
 

AMAT 584 Lecture 24 3 27 20

today chain complexes continued
Quotient Vector Spaces

To start let's review the definition of a chain
complex

For 4 a finite simplicial complex the chain Complexe
of X is the sequence of vector spaces and linear
maps I doEic H Gad odd 0

Where Cj X PXi for H theset of j simplicesofX
phowenrset regarded as vector space over Ezo

f XJ Cj X 8 Go xD Go I

Jj Lo toot ok Slo t too ot5 on

Recall X is identified with a basis for Cjad
called the standard basis

dim Cjk Hi l



Since each Cj X is finite dimensional if we order
J X and Gill then we can represent Oj via a matrix

with coefficients in Fz

Example Consider t.ISI 2

Confider the following orderings of KO and X'sCIT CT
X 2,3 1,3 42

Sz is represented by the 3 1 matrix
1,23

2,3 I've labeled
1,33µg the rows
1,2 andcollumns

of the

rigged

the matrix

3 I I 0

Note that o.ooi.inioII foo
n
ensaIi tH

following



Proposition t j s O
S

Sj odj ti Cj CX Cja O

ie is the constant map to 8

Example For 4 as above

chock 42,33 SICK 2,33

8142,33 1,33 4,2

5123 toll 3 t 54,2

2 1 331 4 t 3 t it e

Il t B t 23 12 483183

818 8 8
Note that 51052142,33 is 8 because the
simplices in the sum cancel in pairs

The proof of the proposition amounts to the observation
that this phenomena generalizes to any simple in any
simplicial complex



Cedesand Boundaries

For j3 O

Ker og e j f is calledthe cyclesubspace and i
denoted 2J X Elements of 2J X are called j cycles

im Loja ccj X is called theimagesubspace and
is denoted Bj X Elements of Bj X are called j boundaries

Propositions Bj X c 2JLX

Proof If ze BjG imLdjtl then Sjt
fortune yeCjti X Then Jj 2 s Jj loftily 8
so Zeke dj 2jlX 0th

As the names cycles and boundaries suggest these
objects have a nice geometric interpretation

Examplej het
fMBaBA

g
4

Zo ok since 80 0



It can be checked that

Ataman21k
z 1,33 12,3 Atmos

2,33 3,43 12,4 getaways

1,23 6,4 134111,33 GtaS

For example 8141,23 1 2,431 3,4314,3
13112 23 14 1 33 14 t I t 3

f.totfzItL2Ttf33tE33tf43tC4

Examples of 1 chains which are not 1 cycles include
1,33 3,43 12,4 Thihathu

1,3 3,43 12,3 Tatman

1,33 12,4 Athamas

It is easy to see that BIG 8,4231 1,33112,3

Indeed Czk 8 El 2,33

5267 8 and data 2 D 1,23 11,3316,3
boundary of aFor j 2 2J f Bz 83 triangle

I



Examples Cycles needn't form a connected subgraph

ester

1,23 2,331 1,3 t 4,53 5,631 14,6 GB X

Example consider the 3 simplex

xiao
4

12,33 12,34 t I 2,4 t I 3,4 E 22 X

sum of all the 2 simplices
i e hollow tetrahedron


