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Single linkage tTopology
ge linkage Clustering

Business HomeworkoutAsapToday
Arera Duetuesday
k means clustering
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actual examwillbeverysimilar
No officehours later thisweek
Special officehasMonday

SingleLinkage t topology

Definition A filtration is a collection oftopological spaces
F Fr r o such that Fr a Fs whenever res

Example
Let X be a finite subset of IR For r 30 define
the onion of balls filtration U X by
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Define a hierierachical partition SL18 of X by
taking
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Example Retiring to the illustration above

g
in pthso

components

G o EA3,433,43ED EE3EHEG



has 2 path components
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UH rz has one path component Y Thx X
LX ri X3 A B CD E F G

Proposition For any
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SLO is the single linkage hierarchical partition
defined in terms of neighborhood graphs
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UH r has 3 path components if Otra V2
2 path components if for Ts
1 path component if Btr
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Another related connection between single linkageand
path components has been implicit in our study ofsingle
linkage

To explain this I need to explain how to regard a graph
as a topological space

For any graph G V E we construct the geometric
realization of G denoted 14 as follows

Let T be the topological space cosistug of 1 copy Ie of I
for each edge ee E

Label the endpoints of Ie by the corresponding vertices of E

14 is obtainedfrom Tbygluingendpointswiththesame label together viathe
quotient space construction introduced a few weeks ago in
class some low level details of this omitted

Example V ABCD E CAB EBd KD LDD
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In this case IGl embeds into 1122 but that is notalways
the case

However 161 always embeds into 112

Note We may regard V as a subset of 1Gt as in the
example above
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Now here's another equivalent way to
define single linkage

clustering

For any finitemetric space X d definethehierarchical partition
LX by

l B



LX r k c X X s knY for Ya path componentof Nr

Proposition X SL X

Thus single linkage can be defined in terms of the
path components of the geometric realization

In this sense single linkage is a topological clustering method

Hoe we actually use dend s in practice

suppose we have a single linkage dendrogram likethis
for a
data fset X I
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The dendrogram is a visual guide tells how to choose1
a specific clustering from the family of clusterings
SUD z

That is the dendrogram helps us choose 2

The choice of 2 can be Thought of as a

cutting of the dendrogram
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Choosingthis 2 corresponds to cutting the dendrogram at height
2 and keeping onlythose edges and vertices belowthe cut
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is ives a forest and the vertices of each treeThi the forest is a cluster in SLED

Generally we try to choose 2 to avoid having
many branch points of the dendrogram near

level 2
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Z or Zz would be seen as good choices of theparameter
2 because when the parameter is perturbed theclustering
does not change

is not a good choice perturbing the parameter will
cause clusters to merge or split



Note that in general there might not be any good choice
of 2 at all
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In this case we may
concludethat thedata has no

clear cluster structure

Aveage Linkage Clustering
A popular clustering method
Input is a finitemetric space It d
Yields a hierarchical partition hence a dendrogram

Motivation Dendrograms of single linkage are too sensitivetooutliers

Easiest to describe algorithmically as computation oftrimmed
dendrogram

Idea Maintain a collection of clusters and distances
between them Iteratively merge them and add a
node in the dendrogram each time a cluster is merged



Initially at f 0 each x EX is in its own cluster

Place one vertex at re 0 for each cluster

Do the following until there is just 1 cluster
Find two different clusters G G s t

d kitten qdby is as small as possible

avg distance
between points
in c and points
in Cz

Merge G and G to create a new cluster C

Add a vertex C to the dendrogram at level d

Add the edges G C and G C to the
dendrogram


