
 

AMAT 584 Lecture 19 3 3 20

today Dimension
Representing an abstract vector with respect to
a basis
Linear maps

Review
Let V be a vector space over a field F

Def A basis for V is a minimal spanning set for V

Equivalently a basis for V is a linearly independent

spanning set

Proposition Every vector space has a basis

Proof uses Zorn's Iemma an axiom from set theory
equivalent to the axiom of choice

Propositi tf B and B are both bases for
a vector space V then there is a bijection

f B B



We will not cover these proofs see Axler's text fordetails

Definition The dimension of a vector spaceVdenoted dim
the number of elements in a basis for V

By the two propositions this number is well defined

tapes 1 For any field F
Fh Cx xn l ti e F

has basis e en as discussed in the last lecture
so dim Fn n

2 Let it be any non zero vector in IR and
the b Span Et i.e L is The line through

the origin containg 8

Then T is a basis for L so dim L I

Thus a line is one dimensional as expected

I



3 Let s be a finite set and F be any field
As mentioned previously the set Funds F of all
functions 8 S F is a vector space

For xes let of S F be given by

chly I if ya0 otherwise

It is easily checked that Bs x x ES
is a basis for fun S F

Clearly there is a bijection between S and B

Thus dim Fun S F of elements of 5
possibly x

In elementary linear algebra one usually worries about
finite dimensional vector spaces and these will suffice for
purposes in this course mostly



Representing a vector with respect to a basis
Let V be a finite dimensional vector space
over the field F

Given a fixed choice ofbasisB Ebi bn fqgF
we can represent

any vector IGF as an element 0 BEFn

To explain we need the following

Proposition For J and B as above F has
a unique expression as a linear combination
of elements of B That is

F c b t o o Cnbn for unique G as C F

Proof Span B V so I cSpan B so such Ci
exist

If F c b t enbn
d b t fdubn

for G cuEF
di duEF

then 0 4 b t Cnbn d b t out dubn
Cq d b t o t cu du bn

3 is linearly independent so Ci di O ti i.e Cisdi Thisgivesuniqueness



y g g

We define V j G Ch E F

Example Let V 112,2 B l CT
Last lecture we observed that f 4 ER

f ty f t's Lx y t
So

For e ample BBB 449 E
Thebasis B gives an alternativecoerdinaesystem on 112

LinearMape
Linear algebra studies therelation betweenthree closely related things

Solvinglinearsystein
tf orgy

MatomputatTs q sfieneogrgapascebsetu.ee



In elementary courses linear maps are emphasized less
but understanding their connection to linear systems and
matrices can be very clarifying

In any case we will need linear maps to talk about
homology

Definition A function of vector spaces f V W bothoverF
is said to be linear if

f ftw ft tf B f f EET
f et of f TEF Ce F
Example any men matrix A with coefficients i
afield F defines a linear map TA IR IRM

given by TA G Ax
in
matrix vector multiplication


