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Today Homotopy continued

Embeddings

Isotopy
Definition For continuous maps f g S T
a homotopy from f tog is a continuous map

h S XI T ne

f

such that ho f and he g
Notes Any continuous map h Sx I T is a homotopy

from ho to he
We sometimes call h a homotopy without mentioning ho ha

Example f g S't IR f I t is the inclusion map
unftcircle in IR g 25

A im f

radius 2



et h S I HE be given by
h E t s D8
Then ht St IR is given by ht Itt 5
and dearly ho f hog
5 4122 and Ic IR so 51 14123
In fact SHI is a cylinder and the following
illustrates h

Is af
sim

ht is shown above for F O ti s 34,1

Example Let f S R bethe inclusion map and
This example is similar to the last one andwill be skipped in class

let g S 1122 be given by
gCxJ 10,0 forall xest

We specify a homotopy h S I lR from f togabyWIT t't

t
I 100



Note that im ht is a circle for H1 and a point
for t I as above imCht is shown for F O ti k 34,1

Embeddings
Reed for any function f S T there is an associated

function onto The image of f namely
F S im f

given by TG flex That is f and I are given
by the same rule but the
codomain of F is as small as
possible

forconcretenessDef A continuous map f S T is anembedding think of
if f is a homeomorphism onto its image T as 112

i e F is a homeomorphism

0 t

embedding



O see
not an embedding

EastAnyembedding is an injection but
not every continuous injection is an embedding

Zoot of injectivity If F is a homeomorphism then
it is bijective hence injective f jot where j im f T
is the inclusion map j is injective The composition
of two injective functions is injective so f is injective Oh

xamplei The following illustrates that a continuous injection
s not necessarily an embedding

Consider f 0,2T 1122 fG cos x Sin x

We seen above that F is a continuous bijection
but not a homeomorphism

Remark If S has a property called compactness then

any continous injection f s IR is an embedding

eg St is compact but 0,21T is not compact



g p

IDsefff.fi
an ForS TclR an isotopy from S to T

is a homotopy hi 112 such that
imCho S imChe T

ht X IR is an embedding for all TEI

If there exists an isotopy from S to T we say
S and T are isotopic

Interpretation im ht is the snapshot at time t
of a continuous deformation from S to T
continuity of h ensures that these snapshots
evolve continuously in time
fact that hp is an embedding ensures all im ht are

homeomorphisms

Clarifications
In the above definition homotopyjust means continous map

The def ition doesn't explicitly put any requirements on

X but it follows from the definition that I has to
be homeomorphic to both S and T
To X im

gho
is a homeomorphism because ho is an embedding



Try X imylha is a homeomorphism becausehe is an embedding

Twista l T
Illustration a

tin

D

hof
7 inch

I can take t.si 0
Xss

h
Fa If there exists an isotopy from S to T
then there exists an isotopyhi S 112 that is 8 5
with no S 112 the

inclusion.ltfuIjYhmenoIybjfI

j

5lmao

im hi
1h he

3



Examplei Let A d y est x so

B ix y est x ro
A B

gg s
ii i.ii

imhyyimh
is an isotopy from A to B

Explanation holt y to x y Ky so

ho is the inclusion of A into 112

heG y L x y so im he eB

by s k't2Day

Not hard to check that each ht is an embedding

Example Let To 1122 be the circle of radios
2 centered at the origin

The homotopy h S IR h t Itt I
in the example above is an isotopy from
5 to T circle of radius 2



n

Examplei Let A West Ix's 0

B Hides Ix ro
A B

gg s
ii s.ii

imhyyimhy
is an isotopy from A to B

Explanation holt y to x y Ky so

ho is the inclusion of A into 112

G y x y so im he eB

h GyJskk2t x y

Not hard to checkthat each ht is an embedding



N u ea h l g

Exercise Let 13 be as in the last example
will not becovered in class
Let D 03 51 I coy l bys13

a Give a homeomorphism f D B

g
Ewer flax try y
note Sts ex y eIR't x'tip D
fCxy c S because

fifty 2 1

b Given an explicit expression for f

f x y O y

c Give an isotopy from D to B

1122

i whoB It y
ho lo y imtho y
hi FF y so imCha s im B



he IM 1 so i D B
easy to check that each ht is an embedding
d Give an isotopy from B to D

h BxI lR hay t x l t y
lecture ended here

Fautsaborisotopies
Symmetry If there exists an isotopy from
Isotopices S to T then there exists an
canbe reversed isotopy from T to S

PI If h X I IR is an isotopy from
S to T then I X x I T given by hcx.tt hlx.tt
is an isotopy from T to S

Transitivity If 5 T are isotopic and
T U are isotopic so are
S V

details omitted butsimilar totheargumentalsoSketoo that we can always take 8 51
Assume S TUCR Wecanfind isotopies f Tx I IR from S to T

g Tx I 112 from T to V
suchthat f d go the inclusion Turn
Define an isotopy hittin 112 h t f x Zt for te 0 Ifrom Stollby

gu a 1 forTela's
It can be checked that his indeed continuous



Example consider the thick capital letters

t.ms
Both are isotopic to the disc D Lxy 4124 x'ty

OidReadthazated Otermainaaino hommoEBamBoBBoBaos

Isotopy from D fo th
fence by transitivity Ahh andah are isotopic
In particular they are homeomorphic

Thus we see that whether two letters are homeomorphic

depends on whether we consider the thin or thickversions

Note Whether S and T are isotopic depends
on where S and T are embedded Yuet'sfornot

homeomorphism

Example X Stu 034122 Y Stu 43,01



O

X sq

X and Y homeomorphic not isotopic
But if we embed X V

in 1123 then they are
isotopic there

That is let X x y o I G y ex c 1123

Y Cx y O 1boy EY C 1123

rt

Xl Y

if
Effie's

an isotopy h Isles
moves the extra

point as shown in red



Similarly if we embed S and T of the
previous example into 1124 they are isotopic there


