



































































































































AMAT584 Lee16 2 26 20

Today Prime Fields Continued
Abstract Vector Spaces
Dimension of a Vector Space

Review

Definition A field is a set F together withfunctions
if F F addition Note t lab is written as atb
Fx FSF multiplication o lab is written as a b

satisfing all the familiar properties of arithmetic over the rational
numbers or real numbers IR

Wegave these properties explicitly in the last lecture
Most important properties to remember
I an additive andmultiplicative identities 0 IE F
f at F also I a multiplicative inverse a EF also writeE
Thismeans a I I
Hae F F an additive inverse a EF i.e at a 0

Example Prime fields
Let p be a prime number eg
p 2 3 5 or 7






































































































































Let Fp 0,1 p I
Define Fp xFp Fp by taking Atb to
be the remainder of the usual integers afterdividing
by P

e.g in Fg 414 3

Similarly define i Fptfp Fp by taking a b to be the
remainder of the usual integer product after dividing
by p

e.g in Es 4.4 1

With these choices of addition and multiplication
is a fieldp

Example Fs's 0 1,23

Addition and Multiplication in 15 are given by the
following tables

t.io o
i ii



Note If g is not prime e.g 8 4 Fao can still be
defined in the same way It still satisfies allothe
properties of a field except the existence
multiplicative inverses

Fg is a ring But we won't worry about rings
in this class

Abstract VectorSpace

Definition A vector space over a field F is a set

together with functions

VxV V addition Note t lab is written as atb
FMV scalar multiplication o lab is written as a b or ab

Satisfying all the usual properties of addition and
scalar multiplication of vectors in 112 or 6 namely

A.tl epapeessatisfiedbyadditioni afied

f
commutativity
existence of additive identity 0 and additive inverses



Oterproperties
t well I w w I denotes the multiplicative identity of F

An associativity likeproperty for fieldmult scalar mutt
V a.be F and ut e V lab D a bio

Distributivity version 1
H att and Joe V a Vtw autaw

Distributivity version 2 o ot a btF and BEV atb w aw tbw

To be clear all properties listed are part of
Thedefinition of an abstract vector space

that is these properties are axioms

There are other properties satisfied by an

abstract vector space that are consequences of
the axioms e.g f at F a8 0

Noetation Terminology If V is an abstract vector

space we call elements of V vectors and write them
using the arrow notation as above e.g Tell



Examplesi

1 IR with its usual addition and scalar multiplication
is a vector space over IR

2 Similarly El is a vector space over G

3 For any sets thesetofall functions f S IR with
addition

g x f tgG
and scalar multiplication

c f G c f G

is a vector space over 112 denoted FunCS IR

For example take 5 112 or 5 CO I

4 Moregenerally for any field F the set of all
functions f S F is a vector space over F denoted
ForCS F

5 The set of all polynomial functions F IR IR
with the same addition and scalar multiplication rules
as above is a vector space over IR



A subspaceof a vector spaceVover F is a subset
WCV such that

It W t WT WIEW
a E EW t aEF Jew

Facet For
t Vx V to W xW and
o FN to FxW

give W the structure of a vector space

Examples
I ny Ce IR the line G y ly ex is a subspace
of


