
 

AMAT 583 Lecture 5 9 10 19

Lastlectures Informal discussion of continuity

today Formal definition of continuity
Properties of continuous functions
Homeomorphism

Foreal Definition of Continuity
We say f S T is continuous at XES it
for all C 70 there exists of 0 such that
if yes and dexy e 8 then dad fly1 a E

We say f is continuous if it is continuous
at all x ES
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a positive 8 such that points within distance ofof
map underf to points withindistance C offld I'm allowed
to choose 8 as small as I want as long as

it's
positive

Example Consider f IR 1122
defined by flex TD

if 00box

e Bio

since f splits the line at 0
we expect That f is not continuous Lets check this
using The formal definition of continuity

I f



Proofthaffisnotcontinir
Let C 12

points within distance
Y fLg Iz from f o shown

een

Bpoints within distance fCB also
incrfrom 0 shown in blue
blue

For all ya 0 d fly Ko DKyy 11,0 E
No matter howsmall we take 8 there is always some y 0
with duty l J Such y doesn't satisfy d fco fly stoo
That is y doesn't map into the green disk
Hence f is not continuous at 0



Examples of continuous functions
elementaryR valued functions from calculus are continuous at

each point where they are defined eg i

sin x cos X logX E polynomials

sums products and quote ts of these

4facts moral functions that you think wouldbecontinuous usuallyare
1 If f S T and g TSU are both continuous
then got S U is continuous EI f X gofssinx

gG Sint

2 If Sato 1124 then the inclusion map
j S T given by j G X is continuous

godshumorists
3 If Vc RM and F f z Fn U IR are

continuous then Cfi Fz fn V 1124

given by Cf fz Fn x fix Ffx fuk
is continuous

if E Igt it's
s

4 If f S T is continuous then the
the map I S im definedby EG fad is continuous

Et Hx IR IR fG p is continuous FTD IR Cool



Flex p is continuous

In this class we won't spendtoomuch time
worrying about

the rigorous definition of
continuity but I do want you to be
familiar with it

Homeomorphism
For S T subsets of Euclidean spaces
A function f S T is a homeomorphism
if

f is a continuous bijection
bijection hasinverse

The inverse of f is also continuous

Homeomorphism is one of the main notions of continuous deformation
we'll consider in this course

If 7 a homeomorphism f S T we say
S andT are homeomorphic
Intuition e f is a bijection such that neither f nor f tears itsdomain

Exampley Let Yc 1122 be the square of side length
2 embedded in the plane as shown

c.mx i
X y q



I
The function f T S given by
f G I is a homeomorphism11 11

where Hills distance of x to origin

BY facts above
tf

this is continuous
It is intuitive clear that this is a bijection with a continuous

inverse The inverse can bewritten down but we won'tbother

Note When we talked about continuous deformations on

the firstday of class thinking of objects made ofrubber
there was an implicit notion of an objectevolving in time from

an undeformed state to a deformed state However

the definition of homeomorphism does not model any
such temporal dynamics We will return to this point
SOON

Example Consider the function
f 0,21T 5 from last lecture

given by f G cost sinx

g 2



f is continuous and we saw last lecture That it is
a bijection However f S 0,21T
is not continous at 11,0 And therefore
f is not continuous

m
Ein

f tears apart
any small neighborhood
around U O

Note The fact that f is not a homeomorphism
doesn't imply that 0,21T and S are not
homeomorphic In fact they are not and we will

explainwhylate in thecourse



Example Considerthe capital letters as unions of curves in the
plane with no thickness

T is homeomorphic to Y

Too Y

for example one can define a homeomorphism

1 Y which sends each of the colored
points of Tabove to the point of Y of
the same color

S is homeomorphic to U

f V

E is homeomorphicto T

E I

O is not homeomorphic to S Intuitively any bijection
0 S must cut the 0 somewhere so cannot be continuous

Noted In general subsets of 1122 with different s of holes



g e l h d re

arafyenfaiohoompegmggrphifjlmeakwi.gg this format requires ideas from
discuss later in the course

Liam BBis not homeomorphic to any other letter
because is the only capital letter with two holes

Example X is not homeomorphic to Y

Explanation X has a point where 4 linesegmentsmeet
Y does not Using This one can show that
X and Y are not homeomorphic

Basic Facts About Homeomorphisms
clearly if f S51 a homeomorphism then f is
a homeomorphism

If f S T and g'T U
are homeomorphisms then
got S T is a homeomorphism wg guverse
as an immediate consequences if X andY
are homeomorphic and Y and Z are homeomorphic

Then X and Z are homeomorphic


