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today chain Complexes Continued

We started the discussion of chain complexes in the
last lecture but didn't get too far We'll start by
reviewing that material

Chain Completes
Given a finiteabstract simplicial complex X we

construct a sequence of vector spaces over Fz and
linear maps

g
Themaps Jj are

4 Isc 4 Co X calledboundarymaps
for reasonsthatwill
becomeclear later

Technically this sequence is infinite but Cjk is the
trivial vector space whenever j dim X so the interesting
part of the sequence is finite

Recall Xi denotes the set of j simplices in X

Cj p Xi
power set set of all subsets

Cjk is a vectorspace over Fz with 1 the symmetric difference operator



Notation 01,02 ok E Cj t is written as

0 t Oz t t On

This is not a crazy convention since infact
o ok a t Oz t t ok
We'rejust dropping some curly brackets

In particular we write o ECj X simply as 0

As this notation suggests we can identify KJ with a

subset of Cj X namely the subset of singleton sets

Fact X is a basis for CjCX
Thus dim Cj X 144 j simplices of X

Theproof is an easy exercise

The additive identity of Cj is In keeping with our
broader conventions this is denoted 8

Example X LB CA El 2 I 2

Co 8 LIT ED Little Gtx 8,4233
I Kiss 1233 THE 11,23 is a basis

fgis a basis for Cock for GCx
for j 32 We say that GCX is trivial



I 3 I 0

Example X 4312 3 1,23 6,33 11,33 LI 2,3
3

farther

LIT ED ED is a basis for Cock
1,23 12,33 11,333 is a basis for
1.2.33 is a basis for GCN

Bo Maps

Notation For Exo tj 8k E k let
Xo Ij He EX be the

simplex obtained by removing xj
This is sometimes called a facet of Go xj Xk

Example In the triangle example above

I 2,31 12,3

i

3 c3



For Otto tj 8k EX we define the
boundary of o denoted oco by

F Lxi xz a to removed
Xo Xz Xz X removed
Go XI Xs Xy n X k Xz removed

i

t ko ti fk i c Xk removed

olio I Xk E Ce X

Examples For t.GLI co co2

I

t.ms t.ms.sn



Now for j s I we define Jj C X Cj X
b

Jj o tOzt t ok cha t Jd t t J ok

Wedefine C CX to be atrivial vectorspace over Fz and
define To Colt C CX to be the trivial map

Example For Laird
I 2

I 2,3 SKI 2,3 2,33111,3 t 1,2

More interestingly

81 2,3 t 1,3 t 1,2

2 t 3 t I t 3 t I t 23

413 4 t G t D t 33113

Et 8 t 8 8
since the symmetric difference of a set with itself
is the empty set



Proposition Each Jj is a linearmap

Thus if each X is ordered we can represent
Sj CjLX cj.dk with respect to the bases
Xj and Xj 1 as a matrix

Example Consider LINE
I 2

confiodegfkgfgllga.gg orderings of KO and X

X 2,33 1,37 1,2

Sz is represented by the 3 1 matrix
1,23

2,3 I've labeled

433µg the rows
1,2 and collumns

of the
ed the matrix

3 I I 0



Proposition For all j I rj.ioJj O

Examplei A calculation given above shows that for

IRIS
I 2

roof 0 In the calculation we see that
the simplices of 810oz I 2,3 cancel in pairs

More generally the proof of the proposition amounts to
the observation that for any of Xi the simplices
of of o Tz o cancel in pairs in the same way

See the course references for details


