
 

AMAT 584 Lecture 28 4 6 20

today Functoriality of homology
Homology is what's called a functor adjectiveform functorial

I won't definefunctors in general becausethat would take
too long I'll just explain whatthis means for homology

Functoriality of homology means that Ifor fixed j 30
1 for any simplicial complex X we get a vector space Hj f
2 for any simplicial map f X Y we get a linear map

Hj f H HLY Hj f is also denoted as f

such that Hj Id x Idµjag tf simplicial completesX
homologytakes maps to identify maps

and Hj fog Hj f oHj g f X is Yes 2
homology respects composition ofmaps

so far we've focused only on 1 but 2 is the key
to defining persistent homology

TheinducedmapsHj f relate theholes in Xand Y



p
In this class we'll primarily be interestedin maps on homology induced
by inclusions of simplicial complexes

toe interpretation Fort X Y an inclusion of
simplicial complexes raink Hj ft is thenumber of j D
holes in X that remain holes in Y

ant euthanasia
X i

dinCH dim HILT I but rank Helf O
This expresses the fact that the hole in X closes up in 1

Example 3 6

Acts.tteEEEETf8EEatTos in

X Y
Ctriangle shaped tube

dim H X 2 with both andtriangles
dimUTILYD 2 not included w another
rank Half I triangle glued on at a corner



The cycles 1,2 t 2,33111,3 and
s

4,531 5,63114,6
are notequivalent in HisCD but become equivalent
in His Y Their sum is the boundary of
to t ta t tf where t to denote the

2 simplices of Y

The fact that rank Half I expresses this
merging of homology classes

I
Example

I
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v
X l

dim HoltD 2

dim Holt 2
rank Holt e I This expresses the merging of the

homology classes 1 and G in Hoa

Definitionof induced meps entomology

A simplicial map f X Y induces a map
f Cj Cj Y



First we define f On XJ E Cj X ie on chains with
one term

F Exo Xj IfGo fGj if fcxdtfcxbta.be Q j
0 otherwise

Notethat when F is an inclusion thefirst
condition always holds

Then we define f on arbitrarychains in G X by
f OI t Oz t tOk f Lois tf Oz te o t f ok

Proposition Each square in the following diagram commutes

o E ch do
c Co O
f f If f f fo

EC c crsEtscociT5o

i e for each j ofof f o of j X Cj Y
Theproof is straightforward

Corollaryi i f 2J X c 2J Y
ii f Bj xD c Bj Y

Proof i If zE2j X then Tj z O Jjof G f of E O



The last equality uses the fact that g 8 forany linearmap

ii If ze Bj 8 then 2 Ojt ly for some ytCjtCX
F G f loftily Sj f y so f EdtBAT

Thus f restricts to a map f 2J X 2J Y
such that f Bj X cBj Y

Now recall the following general result about quotient spacesfrom
last time
Popeosition

LetgV V be a linearmap and let w cV W N'be
subspacies such that f w CW i.e few cW forall we w
Then g induces a linear mapg YW Vfw givenby
g D gas

PI Weneed to check that g is well defined ie
if D few then g CD g Cw

If a few then v n w i.e v wEW
g v w gov g w CW l ga ng w

gas CgCw g EvDg EwD Sog is welldefined

The linearity of g follows readily from the linearity of gI'll leavethe details as an easy exercise DM



Applying the proposition with

V 2j Lx V
W Bj

3 Y
Wl Bj Y

g f 3 X 2JCY

Gives us the inducedmap on homology
Hj f Hjk Hj Y

The check that this satisfies the functoriality conditions
is straightforward


