
 

AMAT 583 Lecture 4

Fencties Continuous functions
Recani for f s T im f yet I y f forsome XES

We can also talk about the image of subsets of a

function

For UCS and f's T

f U yet I y flex forsome XE U
Note FCS im f

Exampl e Let f 6 IT xI 1123 be given by
by fCxy cos X sinXo Y Firstquestion considerQuestion What is im f

g 0,1T 1122
given by

e imf is a half cylinder
g y cost cosy

Secondquestion what is
what is 1mg

fKo it x 2B ha
domain f

f i i



Injective Surjective andBijective Functions

We say a function f S T is

injective for l l if f s s fCt onlywhen sst

surjective onto if im f T

bijective labijection if f isboth injective andsurjective

Example f IR IR given by
f x p

is neither injective nor surjective

Example f IR St given by
f G cost sin is surjective but

not injective
e g f o s f 21T 1 O



I
Examples f 0,21T S given by
f G cost sin x

is bijective

its

Bijection and Inverses

For any set the identity function
on is the function

Ids S S given by Ids G ex Axes

Fuctions F S T and G T S
are said to be inverse if

got Ids and fog Idt
in

function
composition we call g the inverse off andwrite gas f



Facto A function F S T has an
inverse g TSS if and only

if f is a bijection
gey is the unique element ES with fG ye

Example Let f 0,2A S't bebijection
of the previous example

We define the inverse g S 0,21T
to be the function which
maps
yest to the angle 0 OT makes

with the positive x axis in radians

i g
Illustration of g



Continuous functions An essential notion in topology

Geometrically we can think of a function f S T
s putting 5 inside T For example S could be a

piece of paper and T could be my book bag
Then f specifies how I put the paper in my bag

Of course unless f is injective f is allowed to
have two different points of the paper go to the same
point in the bag ortomake the paper pass through itself

In general f can put the paper in the bag in a way
that sheets the paper tobits

Informally a function f S T that puts 5 into T
without tearing 5 is a continuous function

To talk about the continuity of a function f S T
we need some way of S T need

measuring distances between points in 5 some
additional

measuring distances between points in T structure
beyondjust

Actually we need a bit less than this to talk
about continuity but that is a pointthat

being sets

we will return to later



To start let's consider the continuity of functions
f S T where Sc 112M and Tc IR

For x Cx xn 412

y ly yn c 1127

let day denote the Euclidean distance between x andy
i e

day f x y t z Yz
2 to o t Gu Yu 2

n

H t y11

Note This defines a function d 1124112 QD

et Sc IR and To 112 for some n m 1
Intuitively a function f S T is continuous
1ft maps nearby points to nearby points

d gives us our notion of nearby
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Discontinuity
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Dscontinuity
Lectureended



Formal Definition
WTsay T's continuous at xes it
or all C 70 there exists of 0 such that
yes and dexy e 8 then dad fly1 a E

We say f is continuous if it is continuous
at all x ES

sq
a FCB

x

qi
f

points
within
C of
f G

S T
Interpretation You give me any positive 6 nomatter

how small Continuity at means that I can choose
a positive 8 such that points within distance 8 of x

map underf to points withindistance E of X I'm allowed
to choose 8 as small as I want as long as it's positive



Example Consider f IR IR
defined by fCx TD

if
box

e paid

since f splits the line at 0
we expect That f is not continuous Lets check this
using The formal definition of continuity

Proofthaffisnotcontinir
Let E 112

off
distance

goat

f tap



t.de

points within distance

inoffjoem 0 shown of the patients

under fasto inblue

No matter howsmall we take 8 if y O and
d lo y J then d fo fcy I
Hence f is not continuous at 0

Examples of continuous functions
elementaryR valued functions from calculus are continuous at

each point where they are defined eg i

sin x cos X logX E polynomials

sums products and quotients of these

4facts moral functions that you think would becontinuous usuallyare
1 If f S T and g TSU are both continuous
then got S U is continuous

2 If Sato 1124 then the inclusion map
j S T given by j G X is continuous

godsqnooeasm.aeooana



3 If Vc RM and fi f z Fn U IR are

continuous then Cfi Fz fn V IR

given by Cf fz Fn x fix ffx FuG
is continuous

4 If f S T is continuous then the
the map I S im definedby EG fad is continuous
In this class we won't spendtoomuch time
worrying about

the rigorous definition of
continuity but I do want you to be
familiar with it

Homeomorphism
For S T subsets of Euclidean spaces
A function f S T is a homeomorphism
if

f is a continuous bijection
bijection hasinverse

The inverse of f is also continuous

tomeomorphism is the main notion of continuous deformation
we'll consider in this course

If 7 a homeomorphism f S T we say
S andT are homeomorphic

In this class topologically equivalent homeomorphic



g y g

Exampley Let YC 1122 be the square of side length
2 embedded in the plane as shown

N 1
The function f a S given by
f G I is a homeomorphism11 11

where Hills distance of x to origin

BY facts above
tf

this is continuous
It is intuitivelyclear that this is a bijection with a continuous

inverse The inverse can bewritten down but we won'tbother

Example Consider the function
f 0,21T 5 from last lecture

given by f G cost sinx

g 2



f is continuous and we saw last lecture That it is
a bijection However f S 0,21T
is not continous at 11,0 And therefore
f is not continuous

m
EI ni
f tears apart

any small neighborhood
around U O

Note The fact that f is not a homeomorphism
doesn't imply that 0,21T and S are not
homeomorphic In fact they are not and we will

explainwhy
Basic Facts About Homeomorphisms soon

Clearly if f S Ta homeomorphism then f is
a homeomorphism

If f S T and g'T U
are homeomorphisms then
got S T is a homeomorphism lyymverse

I l f



Example o

Returning to examples from the
1st day of class consider the capital
letters as unions of curves no thickness

D and O are homeomorphic
T Y and J E and F are G homeomorphic
C S and 2 homeomorphic
X and K are homeomorphic at least the

way I write k

Example The donut and coffee mug
are homeomorphic

ai

IsotopyAll of the pair of homeomorphic spaces we've
seen so far are topologically equivalent
in a sense that's stronger than homeomorphism

called isotopy


