
 

AMAT 584 Lecture 27 4 3 2020

today Quotient Spaces and Homology Continued
Examples
Induced maps on quotientspaces homology

Review
Tetbe a vector space over F and weV a subspace
Wedefine VW also a vectorspace over F as follows

Let n betheequivalence relation on Vgiven by
v i iff v v EWa

As a set MW is the set of equivalences classes of

Addition on 4W is defined by Cv tEw Cutw
Scalar multiplication on NW isdefinedby cEv ku
Additive identity in VIW is 8 HE for any JEW

Fact if ve V Ev v t w l w ew
Thus v is often denoted VtW

Fit iEEEFi
this



Homology For X a finite simplicial complex we define

HjCDs 2jlX Bj X
YES Kundan.es Endof review

PropositionSupposeV is finite dimensional WCU is a subspace
with dim w m and dim V ng and Ev Un is
a basis for V such that u um a basis for W o

Then Until Until fun is a basis for HW
In particular dimWlw dimLV din w

Phrased more colloquially Extend a basisfor W to a basisfor V
Theassets of the elements in the extension form a basis
for Vfw

Let's revisit the example from last time

Examplei X Boo

Altamaha4
g

Asbefore let's write 2 21 X
B BIG



2 8 detach

21 1,23112,3 1 1,3 Athamas

22 2,31113,4 t 2,4 AthamasD
23 1,23112,4 13,4 t 1,3 Athamas

4,22 is a basis for Z

B 8,2 213 is a basis for B

We saw that as aset His 2 13 8,213 22,233
B Zz t B

additive t.io zig
affydiferetent

ofwriting
identity this

According to the proposition If is a basis forHis and
this is easy to see directly Thismakesgoodintuitesense as 22 is a hole

isomorphism ofvectorspaces
It's easy to checkthat 44 Fz

Let's look at an example of addition in Hisad

2.1 12 2 22 253 13
calculation from previous lectures

In fact this is the answer we expected because
s IsB additive identity in 2 13



Let's look at Holly as well

We explained in an earlier lecture that

BoG has basis 8 13 63,12 33,133114
ZoCX Co X

Co X has standard basis CD 23,133 ED but
I is not a subset of this

It can easily be checked however that

IT lift GI lift 33 3314 is a basis
for 20 X

E is clearly a subset of this

Soby the proposition I t Bo KID is a basis
for flock Zo X BoA

Interpretation141 has a single path component containsvertex 1

Proposition For any finite simplicial complex 4 dim Holt
path components of 1H componentsof 1 skeleton ofX



t I p n t ee

Moreover if X has k components XI Xk
and for each it I k we choose a vertex yiEX
then EH Cy23 lyk is a basis for Ho X

But this is not the only for a basis for Ho X cantake

Induced maps one quotients
The following idea gives us the persistentpart of persistent homology

Popeosition

Let fV V be a linearmap and let w cV W N'be
subspacies such that f w CW i.e few cW forall w ew
Then f induces a linear map f MW Vfw givenby
f Ev flu

PI Weneed to check that f is well defined ie
if D few then f CD f Cw

If a few then v n w i.e v wEW
f v w fCv f w CW l far n few
far flew f C V f AD So f is welldefined

The linearity of f follows readily from the linearity of f
I'll leavethe details as an easy exercise DM



Corollary A simplicial map f X Y induces a
linear map Hj f Hj X Hj Y for each j 30
We sometimes denote Hj f as f

This requires some explanation which we'll give nexttime


