



































































































































AMAT 583 Lec 9 9 24 19

today Path components
Recall from last time

I

A relation on a sets is an equivalence relation if

1 x y f te S reflexivity
2 try iff y n x symmetry
3 x ny y z x Z transitivity

if try we say x is equivalent to y

Interestingexampt Let be the relation on Z
defined by a b iff a b is even

This is an equivalence relation

Succinct proof
1 a a is 0 which is even Fae 27
2 a b is even iff b a Ca b is even

3 if a b is even and b c is even then
a Cs a b t b c is even because the sum of
two even H's is even






































































































































Equivalenc.ec asses Def For an equivalence relation on

S and X E S let Ed denote the set YESlynx CS
We call EX an equivalence class of n

set of all elements
of S equivalent to X

Example Let be the equivalence relation on 27
given in the previous example

Q what is O As z O iff z O is even iff z iseven
So O the even integers E

QIWhat is 2 As zn2 if z 2 is even iffz is even
So 2 E
In fact for any even number 2 G E

Qwhat is I AA Z I iff z I is even if 2 is odd
So I the odd integers 0

Similarly for any odd 2 23 0

So there are just two equivalence classes for this relation
E and O

Ect For any equivalence relation on a set 5 every element
of S is contained in exactly one equivalence class of

Pt For x cS X c Ex because is reflexive
Suppose Xt 2 2 YES I y Z So x 2




















































































pp I I r
andthus 2T If y Ek then y 2 By transitivity
then y X so y cEx This shows that
2 CUT A very similar little argument showsthat
xTc z Thus 63 12 This shows that
belongs to exactly one equivalence class namelyAT.gg

Notation Stu denotes the set of equivalence classes of
of 4

Example Let be the equivalence relation on
Z of the previous examples

Then D E03

Lemma For any equivalence relation on a set
S and X yes Xu y iff Cx Ey

Pfi Assume try Then by transitivity z n y
z X So y c x

By the same reasoning if Z X then Z y
so x c Cy

Since Ex c Cy and Cy off we have
Ey



Conversely assume x y Then since Xv x
c Ex y so Xu y Oh

PaethComponents
subsetof Euclideanspace

RecallfromhomeworkH2i For a Tpance S and

esthstr His
c

is jg
Define a relation on S by my iff F a path
from X to y
Proposition is an equivalence relation

proof was notcovered in class last time

Pt Reflexivity For XES the path S given by
Jlt X ft EI is a path from to itself

Symmetry If 8 is a path from X to y
then 8 I S Jct 8 l t is

a path from y to X

Transitivity If x i path from x to y and
B i a path from y to 2 then

a path 8 from x to 2 is given by

r s rus
for tea d DBkzggqfgpggqfgvg.iq
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Definition A path component ofS is an equivalence class
of i e In element of SIN

Illustration Notation Stu is

these BBtDBR written as ITC
shown has two Jtag theftof
path components J opfathscomponents5

Definition S is peathconnected if itG contains exactly
one element Note If 5 is non empty this is equivalent to

the def ofpath connected in HW 2

Proposition If S and T are homeomorphic then there is
a bijection from ITG to IT 7
Thus if S has k path components so does T



Proofs For any continuous function f S T we

define a function f ITIS TILT by

t.tk CtcxssIae9iihne EYsEdoos i Yaifs
f c to be thepath component of TcoutaingfCx

gBf.m.gq.i.ingffgargfouainFEis
c THE c

Notei We need to check that this definition doesn't depend
on the choice of Ke C

Diggs wingingri aaeEEthey.sc aa.p u.cyD f C4

That is we need to check that if G ly then
text fly

If d s ly then try i e there is a path KISS
from X to y fo8 I T is a path from to

y so far fly which implies fly fly f



We'll show that f is invertible hence a bijection
when f is a homeomorphism

For this we need two facts

1 For any SEIR and Ids S S the identitymap

Id Edna pcs pfjj.itkH xV x

1 Id Ex 3 Idk D Ex

2 For any continuous maps F S T g T U

gof g of PCs IT u

Pt gof Cx goffe gCfG
g fCxDf g If 3 g of x



Now assume f S T is a homeomorphism
Then f f are both continuous and we have
f of Ids
fo f Id G Id'T s

11

Thus ft of Id f of Idf
S

f of 1 Id
it

of Id to

Thus f IT G it CT is invertible
with inverse f DARK

Application Consider the symbols t and
as subsets of 1122
Tht L IT E 2 IT E 3 Thus none

is homeomorphic to any other

Application We prove that as unions of curves w
no thickness X and Y are not homeomorphic

Fact If f S T is a homeomorphism and
Acs then A and FCA are homeomorphic
where f A yet I y fCx for some xe A

Omara O
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proof offact tobeskipped in class Let j A S be the
inclusion im fdj FCA Since f is a bijection
so foj A f A It follows from the facts about
continuity stated in an earlier lecture that
toj is continuous Moreover if j FCA T is

the inclusion fogs fojT and this is
continuous by the same reasoning

Proof that I and I are net homeomorphic
Let XCX be obtained be removing the
center point p 11TH f 4 Note that there
no way to remove a single point from Y
to get Y c Y with 11T Y 1 4

If we have a homeomorphism f X it
then fCX is obtained from Y by removing
f p and 11T f X 1 HIT XM 4 bytheprop
which is impossible Thus no homeomorphism

f X Y can exist
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