



































































































































AMAT 342 Lec 9 9 24 19

today Path components continued
Metric spaces Topology beyond Euclideansubspaces

Recall from last time
I

A relation on a set 5 is an equivalence relation if

1 x X t te S reflexivity
2 x y iff y n x symmetry
3 x ny y z x Z transitivity

if try we say x is equivalent to y E

e

i
Fact For any equivalence relation on a set 5 every element
of S is contained in exactly one equivalence class of
Note Cy iff yay

For the proof see the notes from Lec 8

Notation Stu is the set of equivalence classes of
I l






































































































































subsetof Euclideanspace

Recallfromyourhomeworki For a Tpance S and

esthstr iris y j

Define a relation on S by try iff 3 a path
from X to y
Proposition equivalence ation

PI Reflexivity For yes the path 8 I S given by
8 t x ft EI is a path from to itself

Symmetry If 8 is a path from x to y
then 8 I S Jct 8 l t is

a path from y to X

Transitivity If x i path from x to y and
B is a path from y to 2 then

a path 8 from x to 2 is given by

riess raise ikggmBg
Definition A path component ofS is an equivalence class
of i e In element of SIN






































































































































I e en S1

Illustration Notation Stu is

these BBWSgHRb written as
ITC's

shown has two tfkfB Theftof
path components I Pogthcomponents5

Definition S is peathconnected if itG contains exactly
one element Note If 5 is non empty this is equivalent to

the def ofpath connected in HW 2

Proposition If S and T are homeomorphic then there is
a bijection from ITG to ITG
Thus if S has k path components so does T

Prod For any continuous function f S T we

define a function f IT S TILT by

t.tk Ctcgs9aeoIihee.i EYsfdoos i Yaig
f c to be thepath component of T containgFG

y.fioB.qss ggpg.fGaaaastEE
a c YEE f Cc






































































































































Notei We need to check that this definition doesn't depend
on the choice of Ke C

Giggs EmfingerGaogaigar

they If f H

That is we need to check that if G ly then
text fly

If d s ly then try i e there is a path KISS
from X to y for I T is a path from to

y so far fly which implies fly fly
We'll show that f is invertible hence a bijection
when f is a homeomorphism

For this we need two facts

1 For any SEIR and Ids S S the identitymap

Id Id't pics
Id x tx

1 Id Ex3 Idk D Ex






































































































































I

2 For any continuous maps F S T g T U

gof g of ICS Itu

Pt gof Cx goffe gCfG
g fCxDfg lf G3l g of x

lecture ended here
Now assume f S T is a homeomorphism
Then f f are both continuous and we have
f of Ids
fo f Id Id Ils

11

Thus ft of Id f of IdTls

f of Id
it

of Idiot

Thus f ICS act is invertible
with inverse F DBM

Application Consider the symbols t and
as subsets of 1122
I f I HEH 2 HC 1 3 Thus none

is homeomorphic to any other




























































































































Application We prove that as unions of curves w
no thickness X and Y are not homeomorphic

Fact If f S T is a homeomorphism and
Acs then A and FCA are homeomorphic
where f A yet I y fCx for some xe A

ftp.pqy A

tGfkr

proof offact tobeskipped in class Let j A S be the
inclusion im fdj FCA Since f is a bijection
so foj A f A It follows from the facts about
continuity stated in an earlier lecture that
toj is continuous Moreover if j FCA T is

the inclusion foj fojT and this is
continuous by the same reasoning

Proof that I and I are net homeomorphic
Let XCX be obtained be removing the
center point p 11TH f 4 Note that there



u point p l l Il l Nole that I e e
no way to remove a single point from Y
to get Y c Y with 11T Y 1 4

If we have a homeomorphism f X IT
then fCX is obtained from Y by removing
f p and 11T f X 1 ITIT d I 4 bytheprop
which is impossible Thus no homeomorphism

f X Y can exist

topology BeyondSubsets of Euclidean Space

So far in this course we've only considered

continuity of functions f S T where
S and T subsets of Euclidean spaces

we sometimes use the wordsubspace

Hence all the topological concepts we've introduced
so far e9

homeomorphism
isotopy
path components

have been defined in class only for Euclidean subspaces



However these ideas make sense in much more

generality and that extra generality
can be extremely useful

In fact there are two levels to this extra generality
We discuss first level now

Recall our definition of a continuous function
between Euclidean subspaces

Formal Definition ofContinuity

iii I suit sit

f yes and dexy e 8 then dad fly1 a E

We say f is continuous if it is continuous
at all x e S

Importantobservation The only way we are

using the fact that S and
T are Euclidean subspaces is through their distance
functions

Continuity should make sense forany
functions between sets endowed with distancefunction



f s d

There are many extremely important examples
beyond the Euclidean subspaces we've already
seen

To explain this formally we introduce metric
spates

A metric space is a set 5 together with
a function d 5 5 0,0
satisfying

1 day 0 if and only if X Y2 day dly t symmetry
3 dCx 2 s day tdly z t x y 265

triangle inequality
Wecall d ametric

Example
Thefamilar example 5 1124 di R TIR 0,4

d y x y
2 t CXz Yz t outGuYu

5 112 di 112411246,0
disky Hi yftHz ydt HarynI

n h h



5 HI dm RMR Lo n

dmaxlxyt maxlxi yl.kz yd Hu yn t


