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Today Open sets and continuity continued
Gluing

Review
Let M 57dm be a metric space

convention we abuse notation

slightly and write Sm simply as M where convenient
So for example we may write XGM

For KEM and r O
The open ball in M of radius r centered
at X is the set

BG r yen I dmGy ar

A subset of M is called ope if it
is a union of possibly infinitely many open balls

Notation for unions Let A be set and
suppose that for each it A I have a set Sy
Then we write the union of all thesets as Sy



Example A 1,23 S 1,2 SEG 3
is Sx SeUSE 1,3

2 important examples of empty sets

The empty set is always considered open

M itself is open M Yen 136,1
in

this denotes the union
of all B x 1 where XEM

Explanation BG 1 CM for all EM so

U BG 1 CM
XEM

On the other hand for any yEM
y cBlythe mBG t

so Me
m
Blt 1

Since mBlx 1 CM and

Mc Yen136,1

the two sets are equal



ffi a subset of M a bendy post of
S is a pointXEM such that every open ball around
contains a point in S and a point not in S

am point

Proposition Asubset of M is open iff it contains
none of its boundary points

Proof is a homework exercise

Hint First show that forany openball 136 r cm Ift
ye BG r Bly r CBG r for some r O interest

beyond

Proof Let dsdnfxy Then O where theKEY
the second inequality holds because yeBG r proposition

Let r's r d which implies D r r



Thus the inequalities in the pink box yield

Os r r's r r s r r s O Ocr's r
multiple add
geynitying r

suppose z cBly r Then by the triangle inequality

dnlxidsdnlx.yjtdmly.ee

It duly 2
s d tr
r r tr
r

Thos 2e B x r This shows that Bly r JcBb r
as claimed

Consequace of hint If WM is open then
for any e U BA r CV for some r O

Proof If x c U Then since U is a union of
open balls X E Bly r for some openball Bly r cU
By the hint BH rk Bly r'T cU Ok



Examp le Is 5 Qu x Q1 open
Aes No For example
O E is a boundary point of S

Example lo o x O l is open

fFrEEna

FundamentalFact Whether a function of
of metric spaces f M N is continuous depends

only on the open sets of M N and not
otherwise on the metric.tl this is made precise bythe proposition

below

To explainthis we need one new bit of set theory notation

Notation For f S T any function andTUT F CU x C S flex e U

In words f U is the set of elements in
5 that m'ap to U



p 1

Example Let f 1122 LO D be given by
f G dz X O xitxi

f Q2 the open ball of radius 2

Is centered at 0

f I SI

Proposition A function f M N of metric
spaces is continuous if and only if f U

is open for every open subset of N

Proof Assume f is continuous let U be
an open set in N and let be an element of
f U To show that f U is open it suffices

to show that BG Dc f U for some r 0
Since I c f U Kx EU Since U is open
it follows from the consequence of the hint above that

contains someopenball B fat G By continuity
I 550 such That if dmly x Lf then dntKx fly s
Thos f maps each point of Blt d to a point in BHAI 6 cU
Therefore BG Dc f U Thus f U is open



Conversely assume f U is open for every open
subset of N and let EM Weshow that f is
continuous at X Let E O B FC E is open
so f BcfGD E is also open Iet us call this
set V Clearly KEV Thus by the consequence of the
hint BG J V for some of 0

Philosophical implications
In topology we study geometric objects via the
continuous functions between them
The continuous functions are what matter in topology
Thus in view of the proposition the specific
choice of metric on a metric space matters

topologically only insofar as this determines the
open subsets of the metric space



This motivates the following definition

Ruto metrics di and de on a set 5 are

called topologically equivalent if

S da and S da have the same
open sets

Interpret Topologically equivalent metrics
look the same through the lens of topology

Note Examples of topologically equivalent
metrics are common

F i ii i

Eixample Recall that we defined several metrics
on 112 da dy and Imax



By thefact these are topologically equivalent
In fact das de Th d2g straightforward exercise

dmais de nd 2 Lecture ended here

Examp le The intristic an extrinsic metric on
stare topologically equivalent

In fact dexts dints Izdext

Metrics on Cartesian Products

Let M and N be metric spaces with metrics
dm du

d
How do I define a metric on MxN

Motivation
To extend the definition of homotopy to metric
spaces we need to talk about a
continuous function h M Is N where
M N are metric spaces But then we need
a metric structure on Mtl

There are multiple options
dumi.nd.cmz.ua dentin mjtdwln.im
du mi ni Cma nd maxcdmlm.me tdN mild



du mi ni Cma d ma dnt i ma Idw i d

But it turns out that these are topologically equivalent

Topology without Metrics AbstractFormulationof Topology

idea If all that matters in topology is
the open sets of a metric space then

perhaps itwould be simpler to give the basic definitions
of topology without mentioning metrics at all

Key properties of open subsets of a metric spaceM

1 Union of open sets is open
2 Intersection of finitely many opensets is open
3 M is open
4 is open Theonly one ofthesepropertiesthatnot

already dear is thesecondone This is aneasyexer

Lets use these facts as inspiration to make a
definition

Definition A topological space is a pair IO
where

IoT Yothection of subsets of 1
FETE

is



O is a collector of subsets of 1
thuggeescalled the open sets satifying properties

1 4 above of a
metrichere

Definition A function f X Y between
topological spaces is called continuous if
f U is open whenever V is open

Example For any metric space S d call the
collection of open sets 0 Then
S O is a topological space

Note Most examples of topological spaces arise
via metrics as in the above example But
not all do

From new on we use the language of topological
spaces but for concreteness you can think of
metric spaces or subsets of Euclidean spaces


