AMAT 584 Homework 5

Due Wednesday April 15

Problem 1. For each of the following simplicial complexes X

a X = {[a], [0],[c], [d], [a, ], [¢, d]},

b. X = {[al, 0], [c], d], [e], [a, b], [b, c], [¢, d], [a, d], [a, ], [a, €], [b, €], [a, b, c] },
do the following:

1. Sketch the simplicial complex.

2. Represent each non-zero boundary map 0; in the chain complex of X as
a matrix with respect to the standard bases for C;(X) and C;_1(X). Use
the given order on j-simplices.

3. Compute the dimension of each Z;(X), B;(X), and H;(X), for j > 0.

Answer: a. The only non-zero boundary matrix is:
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b. The non-zero boundary matrices are:
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5 ifj=0,
dim(Z;)(X)) =43 ifj=1,

0 otherwise,

4 ifj=0,
dim(B,)(X)) = {1 ifj =1,

0 otherwise,

1 ifj=0,
dim(H;)(X)) =42 ifj=1,

0 otherwise.

Problem 2. For X as in problem la., explicitly write down all of the cosets of
Hy(X). Sketch each element of each coset.

Answer: There are four cosets: S& b&"\) &\ “'\C Sktj'dnes

Bo(X) = {0, [a] + [0], [¢] + [d], [a] + [b] + [e] + [d]},
la] + Bo(X) = {lal, [0], [a] + [¢] + [d], [b] + [c] + [d]},
[e] + Bo(X) = {le], [a] +[b] + [d], [d], [a] + [0] + [d]},
([a] + [e]) + Bo(X) = {[a] + [c], [b] +[¢], [a] + [d], [b] + [d]}

Problem 3. For X as in problem 1b., explicitly write down the coset of Hy (X)
containing each of the following elements of Z;(X), and sketch each element of
the coset.

a. z1 = [a,b] + [b, ] + [a, c],
b. zo = [¢,d] + [a,d] + [a, d],
c. z3=la, b+ [a,e] + [b,e].

Answer: Note that

Bl(X) = {07 [avb] + [b, C] + [CLC]}.
Hence the cosets are

z1 + B1(X) = B1(X),
z2 + B1(X) = {[e,d] + [a,d] + [a, ], [a,b] + [b, ] + [e, d] + [a, d]},
z3 + B1(X) = {[a,b] + [a, €] + [b,e], [a,e] + [be] + [b,c] + [a, ]},

see. bebw for the sl:dt‘/.es

Problem 4. For both simplicial complexes considered in problem 1, give a basis
for each non-zero H;(X). [Hint: {21, 22,23}, as defied in the previous problem,
is a basis for Z;(X).]



Answer:
a. Note that has X has two components, call them C; and Cy, with a € C
and b € Cs. Thus, according to a proposition from class/the notes,

{la] + Bo(X), [b] + Bo(X)}

is is a basis for Hy(X).

b. The singleton set {[a] + Bo(X)} is a basis for Hy(X). Using the answer to
the last problem, the hint, and the proposition about bases for homology from
lecture, we have that

{za + B1(X), 23+ B1(X)}
is a basis for Hy(X).
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Skekches fer prdolem 3
2+ R;(X)= Bi(x)
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