
 

AMAT 584 Lecture 29 April 8

today Finish Discussion of InducedMaps on Homology
Generalizations

Review
Forany simplicial map f X Y with XandY finite weget

Hj f H K Hj Y also denoted f

such that I Hj Idf Id Hj kindii s
2 Hj go f Hj goff f

Hj f is constructed in three steps

I Define linear maps f Cj 8 f Y Aj O

Propositim These yield a commutative diagram

HE Esco 500
If If If go

53C Esc Esco O



2 From the commutativity of this diagram we have

Corollary i f 2JCX cZj Y
Iii f Bj X cBj Y

Theproof of this is in last lecture's notes but we didn't cover it
in class

Joof i If zE2j X then Tj z O Sjof G f of E O

The last equality uses the fact that g 8 forany linearmap

Lii If zE Bj 8 then 2 rj t ly for some ytCjt X
F G f loftily Sj f y so f Edt Bjw

Thus f restricts to a map 2J X 2J Y
such that f Bj x cBj Y

Note The only thing this proofuses about themaps f
is that the diagram above commutes

By the corollary f restricts to a map f 2jlX 2j Y
with f Bj X aBj Y



3 Recall the following generalfactabout quotients

Proposition

Let gV V be a linearmap and let well w N'be
subspices such that g w CW
Then f induces a linear mapg
g EvD flu

NW Hw givenby

Weapplythe proposition with Us2J X
W Bjcx

V
W Bj Y

To getthemap Hj f Hj Hj y 5 f

such that for any 262J X
Hj f CES f Z

All of the above is review from the last lecture just
with some details filled in

The proof that theseinduced maps satisfy the functoriality
conditions is straightforward



Generalizations

Homology of Infinite Simplicial Complexes
So far our treatment of homology has been for finite
simplicial complexes

Everything extends to infinite simplicial complexes with
just one change Define Cj K to be the set of
all finite subsets of Xi This is a subspace of
the vector space Cj X

Homology OverFields Other than Fz
Our definition of homology yields a vector space over Fz
The construction generalizes to yield a homology vectorspace
over any field F or even in an abelian group like E

This requires a couple of modifactions to our approach
For simplicity let me restrict attention to finite simplicial
complexes

Modification 1 Define Cj 4 FunW F
recall that we have shown that PCs is isomorphic to
Fun S E so for finite simplicia complexes this indeed
is a generalization of our

definition
up to isomorphism



Modification 2 When we define boundary maps we need
to put some negative signs in appropriate
places to ensure that dj.ioJj 0

Whybother with homology over otherfields
Homology over Fz for example can detect subtle topologica
structure missed by homology over Fz and vice versa

Gee Hatcher's text fordetails

Homologyfee Arbitary TopologicalSpaces

A variant of homology can be defined for arbitrary
topological spaces This is called SingularHomology

Rev.sk idea over Ez coefficient
For X a topological space let Xi Setofall continuous
maps from a j simplex into X NotethatXi is a hugeset

Let Cj X be thesetof all finite subsets of KJ
Then X J is a basis for G X as in the simplicial
case

For crew define by summing the restrictions
of 0 to each of its G D dimensional faces



I

Then define Sj 0 too tok floe to t flok
as in the simplicial case

The rest of the def of homology works the sameway

For f X Y any continuous map we also get
an inducedmap on homologyand let w w k e

HjCfl Hj X Hj Y
p

satisfying the same functoriality properties

Thedefinition of Hj f is analogous to the simplicial case
though f must be defined slightly differently Namely
for Ge Xi define f o fo o
Therest of the definition is the same as in the simplicial
case


