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Metric spaces and continuity
The open set perspective on continuity point set topology

Plan fer next few lectures
Quotient Spaces how to stuff together in
topology
Manifolds curves surfaces

Metricsandtopology

Metricspace definition of continuity
Let M SM dm and N CSN DN be metric spaces

Def A function F M N is simply a function
with domain 5 and codomain SN

A t.eu f Ms N is continues at xeM if
t E O F O 0 such that

y is dwtf fly l E

f is said to be continuous if it is continuous at
M



each xGM

This definition generalizes the definition for Euclideansubspaces
considered earlier

Example Let M be a metricspace w metric d
and take N to be IR with the Euclidean
metric

For any XE M the function d M IR
given by 4 4 dinky is a continuous
function

For example take A HI d dz
Pf Exercise and O

c j dqy.ly
dllo.ol.CH t V2

With this definition of continuity the definition of
homeomorphism extends immediately to metricspaces

For metric spaces M and N
f Ms N is a homeomorphism if
1 f is a continuous bijection
2 f is also continuous

Exampled Consider the metric don 0,21T given



P I g n

by da y min Ix yl I 20 yl If 21T yl

Ty zit

takes to have usual

Then the function f Go zag d grigg fan
metric

by f t cost Smt is a homeomorphism

we won't bother proving this

Example In the notation of last Iec Ms YnRISD
is homeomorphic to N KO r dzaffeffactexample

For example f M N given by
f Ua b Edda b a homeomorphism

Partial explanation
A function f M N of metric spaces is called an

isometryifdmcab DN ka Fcb That is an isotopy
preserves the metric

Fast Any isometry is a homeomorphism
proof exercise



e

In the example above f is an isometry To prove this
one derives an explicit expression for RMSD on 02

RMSD la b Ccd l dda b d Cb c f proof is
a bit of a pain2

So far we've talked about extending the def of
homeomorphism to metric spaces The other basic
topological notions we've considered like

homotopy
embeddings
isotopy
path components

also extend readily

Ine subtlety If M is a metric space
is M I a metric space

To be discussed later perhaps

An alternate discretion ofcontinuity
Open Sets
Let M be a metric space For KEM and
r O The open ball in M of radius r centered



d of d
at X is the set

BG r yen I dmGy ar

Example For Ms R2 with the Euclidean distance
B 8 1 looks like this

citified
nosiest

For M IR the open ball of radius r
centered at x is justthe interval t r Xt r

A subset of M is called opens if it
is a union of possibly infinitely many open balls

The empty set is always considered open

M itself is open M Yen 136,1

Fact Asubset of M is open if it contains
none of its boundary points

this is an informal statement because
T haven't define1 bon l p t



1 havent defined boundary points
It can be made formal but I
will not go into the details

Illustration Dashed line boundary not included
solid line boundary included

citifi IT

open subset of 1122 subsetwhich
is notopen

Let's make this precise
I'll start with the Euclidean case for concreteness

For S a subset of M a b day post of
S is a point to M such that every open ball around
contains a point in S and a point not in S

in



Exercise What are the boundary points of I Lo 13412

O 1

Exercise What are the boundary points of

D Gy Hayes I s 1122

Exercise what are the boundary points of St

Note The definition of boundary point in fact makessense
for a subset of any metric space

talFact Whether a function of
of metric spaces f M N is continuous depends

only on the open sets of M N and not
otherwise on the metric.tl this is made precise bythe proposition

below

Notation For f S T any function andTUT F W X E S I fG e U

Example Let fi.IR LO D be given by
f G dz X O

D



f Q2 the open ball of radius 2

Is centered at 0

Propositions A function f M N of metric
spaces is continuous if and only if f U

is open for every open subset of N

Proof Exercise

Philosophical implications
In topology we study geometric objects via the
continuous functions between them
The continuous functions are what matter in topology
Thus in view of the proposition the specific
choice of metric on a metric space matters

topologically only insofar as this determines the
open subsets of the metric space

This motivates the following definition

Ruto metrics di and de on a set 5 are

called topologically equivalent if



S da and S da have the same
open sets

Interpret Topologically equivalent metrics
look the same through the lens of topology

Note Examples of topologically equivalent
metrics are common

Fact If there are positive constants

TEE.is oEiiTsatsdiTiIteu
dis and de are topologically equivalent

Examples Recall that for p ell b we
defined the metric

dp on 112 by dplxyj.PE xiyil.FWeIknownfatFor all p.qc.CI o
dp and dq are topologically equivalent

Examp le The intristic and extrinsic metric on



p
Stare topologically equivalent

Metrics on Cartesian Products

Let M and N be metric spaces with metrics
dm du

d
How do I define a metric on MxN

Motivation
To extend the definition of homotopy to metric

spaces we need to talk about a
continuous function h M Is N where
M N are metric spaces But then we need
a metric structure on Mtl

There are multiple options
dani nd mane

den'Im mjtdnln.im
du mi ni tmz nd maxcdmlm.me tdN mild

But it turns out that these are topologically equivalent


