's possible to give a very abstract general
definition of continuous functions We maydo this later but for now we will
take a more concrete approach

Weconsider the continuity of a functions between
subsets of Euclidean spaces

For x Cx xn 412

y ly yn HRT



let day denote the Euclidean distance between x andy
i e

day f x y t z Yz
Z t o t Gu Yu 2

rp

H t yHo

Let Sc IR and To 112 for some n m A

t.FI 94 i oi
t
o s its us

Insisting
in

Continuity T

t.im

Discontinuity
T
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Continuity T

t
o.m

Dscoutinuity

Lecture ended somewhere around here



Formal Definition
WTsay T's continuous at xes it
for all C 70 there exists of 0 such that
if yes and dexy e 8 then dad fly1 a E

We say f is continuous if it is continuous
at all xes

x

points
within
C of
f G

S T
Interpretation You give me any positive 6 nomatter

how small Continuity at means that I can find
a positive 8 such that points within distance 8 of x
map to points within distance C of X I'm allowed
to choose 8 as small as I want as long as it's positive
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Example Consider f IR IR
defined by flex if LO

HI if 30

f is not continuous at 0 To see This
consider E I For all of 0 there is
some yolk with d x y s J and
f y s Q For example we can take y Iz

then dlfcxl.fm Is E

to
Thais f ows t is not continuous

In this class we won't spend much time
worrying about the rigorous

definition of
continuity but I do want you to be
familiar with it



Homeomorphism
For S T subsets of Euclidean spaces
A function f S T is a homeomorphism
if

g f is a continuous bijection
The inverse of f is also continuous

Homeomorphism is the main notion of continuous deformation
we'll consider in this course

Example Let Ye 1122 be the square of side length
2 embedded in the plane as shown

N 1
The function f a S given by
f G I is a homeomorphism11 11

where Hills distance of x to origin
REE

by standard calculus this is continuous
It is intuitive clear that this is a bijection with a continuous

inverse The inverse can bewritten down but we won'tbother
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