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Today Properties of isotopies

Examples of Surprising Isotopies
Equivalence relations will beused to define path componew

Isotopy here is the main definition from lasttime
Definition For 5 Tc IR an isotopy from S to T
is a homotopy hi IR such that
imCho S imChe T

ht X IR is an embedding for all TEI

If there exists an isotopy from S to T we say
S and T are isotopic

Fautsaborisotopies
Symmetry If there exists an isotopy from
Isotopices S to T then there exists an
canbe reversed isotopy from T to S

PI If h X I IR is an isotopy from
S to T then I X x I T given by hcx.tkhG l t
is an isotopy from T to S

Transitivity If 5 T are isotopic and
T U are isotopic so are
S V



Sketchof proof jdetailsnmitted.pk wyilEntgwthaeysafaqyemgdgg

Assume S TV cRh Wecanfind isotopes I Imf'Iotu
Suchthat go the inclusion Turn
Define an isotopy hittin R from StoVby htt t fg fort

It can be checked that h is indeed continuous

Example consider the thick capital letters

i a.gs

Both are isotopic to the disc D Lxy 4124 city's13

OArahmamozibahe.ee Bimbotasadagaino Ignominious

Isotopy from D fo th
fence by transitivity Kt anddB are isotopic
In particular they are homeomorphic



Thus we see th t whether two letters are homeomorphic

depends on whether we consider the thin or thickversions

Note Whether S and T are isotopic depends
on where S and T are embedded That's not

true for
homeomorphism

Examr s Y
o.sn
43.03

X ng

X and Y homeomorphic not isotopic
But if we embed X V

in 1123 then they are
isotopic there

That is let X x y o G y ex c 1123
V I Ni Cx y O toy E t

C 1123

4



A Li

if
Effie's

an isotopy h Isles
moves the extra

point as shown in red

Example Similarly returning to The example of non isotopic
objects considered earlier

C 1123

These are isotopicwhenembedded in IR

Surprising Isotopies
There are some well known examples of pairs of
objects embedded in 1123 which seem like they ought
not to be isotopic but are See the posted pdf
slides for some examples of surprising isotopies



Equivalence relations You mayhavenot heard this termbut you knowmany examples of this
Let S be any set A relation S is a function

R Sx S o I
I I yesno

Notation Instead of wraiting RG y D we write xRy
RGy 0 we write xRy

slash through
the R

Liam Less than L is a relation on 27
That is we can think of 4 as a function

S 27 27 o B
e.g Ka b s 1 is written as a b

a b 0 is written as a b

Note We pretty much never write Ela b but
the idea that L is a function with awkward

domain 27 27 is useful

Example and 3 are also relations on 27

I



Example As in homework 1 let 1427 denote the
over set of D set of all subsetsof2.7 Then C is a

relation on PCI

In fact c is a relation on PCs for any sets

Equivalencerelations often denoted

A relation on S is an equivalence relation if

1 x X t te S reflexivity
2 x y iff y n x symmetry
3 x ny y z x Z transitivity

if try we say x is equivalent to y
Exampled The equivalence relation L on 27 satisfies
only property 3 e.g 24 2 and 3h5 but 543

Example The relations on 27 satisfies

properties 1 and 3 but not 2

Examples 1 For any sets the relation givenby
f y t xpGS is an equivalence relation

2 Similarly the relation given by try only if
key is an equivalence relation


