



































































































































AMAT 342 Lecture 22

today Finish Quotient Spaces
Homework problem review

Recall If F S Os is any topological space and is
an equivalence relation on S The quotientspace TIN is given by
The Stu OJ where

07 U est I TT U is open in T

where IT S SIN is defined by it Cx

Thus U is open in TIN iff it U isopen in T

Note IT is surjective
Note We can regard IT as a function from T to Ttu

Prof IT T TIN is continuous If Uopen in The IT U open

LTSOTIBqconfinooggy.gg
in T Bu






































































































































Motivating Er Quotient spaces continued

In general we should think of a gluing operation as a
continuous surjection

For example consider f I SKI 4123
f toy cosCutty Sin ZITx y

ai
Intuitively f glues x and y together iff f fly

Let's reframe this in terms of an equivalence relation
Last lecture we defined theequivalence relation on I

by iff ly ya AND Cas's OR xi.EE B

Note that f G fly iff xn y
i 4

In this example f seems to correctly do the gluing specifiedby

So perhaps can take this as inspiration for a more intuitive
definition of the quotient space






































































































































3addefi Given a topological space T and an equivalence relation
out definethequotientspace to be the codomain8of any

continuous surjection f T X such That
f G fly iff X y

Issues It's not clear that such f exists actually it does

DDeeper Problems We can have f Ts k
f Ts f

with f G fly iff try
f G fly iff try

but X and X not homeomorphic

So this definition doesn't make sense

Example F K 0 21T xmy iff x yX's St
f T T Idi
f T S't f G cost and

Then both f and f are continuous bijections
in particular they are surjections such that
fG f y iff fry and f fly iff x yi fisinjective Thffsinjective






































































































































f j ve je
However X 0,21T is not homeomorphic to X's 5

Intuitively St is glued together more than 0,2
To fix the baddefinition we would need to also require
that the continuous surjection f TSX glue stuff together

4
as little as possible in some sense

The definition of quotient space we have given satisfies

such a property as made dear by the next definition

Proposition For any topological space T equivalence

relation on T and continuous surjection
fi T X such that fad fly wheneverHythere is a unique continuous surjection

I T n X such That f IoT

Thus X is obtained fromTlv by gluing more stuff
That is IT T The clues stuff together as little
as possible among maps that glue x and y together
if try




































































Proofi Define F by Ellis f x If Ex Ey
then try so FLED f fly F Cy so this
is well defined and it is clear that f Fort It
F Th X also satisfies f F o IT Then I xD THE
f x To ITCx ICED so I's F This gives the

claimed uniqueness property If yell then since f is surjective
y fG for some and then y FLEX so I surjective
If Uct is open then f U is open because f is continuous

f U IT LI U so by the definition of the
quotient topology F U is open Hence F is continous DMB

Remarks The proposition can be adapted into an

equivalent definition of the quotient space but we won't
do that here

Summary The quotient space TIN is obtained
from T by doing as little gluing as possible subject
to the constraint that x is glued to y in The whenever
X y



Exane Similar format to last time
one page of handwritten notes allowed frontand
back
covers homeworks 4 6
may be a question on the subspace topology
Edit distance will be an exam

not on this exam Gluing quotient topology
product topology RMSD
at least one proof
at least one definition
at least one problem directly from the HW

Homework Problemy
Problemset 5 5
Prove that a subset 5 of a metricspace M is open iff
it contains none of its boundary points

Def For 5 any subset of M teM is a boundarypoint
if each open ball centered at x contains a point in S and a
point not in S

Suppose S contains none of its boundary points For any
X o S X is not a boundary point hereforceforsome open ball
3 BGHo S or BLx r n 5 10 But xe BG rd
So Blt b AS to BK rx CS Choosing such a ball Bus rx



S I I g
Tx es we have S 136 rx so S is open

Key facet If S is an open subset of M then for
each x c S Bl't r CS for some r 0

If S is open then by the key fact no point XES
is a boundary point

HWI I e Let S be a finite subset ofIR
What is the boundary of S Is S open

O

d

e
O

e

6

For any xes and ball B centered at X B contains
X B clearly also contains points in t So t is a
boundary point If k 5 then a very small ball
around X contains no points in 5 Thus x is

not a boundary point So Boundary 5 S

If S is non empty S is not open



Problem 2 For Ms El I w the Euclidean metric
which of the following are open subsets of M

a I Not open If it is open then it contains

anopen ball centered at 1 by the key faut
But any open ball centered at 1 is of the
form B't r s Il r I if rs 2

I I if r 2

I contains no such set

b O D Bl's E so Q1 is open in M

openball in M

c Lo l is not open because 0 is a boundary pair

d Q1 is open because 0,1 1311,1


