
 

AMAT584 Lecture 34 April 22

today More on constructing barcodes from persistencemodules
Intuitive interpretation of persistenthomology
Examples

Review of the last step of thepersistence pipeline

PersistenceModuleT
I

Ba

As with last lecture we'll work in the IN indexed case

Def Acompatiblesetof bases B for a persistence module M
Is a choiceof basisBTGTeach vector space Mr ofM suchtho
1 if trek and be Br either Mrrialb E Brti or
Mr ru b 8
2 If bi bi Br b I bz and Mr r l bi f O then
Mrrt lb t M r r bz Thinkof this loosely as an injectivityproperty

Define an equivalence relation on UB lb r re INI beBr
b lb r n b r if and only if Mr ri b bi or

Mr's r lb't b



Here Mari denotes a composition of maps in the persistence
module similarly for Mrl r

Foreach equivalence class E let

b E min p E d E max p E t 1

We define the barcode

3 are B CbCE d El E is an eq class of
n

Exampki Last time we considered the
persistence module

M Fz dEz Fz O O
no n Hz

And saw that the following is a compatible basis B
for Me

Bos Bi b i BE 13 Bi 3 for is 3

UB Go Ltd Il ft Il Cl 2 3
Mo ill lb Mi I b I Mi alD O so
UB w Ei Ez where Ei to lb D4,213 E Ell B
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To compute pCED and pCED just take the second
element in each pair

Ei O l 2 p Ez I

b Ei min p Ei O
dCED make PCE j 1 3

b 2 im in pCEz I
d Ez maxp Ez t 1 2

So Barc B 0,3 EI 2

Recall the following
Theorem If M is p f d then there exists a compatible basis

13 For M Moreover BareB is independent of the choice
of B Thus we obtain a well defined barcode BarcCM

So in the example above Barc M Bare B 10,311213

Remarks about the theorem
This theorem is called the structure theorem foepersistence
modies
As indicated earlier it extends to persistence modules indexed

by 27 or 0,0 or IR
It is a variant of a standard theorem in linearalgebra
the Jordan normal form theorem
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Theproof of the theorem is not too painful but lies
well beyond the scope of this course

So now we have constructed persistent homology rather
carefully It only took us 35 hours

The construction makes equal sense for filtrations ofsimplicial
completes and filtrations of topological spaces In the
latter case we use singular homology

Interpolation of Persistent Homology
key geometric idea Not only can we count holes in
each simplical complex in a filtration individually we can
truck holes in consistent way across the whole filtration

Example Consider this filtration
FT F FL E3

µMoo Bad ggQ.Alw w te
a hole this is still stillthe
appears

thesamehole samehole
Fy ithas just

1J
Fs shrunk a bit E

tease t.ieaaE teammisssassia

A new holeappearsThefirsthole is stillthere Thefirstholecloses aswell



Bare HIFI LI G 4,5

Theinterval 1,6 corresponds to the first hole to appear
Theinterval 4,5 corresponds to the second hole

In general for any filtration F
Each interval Lab cBarcHiCFDcorresponds to a hole in the filtration
subtlety this correspondence is notunique
a is the index at which this hole forms C is born
b is the index at which this holecloses up dies I


