
 

today Linear maps

Definition LetVWbevector spacesover afieldk f V W
is said to be linear if

f Ftw f f tfw ftp.wcV
Wecallsuch f a linear

f cf of f f TEF CE F mep or linear transformation

Example any men matrix A with coefficients in

afield F defines a linear map TA IR IRM

given by TA AI
Fri vector multiplication

For instance if

4 369

then TA 1123 1123 is given by

me is
3

X
Thelinearity of TA follows from basic properties ofmatrixvectormultiplicate



Subspaces associated to a linear map f V W

im f Jew I 8 FCT for some TeV
Ker f s TeV fat O
ur
called thekernelof f

Proof that im f is a subspace
If I T E im f then I ftv and Ji FCT for
some J J EV By linearity fCf tri f f tf D two
so wi t J E im f
It ok then flat c f P cut so cut cim f

The proof that ker f is a subspace is quite similar I leave it
as an exercise

Definitions For f V W a linear map
I We call dim im f the rack of f
2 We call dimlker f the nullityof f

RenkNullity Theoremi For FV W a linear map between
finite dimensional vector spaces

dimCV rank f tnullity f



How does one compute rank f or nullity f in practice
We will address this below

Representing Linear Maps withMatrices
Recall fromlast lecture For V a finite dimensional vectorspace over F
with basis B Eb bm and TEV we can write

we

ruin in i is

Let f V W be a linear map of finitedimensionalvector
spaces

Given bases B Eb bn and
B Ebi bm

for V and W respectively we can represent f via the
mxn matrix

Fws Fcolumns

f o o I f bnftp.B llflbyDBi lflbfDB p
Istcolumn 2ndcolumn nthcolumn



In words the jth column of f Bi B is the representation
of fLbj in the basis B

The idea behind this is that by linearity to know
the value of f on an arbitrary TGV it's enough
to know the value of f b for each beB

Indeed if J C b t Cnbn then by linearity
f f fk b t tCnbn af bi ti Cuffbn

Fact If S is the setofcolumns of f BiB then

Rank f dim spanks

This can be computed by putting FIB B into row echelon

form using Gaussian Elimination The number of
pivot rows in the reduced matrix is the rank of f

Exampled Let t.IR 1122 be given by

FED ie f T't where A it
Let B lb EB B l HB

Il H Il II
b b 2 bi b z



f b D Ill to H so Hbd Bis b
f f 4 of1 t IH so GCb


