



































































































































AMAT 583 Lee 17 10 29 19

today Finish with homotopy equivalence
Examples of gluing
Data analysis clustering Next time

Recall A continuous map
f S T is called a homotopy equivalence

if there exists a continuous map
g T S such that

gof Idg fog Idt

denotes homotopy

In this case we say S and T are homotopy equivalent and writeSET
Ideafromthe.eu astdass
S and T are homotopy equivalent iff T a third

space U that can be shrunk down to
both S and T

Illustration The disc D4122 shrinks down to a point






































































































































Def Acontinuous map hi HI X is a deformation retractionof
4 onto A c X if we thinkof h as specifying how to

shrink 4 onto A continuously in time
1 Ho Idi At time 0 hehas notbeen shrunk atall
2 im he A C h shrinks 8 onto A bytime 1
3 and h y t y t ly t cA c we don't moveanypointof

Note h is a homotopy between Id and a map
his X X with im ha A

Example We already saw a deformation retraction
last time

h Dx I D h it l t I
Take HD holds a OJI ho Idx I
A Ps 0,0 he LI DI o imChefPs 83

ht o e l t 0 0 htt c I 3

Intuitively h shrinks D down to the point P
That is imCho D imChad P

Example UH 23 803 0






































































































































h Xx I A hLx t for xest
1 l t t l O otherwise

Then h is a deformation

retract of X onto A

This shrinks the rat tail down onto CI O
continuity is not hard to check

Example Are 5 and a point P homotopy equivalent

qq.BIE.tn
i tiiiitiesIIiiIYoI

thoughtful student

No As the definition of deformation retraction
makes dear the shrinking has to happenentirely
inside of 4 51 i.e we would need imCh e St
So the obvious idea of just making the circle
smaller and smaller until it becomes a point fails
Illustration

a 0 O o o o

of
circle

t point

N






































































































































Note It can be shown rigorously that there's no
deformation retract from 5 onto a point This is
usually done by considering holes e.g Via homology

Fact If I a deformation retract

h X x I X of K onto A then

for j A X the inclusion
are inverse

j and HI X AsimChe homotopy equivalences

X and A are homotopy equivalent

Proof Not covered in class
to j Ida by property 3 so haoj Ida

Conversely for any function f S T and

j im f T the inclusion we have
f jot Thus since imChDsj we have john he
h is a homotopy from Idx to his JoHI so joha Idi

Example D and P are homotopy equivalent since

D deformation retracts onto P We also saw this earlier
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Fact Topological spaces X and Y are homotopy
equivalent iff F a third space 2 which
deformation retracts onto both X and Y

Poet of a proof

If 2 def retracts onto X and Y then
X and Z Y so ke Y

The converse direction is more difficult
See Hatcher Ch 0 DM

Example and both deformation

X t
retract down to a circle so they are homotopy
equivalent This implies both are deformation

retracts of some larger space 2
For example we may take 2 the annulus zBJy

SmisEgE

Can draw a similar picturefor Y






































































































































Gluing revisited

In an earlier lecture I said I share
some interesting examples of gluing constructions
but then I forgot

Before moving on to clustering I want to
give a few more famous examples
of gluing constructions

These can be specified formally by the quotient
Space construction we saw earlier but I will be
informal

Recalltheexamplefraneart

Mm sat iii to p c
tf y c I we get the cylinder
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2 What if we also glue the top edge to the
bottom edge i.e glue

B
x O to Lx 1Dima

j

We get a torus i.e surface of a donut

3 What if in the first example we instead glue
lo y to CI I y

Tmmom

EEEE.IEETF
We get the Moebius band
This is a surface with one side


