



































































































































AMAT 584 Lecture 26 4 1 2020

Today Quotient Spaces and Homology
Quotient Spaces are the last main linear algebra
ingredient we need to define homology

Given a vector space V over a field F and
a subspace W cV we define the quotient space
V W to be a vector space over F

very roughly speaking NW is obtained from V
by setting elements of W to O

If V is finite dimensional then

dimLVw dim V din w

Before defining quotient spaces we describe the
application to homology

Recall For a finite simplicial complex X The chain
complex of X is

Co 50
For j 30 2J X kercoj Bj 8 s imCdjti Propi BjA c2j X
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Dfefinojtic For j O the jth homology vector space ofX
Ij X is the quotient space 9 413CX

Intuitively dim Hj X j dimsional holes of X
I I

dim 21 7 dim BjXl

Examine

Athanasia4

b I b z
Il 11

We saw earlier 231 2,3311,3 2,334343113,4
is a basis for that so dim 2,1 1 2

Wealso saw that be is a basis for BIG
so dim Belk I

Hence dim HH 2 1 1 reflecting that X has
a single I D hole

Let us write 2 as 2 and B as B
















































































































Definition of QuotientSpaces
AsaboveTTetbeanyvector space and waV be
a subspace

We will illustrate the definitions with the example
f Z W B

First we define HW as a set

Recallthat for V an abstract vectorspace and
v v EV V v is shorthand for Vt C v1
Note When F E w tw O so w w and v w btw

Define an equivalence relation on V by
Vnv if and only if V V EW

Let's check that this is really an equivalence relation

Reflexivity V v E V V v 8 EW J
symmetry v w v w e w v w EW

w v cW
Transitity V n w and w v v wt W and w xcW
Therefor C w t w x V X EW so v n X

As aset we define HW to be Vln theset of
equivalence classes of n



q

In the case where V 2jlX W BjCX for some Xand
j 0 two cycles are equivalent if their difference is aboundan

Example Let's determine 2 13 as a set

Z O atoms

Cl 2 t 1,33112,3 Getaways

sina.ia.in

B O

b 8 bet B so bio 0

hEterpretati The cycle bis doesn't count as a hole
because it's a boundary

bibs bibs E t f 47 Is
did t 2,33 11,3 by E W

so bubs
hEterpretatie bzand by represent the same hole
becausegeometrically 143 canbe continuously deformed in 4 to 11,21413



Y

b X b z because bi bi bit bib B

Thus as a set 2 13 21ns 8 bis bz b

Recall For any sets an equivalence relation on 5
and YES denotes the equivalence class containing X

Example t.bz Cbs bz b

of be 8,513 B
Equivalence classes are disjoint so f t yes either

x Ey or Cincy p
Now we define the vector space structure on Vfw
Weneed to define addition and scalar multiplication

Wedefine a t Cw Gtw t v w e V
Iv Gv t veV CEF

Then 8 cHW is to W

Weneed to checkthat t and o do not depend
on the choice of representative for the equivalence
classes otherwise they are not well defined



d I

check that 1 is well defined

Suppose Lv Iv then
w fwy

Then v this Vtw and v t w'T sa't w

Ctw v't w l v v t w w E W
w w

in w in W

s o v t w n w t w v t w v't w

This shows that addition is well defined in Vfw
Thecheck that scalar multiplication is welldefined is similar


