
 

AMAT 584 Lecture 22 3 23 20

More about linear maps isomorphoustoday
simphcial Chain Complexes

More About Linear Maps
It would have been more natural to cover this before
lecture 21 on power sets as vector spaces but I forgot to

Recall the following definition from Lee 20

Definition LetVWbe vector spacesover afieldk f V W
is said to be linear if

f ftw f tfw ftp.wcV
Wecallsuch f a linear

f cf of f f TEFCEk mep or linear transformation

Recall If t V V is a linear map between finitedimension
vector spaces with 13 an ordered basis for V and

B an ordered basis for V
then we can represent f via a matrix f B B
whose jth column represents f Bj as a liner combinationof the B
see lecture 20 for details



Facts I For any vector space V Idu V V is a linear
map

2 If f V W and g W X are linear maps
then gotW X is a linear map

3 If A B C are bases for VWX respectively

then got c g cis f BA
matrix multiplication

Record If M is an atb matrix and
N is a btc matrix

i'Eiti iii ii iii his c
I

i.e MN ij 9 MikNkj
Isomorphisms

Abijectivelinear map is called an isomorphism

Note If f V W is an isomorphism then since it is a
bijection it has an inverse F W V It is easily checked
that f is also linear

If there exists an isomorphism f V W we say VaudWareisomorph



I V I I

Intuitively isomorphicvectorspaces havethe same algebraic structure

Examplest

Iz Forany vector space V Idu V V is an isomorphism

Let V 4122 be the line

vs Cxy ysx

Then f IR V given by
f k s G X is an isomorphism

3 Let 5 l n and let F be any field
for concreteness you may think of the case F IR

Recall that Furls F denotes the vector space of all
functions from S to F

Define a function f FunesF F by
f 8 84 812 813 Rn

f is an isomorphism

4 This example was implicit in lecture 21
For any set 5 PCs is a vector space over Fz

set of all subsets ofS



C a

with addition given by symmetric difference

The function 8 PCs Fun S E given by

JTG I if ET
recall we write 8TforKT

0 otherwise

considered in Lec 21 is an isomorphism

Propositi Two finite dimensional vector spacesoverthe same
field are isomorphic if and only if they have the same dimension

Theproof is an easy exercise

This does extend easily to infinite dimensional vector spaces
but I will not bother with that

Example Let 5 El n

Then Fun S E P S and Fz all have
the same dimension namely n



Chain Completes

Construction involved in thedefinition of homology
Idea Convert the set theoretic structure of the

simplicial complex into linear algebra

The construction of simplicial chain complexes andof
homology requires a choice of field

To keep things as simple as possible I will work
only with Fz This is by far the most common choice in
TDA

Let X be a finite simplicial complex Assume the
vertex set VA is ordered

Er j 70 let Xi denote the set of j simplices

Let Cj 4 Pow Xi regarded as a vector
space over Fz
We call CjKJ the jthchainvectorspaceoffElements of Cjad are called chains

Notation 9 ok E Cj k is written as
O t Oz t o e t 012



In particular we write o ECjCX simply
as 0 This identifies XD with a subsetof

We write 36CjLX as 8 since it's theadditive

identity

3oposition X is a basis far Cj X

The proof is straightforward

Examplej X
I

z

Xo a 123,133,143
X's El 23.11.33 2,3 3,4

X Ll 2,3

Colx consists of all possible subsets of X



Col H p be s b o l
in our notation Ci EX El TED t EX forexampl

Xo 13,123 G El is a basis for
X

Next time we'll define a sequence of linear
maps

s g EE Es Cdx

This is the Chanin complex of X


