



































































































































AMAT 584 Lecture 15 2 24 20

Today and nextseveral lectures Abstract Linear Algebra

IvrMotivation We will need two big ideas from
linear algebra to define and work with hemology
1 The dimensim of a vectorspace
2 The quotient of a vector spade

Abstract Vector Space Introductory Remarks
In typical introductory linear algebra classes one considersthe
following vectorspaces
R n s O
En n O
Subspaces of these e g a line throughthe origin is a
subspace of 1122

In linear algebra one is concernedprimarily withtwo operations
on vectorspaces addition and scalar multiplication
































































For example Cl 3 t 12,5 112,315 13,8 addition

7 1,3 71,73 scalar multiplication

In many places in mathematics includingtopology weneed a more
abstract definition of a vectorspace which encompasses these examples

Understanding thegeneral definition well will give you a filler
understanding of the familiarcases of Rh and E

Fields The first ingredient for the definition of an abstract
vector spaceis a field

Definition A field is a set F together withfunctions
if it F addition Note t lab is written as atb
Fx FSF multiplication o lab is written as a b

satisfing all the familiar properties of arithmetic over the rational
numbers or real numbers 112 namely the following

Associativityofadditionand multiplication

Catb to at btc
a b c a b c

I



Commutativity ofadditionand multiplication

atb b ta
a b b a

Additiveand multiplicative identities

There exist distinct elementsof F which we willwrite as
0 and I such that at a and I as a ta EF

a
He Tm

igative
fine Edda it eykarethneneisuid.a.ir or

Additive inverses

tf att there exists an element in F denoted a such
that at as 0 This property impliesthat subtraction makes sense

Multiplicative inverses

tf non zero aef 3 an element in F denoted a orta such that
that a I

Distributivity a btc Ca b tCao c

I



Examplest As suggested above Q and IR are examples

of fields

So
aye
the complex numbers E Multiplicative inverse of

O t utb i t is Itb Ttb i

Ion example of a field The set of integers 27 satisfies
all The properties of a field except the existence of
multiplicative inverses

Primefields

Let Fz 0,13 Define 1 Fok E and
o Fz Fz Fz

by the following tables

O T O T

o.to otot

I 0 I

Then one can check with these choices of addition
and multiplication Fz is a field
In practical applications of TDAthis is the mostimportant
field



More generally let p be a prime number e g
p 2 3 5 or 7

Let Fp 0,1 p l

Define Fp xFp Fp


