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today Product topology
Gluing quotient spaces

Last time Examples of topological spaces
Subspace topology

We saw that if CT OT is any topological space
and SCT is any subset then we can define
a topology OS on 5 by

Os Un s I v eOTin
i e U is open

this is the subspace topology

We saw that in the case
with the metric topology on

tgh.at
T is a metricspice this coincides

Now I want to tell a similar story about cartesian products



Product topology
Let 8,09 and f Cst 0 be topologicalspaces
he product of X and Y is the topological space
4 5 51 O t where

Y
a set in 0 is a eni.ae of setsofthe form
UW for UCO and Vc 0

Proposition The product topology on 112 112 1122 is the same
as the metric topology on 1122 writ the Euclidean metric

Proff The idea here is that a union of open balls can be written as
a union of open rectangles and vice versa

Forany Ga c IR and r 0 note that Blt r contains

a set of the form U V where U VCIR are open and
X E UN For example we can take U ti Er X t E r

iEIEh r

c trainers

Let's call UN an open square



For
any openset Vc 1122with respect to the metric topology we canwrite

BG b for some radii rx we proved this earlier in any
metric space That is V is a union of balls centered at each of
its points Since each BG re contains an open square
centered at X V is also a union of open squares

This shows that any open set in the metric topology on 1122 is
open in the product topology on 112 112

Conversely assume V is open in the product topology
on 112 112 Then V is a union of sets of the form
I where I J are open in IR If XE Ix J then

since I and J are open Xi r X tr t I and
Xz r iz tr t J for some Box r r O
B Gz r

This is using again the same fact that an open set in a
metric space is a union of open balls centered at each of its
points

Thus the square 5 ti r t tr x iz r Etr is contained

in I J note that BG r CS Ix IV Thus for every
point xcI J there is an open ball centered at x contained
in V this shows that V is the union of open balls in 112
Hence V is open in the metric topology on IR GM



P p

Note We discusseddifferent ways
to put a metricon a Cartesian product of metric
spaces M and M2

Foreach of thesemetrics on the catesian product the metrictopology isthesameasthe
product topology on the metrictopologies ofMiand M2

The proof is similar to the proof of the proposition above

6 Quotient Spaces

Consider The square II

Thinking of this as a piece of rubber
suppose we glue the left edge to the right edge
i e gluing 10 y to CIy for all y c I

we get a cylinder



We represent this gluing schematically by marking the
left and right edges of the square I I with an arrowhead
as shown

2 What if we also glue the top edge to the
bottom edge i.e glue

fffgm.Y.ee 6,0 to I
our

qq

schematicrepresentation

we get a torus i.e surface of a donut

3 What if in the first example we instead glue
lo y to LI l Y

µT.XMMMMMMBBE.ae0
shematic representation

that is we glue opposite sides with a twist loppeostitweistagrowdirections indicate



t.EEEEEIF
we get the Moebius band
This is a surface with one side

4 Suppose now that in the aboveexample we also

glue the top edgeto the bottom edge

homeworkon a 77

That is we glue 0 y to H l y Vy EI and

6,0 to G 1 tf x c I

Weget a surface K we call theKlein bottle

Fact K admits no embedding into R Thefigure
below illustrates he image of a non injective map
fi K 1123

ti

winwood
unique point



un g e p o p f
the points in the red circle which
are hit by two points

If we consider j IR 1124 j Gy 2 Gy2,0
then jof can be perturbed to an embedding
We can use the extra coordinate to perturb away
the self intersection

Thus Kembeds in 1124

Topogists lovethe Klein bottle because it is a surface
w no boundary that is neon orientable

Informally non orientable means thesurface has
no separate inside and outside This can bemade formal
but we won't get into that now

A nice applicationof theQuotient Spaces formalizing gluing abstract definition of
a topologicalspace

Plan FCS 09
Given a topological space and an equivalence
relation on S define a topology 0 Stu We denote
Stu 0 by The
TIN is called a quotient space and 0 is calledthequotient topology

Definition of O will begivenbelow



Interpretation points xyet get glued together if and only if
Ny

Example T IxI Define by

x yJuHayy iff y yz AND fishOR xi.at 0 B

Then Tf is the cylinder and this formalizes the gluing of
the square to form the cylinder shown above

Before going into the definition of the quotient topology we'll
provide some intuition motivation

In general we can think of a continuos surjection
as a gluing operation

For example Consider f I 5,1 f x cost sink

f

0
I 51

Then f O f I so we can think of f as a gluing

operation on I which glues 0 to 1 fG f fly for
any other y c I



I 1

Now there are many other continuoussurjectionsft I T with
with similar gluing behavior e.g

Let T ios x 2 sin x x c 0,21T 4122
f Lx cost 2 sin H

µ

fits day

Tis an ellipse other x y EI

We would like to define this kind of gluing in some
kind of canonical way that doesn't depend on an arbitrary
choice of T g That's one motivation for the definition
of a quotient space

Important note Suppose we have continuous

surjections f S T and f S T such that
fG fly iff f G f y

Are T and T always homeomorphic No



Example 5 LO 21T

f E g y
492 0,2 t IdeoS
LOUT 0,21T s

Then both f and f are continuous bijections
in particular they are surjections but
The codomains 0,2A and S's are not homeomorphic

Intuitively St is glued together more than 0,21T

The definition of the quotient topology is chosen so
that in a precise sense for any topological space
1 and equivalence relation on T TIN glues
stuff together as little as possible subject to the
constraint that equivalent points get glued together

tornalDefinition of quotient topology
For 5 any set and an equivalence relation on S
define IT S Stu by ITG D Thus it sends
to its equivalence class

For F6,09 atopological space and an equivalence relation

on 5 define the quotient topology 0 by
on Acs 1 IT A is open



1

Proposition Themap IT T TIN is continuous

PI By definition IT U is open for all open sets
U e Tk

The following proposition tells us that the quotient space
contruction gluesstuff together as little as possible subjet to
the constraint that equivalent points be glued together

Proposition For any topological space T equivalence
relation on T and continuous surjection

fi T S there is a unique continuous surjection

F T S such That f IoT

Thus S is obtained from T by gluing more stuff


