
 

AMAT 342 Lecture 7

Today Isotopy continued
definition revisited

properties
more examples

Review
Definition For continuous maps f g S T
a homotopy from f tog is a continuous map

h S XI T

such that ho f and he g
recall for 1 c I ht S T is given by
h X h X t

function obtained by fixing the
2nd argument of h

Note Any continuous functionhS T is a homotopy from
Lo to he In light of this we sometimes refertoanycontinuousmap

hajs top
without explicitlymentioning

Embedding For f S T any function define what thishomotopy
F S im f by s f y p eg

s from and to

A continuousmap f S T is an embedding if F is a homeomorphism
Anembedding is an injection but the converseis not true



my J

Simple intuition An embedding is like a homeomorphism but the
codomain can have extra points pot in the image

o CD

Notei If S has a property calloyd compactness then

any continous injection f s IR is an embedding

eg St is compact We'll discuss compactness later

Isotopy Definition from last time
Definition For 5 Tc IR an isotopy from S to T
is a homotopy hi 112 such that
imCho S imChe T

ht X IR is an embedding for all TEI

Clarifications just
In the above definition homotopyMmeans continous map
The def ition doesn't explicitly put any requirements on

X but it follows from the definition that I has to
be homeomorphic to both S and T
To X im ho is a homeomorphism because ho is an embedd
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s

T X
imylha is a homeomorphism becausehe is an embedding

hence S and T are also homeomorphic 1

Illustration a

tin

D

hof h
l 7 inch

I can take s 0
Xss

h
Fad If there exists an isotopy from S to T
Then there exists an isotopy I S 112 that is 4 5
with no S IR the

inclusion.ltfftzjYhYnoIu.b
TIfalystrat

ot
joy

X
a

to

D

im hi
1h he

In practice it will be fine for now to restrict attention to
such isotopies
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Exampled Let A West txt O

B Hides Ix ro
A B

gg s iii is.i.i
imhyyimh

is an isotopy from A to B

Explanation holt y to x y Ky so

ho is the inclusion of A into 112

heG y x y so im he B

by s Wth y

Not hard to check that each ht is an embedding



C 1123

S and T are not isotopic

Exercise Let 13 be as in The last example

Let D 03 51 I Coy l bys13
a Give a homeomorphism f D B

µ
Answer Hoyt try y
note Sts ex y e1124 x'tip D
fix y c S because

ft 2
ty
2 1

b Given an explicit expression for f

f x y O y



c Give an isotopy from D to B

1122

t.fi hhoiI.fF.Itirai.y
ho lo y imtho y
he FF y so imCha s im B

easy to check that each ht is an embedding
d Give an isotopy from B to D

h Bx I IR hwy t e x l t y

Note Whether S and T are isotopic depends
on where S and T are embedded That's not

true for
homeomorphism

X Y Stu 43,013
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X and Y homeomorphic not isotopic
But if we embed X V

in 1123 then they are
isotopic there

That is let X x y o IG y ex c 1123

Y Cx y O 1boy EY C 1123

rt

Xl T

g
Effie's

an isotopy h Isles
moves the extra

point as shown in red

Similarly if we embed S and T of the
previous example into 1124 they are isotopic there



Fautsaboutisotopies
Symmetry If there exists an isotopy from

sed isotopy Ianthe O
there exists an

f h X I IR is an isotopy from
S to T then Xx I T given by hcx.tkhtt I t
is an isotopy from T to S

Transitivity If f I EEEatpc are
S V

The proof takes just a few lines

Example consider the thick capital letters

i gas

Both are isotopic to the disc D kid4124

x'tyzB.ORG

dBaE BinghamtonBaraka rakuten.BG

or



Isotopy from D to It
Hence by transitivity Rhd anddB are isotopic
In particular they are homeomorphic

Thus we see that whether two letters are homeomorphic

depends on whether we consider the thin or thickversions

Unintuitiveisotopies
homework problem

ooo

ly
hints
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