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today Path components continued
Metric Spaces

Review For 54124 wedefined an equivalence relation
on 5 by taking X y if and only if

3 path from X to y
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An equivalence class of is called a

path component of S

We denote the set of path components of S
by TLS

Proposition If f S T is a homeomorphism then
there is a bijection from TCS to MCT



Proofey

For f S T any continuous map define
a function

f TLS ICT by the formula
t Iq
components
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That is if Celt G choose it C
Define f C the path component containing
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To show f is well defined we need to check that this
definition doesn't depend on the choice of XEC

Illustrationof the argument that f is well defined
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That is we need to check that if G Ly then
text fly
there's the cheek
If d s ly then try i e there is a path KISS
from X to y fo8 I T is a path from to

y so fajr fly which implies fly fly
Theproof will rely on two basic facts about induced
maps on path components
1 Forany Sc IR Id Id T
In words the map on path components
induced by the identity is the identity

2 Forany continuous maps tag It gof g of



Proof 1 I Id't Ics ICS
PI IdsCCx3 Idk D Ex

2 gof Cx goffx gtfo
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Assume f S T is a homeomorphism
Then f f are both continuous and we have
f of Ids
fo f Id T Id Ils
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Thus ft of Id f of Id Tls

f of Id
it

of Id to

Thus f ICS act is invertible
with inverse f Therefore is a bijection LA

Application We prove that as unions of curves w
no thickness X and Y are not homeomorphic
The argument will beskipped in class

Fact If f S T is a homeomorphism and
Acs then A and fCA are homeomorphic
where f A yet I y fCx for some xe A
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proofoffact Let j A S be the
inclusion im fj FCA Since f is a bijection
so foj A FCA It follows from the facts about
continuity stated in an earlier lecture that
toj is continuous Moreover if j FCA T is

the inclusion foj fojT and this is
continuous by the same reasoning

Proof that I and I are net homeomorphic
Let XCX be obtained be removing the
center point p 11TH f 4 Note that there
no way to remove a single point from Y
to get Y c Y with 11TH 1 4

If we have a homeomorphism f X I
then FCK is obtained from Y by removing
f p and 11T f X 1 f IIT XM 4 bytheprop
which is impossible Thus no homeomorphism
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f X Y can exist

Topology BeyondSubsets of Euclidean Space

So far in this course we've only considered

continuity of functions fi S T where
S and T subsets of Euclidean spaces

we sometimes use the wordsubspace

Hence all the topological concepts we've introduced
so far e9

homeomorphism
isotopy
path components

have been defined in class only for Euclidean subspace

However these ideas make sense in much more

generality and that extra generality
can be extremely useful

In fact there are two levels to this extra generality
We discuss first level now
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Recall our definition of a continuous function
between Euclidean subspaces

Foreal Definition ofContinuity
We say f S T is continuous at XES if

it s't c sisterc e

We say f is continuous if it is continuous
at all x e S

Importantobservation The only way we are

using the fact that S and
T are Euclidean subspaces is through their distance
functions

Continuity should make sense forany
functions between sets endowed with
some reasonable definition of a distance

There are many extremely important examples
beyond the Euclidean subspaces we've already
seen

To explain this formally we introduce metric
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A metric space is a set 5 together with
a function d 5 5 0,0
satisfying

1 day 0 if and only if X y2 day dCy x symmetry
3 dex 2 s day tdly z t x y 265

triangle inequality
We denote the metricspace as Sd Wecall d ametric

tape Thefamilar example S R da RH IR 0,4

d y xi yi t z Yz t outGnyup
dzLx Y

X
y

Illustration of the triangle inequality case that x y z don'tall
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lie on the same line
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dLx 2 s y t ddy 2 because the length of
any slideof a triangle is less than the sum of the
lengths of the other two sides Hencethe name triangle inequalit


