



































AMAT 584 Lec 7

today Geometric realization of simplicial maps
Euler characteristic

Recat For abstract simplicial complexes X and T
a simplicial map f X Y is a function f VA KY
such that to cX Flo EY

As mentioned at the end of class last time a simplicial

map f X Y induces a continuousmap1ftlXffYl
Geometric
Realizations
of XandY

We now explain how 1ft is defined

Consider the example
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f X X f 1 f 3 I

f 2 2

Recall Hl is defined by 181 1Geo I
i e HI is the union of the simplices in Geo X
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e ly Iff eµt.ee has

g gHI HI

We want to define IfI so that Ifl x x for Xe Lei ez and
and Ifl x e for Xe Lei ez

To define ffl in general we proceed in 3steps
Here we assume that X andT are finite thoughthis assumptioncanbeavoided

If induces a map on 1ftfromthe O simplices of GeoGl to the
O simplices of Credit
In the example above If Iled Ifl g sq

IfI led ez
2 Exendthe definition of 1ft to each simplex o eGeoCt by linearity ie
as follows

If G Lei e k c e tGe t tGeek1430 84 I

Then Ifl ke t Lez t t Geek Ifl g t taffIkk



If o Lg ez in the example above then
HK'sat ez Elf I g t Ifl lez

e t Ee eis

3 Checkthat themaps on simplices agree on their
intersection so that they induce a map 1ft HI IY
and by standard ideas in point set topology this map is continuous
For O Le ez and E feel ez in theexample above
Ifl O lit maps e to ex and
IH I Yl maps e to e so these
maps agree on their intersection

Geometric realization of inclusion maps
As we said last lecture the most important type of
simplicial map is an inclusion

j Y X For such j Ijl ITI IX l
is an embedding

y
T e
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fsI



Via this embedding we can think of ITI as a subspace

of IXl

IRecall A subspace of a metricspace is a subset
regarded as a metric space via restriction

Here the metric is the Euclidean metric
Or more generally a subspace of a topological
space is a subset endowed with the
subspace topology

Funutoriality Properties of inducedMapes en Geometric
Realizations

Proposition
1 For any abstract simplicial complex X IIdx f Id µ

that is geometric realization sends identitymapsto identitymaps
2 for any simplicial maps f X Y g Y I
Igof I Ig lo If I

that is geometricrealization respects composition

Corollayi If f X Y is an isomorphism ofabstract
simplicial complexes then Ifl HI IYI is a homeomorphism

Prop

Preef F'of Id I f of't lid I If loIfl Idk
Similarly fof Id y If lo I f l Idi Yi



Y
Thos Ift is a continuous bijection and its inverse is
tf which is also continuous Be

Reeks of thebegi picture
Via geometric realization abstract simplicial complexes
and simplicial maps be thought of as discrete
models of topological spaces

Sincethey are discrete they are quite convenient
for computation

Definition A topological space is triangulate
if it is homeomorphic to the geometric realization
of a simplicial complex

Not all nice topological spaces are triangulable

t is known that not all 4 DForexamplei i
triangilablemanifolds are

And not all topological spaces are even homotopy

equ t to a simplicial complex



But as a rule nice spaces are homotopy equivalent
to simplicial complexes One canmakethis preciseusingthe language

of CW complexes for example

Eulercharacteristic
Let's consider the following simplicial complexes

Sama

T NA z

Y folid tetrahedron

For each example let's consider the following
quantity

0 simplices I simplices t 2 simplices
3 simplices

This is called the Euler characteristic


