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today Abstract simplicial complexes

Definition A geometric simplical complex is a setX of
simplices in LR for some fixed n such that

12
each face of a simplex in X is contained in
the intersection of two simplices in X is a
face of each of them if nonempty

The dimension of a simplicial complex is the largest
dimension of one of its simplices
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For AB CD E 4122 as shown

f LA CB KT CDI CEI CABT EBCT CAC
CB D ok D
A B C BCD is a simplicial complex
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Example for AB CD E 4122 as shown
E
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The same list of simplices as shown above is not
a simplicial complex

Property 2 is violated For example B CD n BE
is not a face of B C D or D E
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Def The geneticrealization 181 of a simplicial
complex X is the union of its simplices



Abstract Simplicial Complexes

Motivation It turns out that up to homeomorphism
ISI doesn't depend on the position of the O simplices
of 5

examples
io f.D.IIhBnjT

1st451 Recall that I means is homeomorphicto

Let's make this precise

Definition Geometric simplicial complexesXandHare isomorphic
Tfthereisbijedaen f from the O simplices of 4 to the

O simplices of 4 such That

to xDEX iff fCto fGk EX

This suggests that the
Then HE IM itopmdpisi.ua Etwsfeci.YieaesimmmL

abstract terms
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Det Anlahetract simplicial complex is a set4 of
non empty finitesets such that if o cX and c co is
non empty then TEX

Given a geometric simpt.at complex Y we obtain
an abstract simplicial complex Abs Y by

Absci to xn IGo X a simplex in Y

In this sense abstract simplicial complexes generalizegeometric
ones This motivatesthe following notation

A set a aB in an abstractsimplicial com let ofsize Kt
is called a Esimplex or a simplex of dimension k
and is denoted go a k

An abstract simplicial complex is called kdimensional
if the largest dimension of a simplex is k

Examek X La BI KI Ca b b c Ca D
is a l dimensional simplicial complex

Neon example X La b b D la c is not an
abstract simplicial complex
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Theconnectarbetweenabstractgeometric

simplicialcomplexesowe

just described a map Abs fran geometric
simplicial complexes to abstract simplical complexes

We now describe a map in the other direction

This allows us to think of an abstract simplicial
complex in geometricterms

Abs

Geo.simp.com exesTAbs.Simp.Compexe
K

Geo

Det For X an abstract simplicial complex let 0

be called the Verte set of X

Let 4 be a finite abstract simplicial complex
Write the vertex setof X as Xi Xm choosing theorder

arbitrarily

Letting e i E IR
m
be given by O O l O o 0

we define on
its entry
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Geo lejo.si ejk Kxj xj Xjk EX

Example Let f la Cb El la b Ca I
Write a ti
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This is a collection of
simplices in 1123

Note Often we can find a geometric simplicial
complex isomorphic to Geo X and living in a

lower dimensional space



For instance for X as in the last example
the geometric simplicial complex in 1122 shown below
is isomorphic to Geo X

L
Def A morphism f X Y between abstract simplicial
complexes is a function f VA V Y
such that for each simplex

o et Ko c Y

Notecomposition of morphisms is well defined

Defy An isomorphism of abstract simplicial complexes
is an invertible morphism


